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Motivations

Correspondence between automata (and formal language) theory
and number theory:

RWTH Aachen — Wong Karianto On the Parikh Images of Level-Two Pushdown Automata — p. 2



Correspondence between automata (and formal language) theory
and number theory:

Automata theory Number theory

(Parikh mapping)

finite automata, . semi-linear sets

pushdown automata

RWTH Aachen — Wong Karianto On the Parikh Images of Level-Two Pushdown Automata — p. 2



Correspondence between automata (and formal language) theory
and number theory:

Automata theory Number theory
finite automata (Parikh mapping)  1;

’ > semi-linear sets
pushdown automata
higher-order pushdown R 299

automata (HOPDA)

HOPDA: finite-state automata with a stack of stacks of ... of stacks
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Correspondence between automata (and formal language) theory
and number theory:

Automata theory Number theory
finite automata (Parikh mapping) i

’ > semi-linear sets
pushdown automata
higher-order pushdown ; 299

automata (HOPDA)

HOPDA: finite-state automata with a stack of stacks of ... of stacks
In this talk: HOPDA of level 2 (2-PDA)

Two questions for a class characterizing the Parikh images of 2-PDA’s:
B Can all sets from this class be generated (via the Parikh mapping)?

B Does the Parikh image of each 2-PDA belong to this class?
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B Semi-linear sets and Parikh’s theorem
B Level 2 pushdown automata

B Semi-polynomial sets

B From semi-polynomial sets to 2-PDA’s
B From 2-PDA's to semi-polynomial sets?

B Conclusions
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Semi-Linear Sets

AQN”linear:A:{:Eo—kkl:m—k...—kkm:im|k1,...,km€N}

for some Zg, Z1,...,Z;m € N"
constant vector periods

Semi-linear set: finite union of linear sets.

Example: B := {(z1,z2,73) € N? | 21 < 29 < 23} is linear:

{(0,1,2) + k1(0,0,1) + k2(0,1,1) + k3(1,1,1) | k1, ko, k3 € N}.
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Semi-Linear Sets

AQN”linear:A:{:Y;o+k1f1+...+km£m|k1,...,km€N}

for some Zg, Z1,...,Z;m € N"
constant vector periods

Semi-linear set: finite union of linear sets.

Example: B := {(x1,22,23) € N3 | 27 < x5 < x3} is linear:
{(0,1,2) + k1(0,0,1) + k2(0,1,1) + k3(1,1,1) | k1, ko, k3 € N}.
Properties of semi-linear sets:

B effective closure under Boolean operations [Ginsburg & Spanier]

B equivalence to Presburger-definable sets [Ginsburg & Spanier]
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Parikh Mapping and Parikh’s Theorem

Y={ai,...,an}
B Parikh mapping ®: >* — N"
(w) = (lwlays -, [Wlay) -
B ¢(w): the Parikh image of w

B O(L):={P(w)|we L} CN": the Parikh image of L
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Parikh Mapping and Parikh’s Theorem

Y ={a,...,an}

B Parikh mapping ®: >* — N"

(w) := (lwlays - - -5 [w]ay) -
B ¢(w): the Parikh image of w

B O(L):={P(w)|we L} CN": the Parikh image of L

IO REETLEGNERIB)M The Parikh image of any context-free

language is effectively semi-linear.
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Higher-Order Pushdown Automata

B Finite-state automata augmented with a nested pushdown stack,

i.e., a stack of stacks of ... stacks

B lLevel n HOPDA: n-fold nested stacks
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Higher-Order Pushdown Automata

B Finite-state automata augmented with a nested pushdown stack,

i.e., a stack of stacks of ... stacks
B Level n HOPDA: n-fold nested stacks

B Background:

» Maslov (1976): Formal definition; correspondence with
generalized indexed languages

» Damm and Goerdt (1982): automaton characterization of the
OI hierarchy

» Engelfriet (1983): correspondence to complexity classes

» Carayol and Wohrle (2003): correspondence to a hierarchy of
infinite graphs introduced by Caucal
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Level 2 PDA

Stack alphabet I" with initial symbol L:
B Level 1 stack (1-stack): |Z,, - -- Z1]; Z,, is the topmost symbol.

B Level 2 stack (2-stack): [s,,...,s1], where sq,..., s, are 1-stacks,
and s, is the topmost 1-stack.

B Empty level 2 stack [[¢]]; initial level 2 stack [[L]].

RWTH Aachen — Wong Karianto On the Parikh Images of Level-Two Pushdown Automata — p. 7



Level 2 PDA

Stack alphabet I" with initial symbol L:
B Level 1 stack (1-stack): |Z,, - -- Z1]; Z,, is the topmost symbol.

B Level 2 stack (2-stack): [s,,...,s1], where sq,..., s, are 1-stacks,
and s, is the topmost 1-stack.

B Empty level 2 stack [[¢]]; initial level 2 stack [[L]].
B Instructions on 1-stacks: push and pop

B Instructions on level 2 stacks:
» push and pop on the topmost 1-stack
> copy the topmost 1-stack

> remove the topmost 1-stack

B Access: only to the topmost symbol of the topmost 1-stack !

RWTH Aachen — Wong Karianto On the Parikh Images of Level-Two Pushdown Automata — p. 7



Example: A Non-Semi-Linear Language

Lquad := {0 | k € N} C {a, b}*

Take I' := {_L, Z, Z»} and process input a*b*" as follows:

(2% 1]
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Example: A Non-Semi-Linear Language

Lquad := {0 | k € N} C {a, b}*

Take I' := {_L, Z, Z»} and process input a*b*" as follows:

[2:2°" 1]
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Example: A Non-Semi-Linear Language

Lquad := {0 | k € N} C {a, b}*

Take I' := {_L, Z, Z»} and process input a*b*" as follows:

[[Z2ZQkJ—]7
(Zo 7% 1]]
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Example: A Non-Semi-Linear Language

Lquad := {0 | k € N} C {a, b}*

Take I' := {_L, Z, Z»} and process input a*b*" as follows:

[zz*F~ 1 1],
Zy 7?8 1]
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Example: A Non-Semi-Linear Language

Lquad := {0 | k € N} C {a, b}*

Take I' := {_L, Z, Z»} and process input a*b*" as follows:

[Z1],
Z271],
Z222271),

[ Z2 7% L]

Number of Z’s above Zj: Zf:_()l(% +1) = k?
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Example: A Non-Semi-Linear Language

Lauad := {a*b*" | k € N} C {a,b}*

Take I' := {_L, Z, Z,} and process input a*b*" as follows:

[Z 1],
ZZ7Z1),
Z2227Z1),

[ Z2 7% L]

Number of Z’s above Zs: Z’t&(% +1) = k?

O(Lquad) = {(v1,22) € N | 2] = 22}
—> not semi-linear (proof by growth rate arguments)

RWTH Aachen — Wong Karianto On the Parikh Images of Level-Two Pushdown Automata — p. 8



Semi-Polynomial Sets

B ACN"linear: z € Aiff k1,...,k,, € N exist such that

r=xo+kix1+ ...+ EknTm.
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Semi-Polynomial Sets

B ACN"linear: z € Aiff k1,...,k,, € N exist such that

r=xo+kix1+ ...+ EknTm.

B Replace the vectors with their components:
a_j —_— (:11'01’ ... 733071,) —|— (k‘lxll, c ooy klmln) —I_ A + (km$m17 ) kmxmn)

and replace linear terms k;z;; with polynomial ones.
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Semi-Polynomial Sets

B A CN"linear: z € Aiff k1,...,k,, € N exist such that

r=xo+kix1+...+ knTm.
B Replace the vectors with their components:

a_j —_— (QjOl’ ... 733071,) —|— (k‘lxll, c ooy klmln) —I_ A + (km$m17 ) kmxmn)
and replace linear terms k;xz;; with polynomial ones.

B ACN" n>1,iscalled polynomial of degree d > 1 if there exist T
(the constant) and (Z; j)1<i<m,1<j<a (the periods) with

A={Zo+kiZ11 +kiZ10+ -+ k{ ' Brg1 + kT g
4+ oo+ k'mjm,l —+ k%@jm,Q + -+ kgl_lfm,d—l -+ kngmad

‘kh...,kaN}.

Semi-polynomial set of degree d: finite union of polynomial sets of
degree d
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From Semi-Polynomial Sets to 2-PDA’s

Aim: show that each semi-polynomial set can be generated (via the
Parikh mapping) by some 2-PDA
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From Semi-Polynomial Sets to 2-PDA’s

Aim: show that each semi-polynomial set can be generated (via the
Parikh mapping) by some 2-PDA

Idea: extend the idea used for the case of quadratic sets
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From Semi-Polynomial Sets to 2-PDA’s

Aim: show that each semi-polynomial set can be generated (via the
Parikh mapping) by some 2-PDA

Idea: extend the idea used for the case of quadratic sets

A technical lemma: decomposition of polynomials

RPN e - > 0 and ¢ > 0. Then,

k—1
k€= (Cem1i® "+ Coni® P4+ e2i® +eri+ 1) (1)
1=0

where ¢; := (j) forj=1,...,e—1.

Proof. By induction on k. []
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The Core Construction

Letdz land I':={1,7,...,Z;}. Then, for 1 <e < d,
k € N, and w € ¥*, we can construct a 2-PDA 2 with states p and ¢

which proceeds from configuration (p, [[Z4Z?* 1], 5., ..., 51]) to
configuration (q, [[Z42?%* 1], 5., ..., s1]) after reading w"*".
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The Core Construction

Letdz land I':={1,7,...,Z;}. Then, for 1 <e < d,
k € N, and w € ¥*, we can construct a 2-PDA 2 with states p and ¢

which proceeds from configuration (p, [[Z4Z?* 1], 5., ..., 51]) to
configuration (q, [[Z42?%* 1], 5., ..., s1]) after reading w"*".

Proof. By induction on d.
For simplicity, let 7 := Z;.

d = 1: Only subcase e = 1 = k¢ = k.

(Z,2%1],...]
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The Core Construction

Letdz land I':={1,7,...,Z;}. Then, for 1 <e < d,
k € N, and w € ¥*, we can construct a 2-PDA 2 with states p and ¢

which proceeds from configuration (p, [[Z4Z?* 1], 5., ..., 51]) to
configuration (q, [[Z42?%* 1], 5., ..., s1]) after reading w"*".

Proof. By induction on d.
For simplicity, let 7 := Z;.

d = 1: Only subcase e = 1 = k¢ = k.

[Z42% 1],
(ZqZ%%1],...]
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The Core Construction

Letdz land I':={1,7,...,Z;}. Then, for 1 <e < d,
k € N, and w € ¥*, we can construct a 2-PDA 2 with states p and ¢

which proceeds from configuration (p, [[Z4Z?* 1], 5., ..., 51]) to
configuration (q, [[Z42?%* 1], 5., ..., s1]) after reading w"*".

Proof. By induction on d.
For simplicity, let 7 := Z;.

d = 1: Only subcase e = 1 = k¢ = k.

2% 1],
(ZqZ%%1],...]
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The Core Construction

Letdz land I':={1,7,...,Z;}. Then, for 1 <e < d,
k € N, and w € ¥*, we can construct a 2-PDA 2 with states p and ¢

which proceeds from configuration (p, [[Z4Z?* 1], 5., ..., 51]) to
configuration (q, [[Z42?%* 1], 5., ..., s1]) after reading w"*".

Proof. By induction on d.
For simplicity, let 7 := Z;.

d = 1: Only subcase e = 1 = k¢ = k.

d = 2: For e = 1, as before. For e = 2, as with L;aq.

RWTH Aachen — Wong Karianto On the Parikh Images of Level-Two Pushdown Automata — p. 11



The Core Construction

Letdz land I':={1,7,...,Z;}. Then, for 1 <e < d,

k € N, and w € ¥*, we can construct a 2-PDA 2 with states p and ¢
which proceeds from configuration (p, [[Z4Z%* 1], s,, ..., s1]) to
configuration (q, [[Z4Z2?%* 1], 5., ..., s1]) after reading w""

Proof. By induction on d.

For simplicity, let 7 := Z;.

d = 1: Only subcase e = 1 = k¢ = k.

d = 2: For e = 1, as before. For e = 2, as with L;aq-

d > 3: For e = 1, 2, as before.

For e = 3,...,d, apply Decomposition Lemma:
k—1
EC =) (Cemti® ' Ceni® TPt eai® +eri+ 1)
i=0
where ¢; := (;’), forj=1,...,e—1.

RWTH Aachen — Wong Karianto On the Parikh Images of Level-Two Pushdown Automata — p. 11



RWTH Aachen — Wong Karianto On the Parikh Images of Level-Two Pushdown Automata — p. 12



RWTH Aachen — Wong Karianto On the Parikh Images of Level-Two Pushdown Automata — p. 12



[[Ze— 1 J— )
Z. 1 Z71],
Z, 1 ZZZZ 1),
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[[Ze— 1 J— ’
Ze 1271,
Ze 12227 1],

[Ze—l ZQ(k—l) J_L
Z, 7%k 1],...].

For eachi =0, ...,k — 1, starting from 1-stack [Z,_,Z% L], process

(Ce—185™ 2 b4’ Foepi F 1).
successive words w, using the induction hypothesis.

The procedure ends if Z; appears, having processed

k—1
e—1 .e—9 9 .
E (ce_lze + Co0l F H o F0t” + 11+ 1) :
. ?::O .
i.e. (k¢)-many successive words w. ]
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Main Theorem

Every semi-polynomial set is the Parikh image of a
2-PDA-recognizable language.

RWTH Aachen — Wong Karianto On the Parikh Images of Level-Two Pushdown Automata — p. 13



Every semi-polynomial set is the Parikh image of a
2-PDA-recognizable language.

Proof. W.l.o.g., consider only polynomial sets (closure under union).

Let A C N" be a polynomial set of degree d, given by g and z;
1<i<m,1<j<d.

Define ¥ := {ay,...,ay,} and assign to zp and z; ; words wy and w; ; in
at---ark.
Construct 2-PDA 2 with

L(A) = {wo

d—1 d
ki ki k1 k1
Wy Wyg- Wy g Wy 4

L k2 k‘d_l kd
Wy W+ + = Wy W | k1y. .. km € N}
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Main Theorem (continued)

B Read wy (without using the stack).

M For:=1,....m
> Guess k; by pushing (2k;)-many Z’s followed by a Z;, resulting
in [[Z422% 1]).
» For j =1,...,d: By previous lemma, process (lcg )-many
successive words w; ;.

» After having processed
k, k2 kA1
wzlsz ”wzd 1wzd7
remove k; from the stack and proceed with next 1.

B The procedure ends after we have processed

k2 kd 1 kd L L2 kd 1 kd
Wo w11w12 wld 1w1d T W Wiy W W
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From 2-PDA to Semi-Polynomial Sets? (1)

Lexp := {a®b?" | z € N} is 2-PDA-recognizable (Carayol and Wohrle):
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From 2-PDA to Semi-Polynomial Sets? (1)

Lexp := {a®b?" | z € N} is 2-PDA-recognizable (Carayol and Wohrle):
Take I' := { L, #, Z,0,1} and process input akb2" as follows:
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From 2-PDA to Semi-Polynomial Sets? (1)

Lexp := {a®b?" | z € N} is 2-PDA-recognizable (Carayol and Wohrle):
Take I' := { L, #, Z,0,1} and process input akb2" as follows:

[#2° L]]
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From 2-PDA to Semi-Polynomial Sets? (1)

Lexp := {a®b?" | z € N} is 2-PDA-recognizable (Carayol and Wohrle):
Take I' := { L, #, Z,0,1} and process input akb2" as follows:

[#25 1],
(#2751
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From 2-PDA to Semi-Polynomial Sets? (1)

Lexp := {a®b?" | z € N} is 2-PDA-recognizable (Carayol and Wohrle):
Take I' := { L, #, Z,0,1} and process input akb2" as follows:

[0Z*11],
# ZF 1]
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From 2-PDA to Semi-Polynomial Sets? (1)

Lexp := {a®b?" | z € N} is 2-PDA-recognizable (Carayol and Wohrle):
Take I' := { L, #, Z,0,1} and process input akb2" as follows:
[[0L],

07 1],
0Z2Z1],

Implement a binary counting using top symbols of 1-stacks as bits.
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From 2-PDA to Semi-Polynomial Sets? (1)

Lexp := {a®b?" | z € N} is 2-PDA-recognizable (Carayol and Wohrle):
Take I' := { L, #, Z,0,1} and process input akb2" as follows:
[[0L],

07 1],
0Z2Z1],

Implement a binary counting using top symbols of 1-stacks as bits.

However, ®(Lexp) = {(x,2%) | z € N} is not semi-polynomial !
(proof by growth rate arguments).
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From 2-PDA to Semi-Polynomial Sets? (2)

Lprod = {a”b¥c™ | x,y € N} is 2-PDA-recognizable:
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From 2-PDA to Semi-Polynomial Sets? (2)

Lprod = {a”b¥c™ | x,y € N} is 2-PDA-recognizable:

Take I' := {1, Z} and process input a“b¥c"? as follows:

27 1]
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From 2-PDA to Semi-Polynomial Sets? (2)

Lprod = {a”b¥c™ | x,y € N} is 2-PDA-recognizable:

Take I' := {1, Z} and process input a“b¥c"? as follows:
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From 2-PDA to Semi-Polynomial Sets? (2)

Lprod = {a”b¥c™ | x,y € N} is 2-PDA-recognizable:

Take I' := {1, Z} and process input a“b¥c"? as follows:

[Zz71], )

> y-times

Number of Z’s: xy

RWTH Aachen — Wong Karianto On the Parikh Images of Level-Two Pushdown Automata — p. 16



From 2-PDA to Semi-Polynomial Sets? (2)

Lprod = {a”b¥c™ | x,y € N} is 2-PDA-recognizable:

Take I' := {1, Z} and process input a“b¥c"? as follows:

[Zz71], )

> y-times
Z7 1],

[Z°1]]

/

Number of Z’s: xy

However, ®(Lproq) = {(x,y,2y) | z,y € N} is not semi-polynomial !
(the proof involves a number-theoretical analysis)

RWTH Aachen — Wong Karianto On the Parikh Images of Level-Two Pushdown Automata — p. 16



Summary and Further Prospects

Summary:
B Semi-Polynomial sets cannot capture the Parikh images of 2-PDA’s.
B Ingredients needed for a characterization:
> polynomials
» product relations

> exponential relations
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Summary and Further Prospects

Summary:
B Semi-Polynomial sets cannot capture the Parikh images of 2-PDA's.

B Ingredients needed for a characterization:
> polynomials
» product relations

> exponential relations

Future work:

B Extending semi-polynomial sets to capture the Parikh images of
2-PDA’s (n-PDA’s).

B Restricting 2-PDA’s such that only semi-polynomial sets are
generated.
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