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Introduction

In computer science, infinite trees are used as a mathematical model for
capturing the possible behaviors of state based systems of various kinds such
as, e.g., protocols or circuits. A discrete system can usually be described
by a transition graph modelling the states of the system and the possible
transitions between these states. Unwinding such a graph into an infinite
tree gives a representation of the possible executions of the system. In
this thesis we deal with two formalisms for reasoning about infinite trees:
automata and logic.

Logic provides a natural framework for describing properties of infinite
trees. This approach is used in the field of verification, where the cen-
tral problem is to check whether a given system satisfies certain properties.
These properties are usually expressed in a suitable logical formalism. For
solving decision problems in logic, automata have proven to be a powerful
tool in many situations. The translation of logical specifications into equiva-
lent automata allows to reduce problems in mathematical logic to automata
theoretic problems, which are often of graph theoretic nature. This connec-
tion has been exploited in various settings to solve central decision problems
for logical theories or in the model-checking approach in verification.

In the past decades, many results in the field of automata and logic
have been obtained, and a rich theory has been developed, as documented
in various surveys and textbooks [118, 128, 62, 48, 122]. In this thesis we
pursue this line of research. The results we present can roughly be divided
into two categories:

1. We study purely automata theoretic questions to obtain a deeper un-
derstanding of the automaton model (Chapters 4 and 5).

2. We apply automata theoretic methods to solve questions on decidabil-
ity and definability in logic (Chapters 3 and 6).

Of course, there is an interplay between these two types of problems. Learn-
ing more about the automaton model certainly enables us to develop new
methods for applying automata. Vice versa, solving logical questions can
also help to gain new insights on the automaton model.
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Introduction

In the following, we briefly sketch the development of automata theoretic
methods and their applications to logic, and then give an overview of the
material contained in this thesis.

The automata and logic connection

The connection between finite automata and logic has first been used to
solve decision problems for certain restricted forms of second-order arith-
metic. First results showed the decidability of the weak monadic second-
order theory of one successor [16, 43, 119]. From a different perspective, this
logical formalism can be seen as an extension of boolean logic with a time
component: It can be used to describe finite sequences of boolean vectors by
using boolean logic and additionally allowing to quantify over points in time
and over finite sets of such points. This is a natural extension of boolean
logic because such sequences of boolean vectors naturally arise, e.g., during
an execution of a sequential circuit.

Since finite sequences of boolean vectors can be interpreted as finite
words over a suitable alphabet, finite automata also provide a natural frame-
work for describing such sequences. The fundamental theorem of Büchi, El-
got, and Trakhtenbrot states that the languages (sets of sequences or words)
that can be defined in weak monadic second-order logic are the same as those
that can be described by finite automata. The proof of this theorem makes
use of the strong closure properties of finite automata on finite words.

A generalization of finite word automata is obtained by passing to finite
trees as input structures. The theory of tree automata was established in
the late sixties by Thatcher and Wright [117] and Doner [41]. They showed
that the theory of standard automata, including the connection to logic, can
be transferred from the domain of finite words to the domain of finite trees.
Quoting from the introduction of [117], where the theory of tree automata
is called generalized finite automata theory: “...the results presented here
are easily summarized by saying that conventional finite automata theory
goes through for the generalization – and it goes through quite neatly!”

In this thesis we are interested in automata on infinite objects, particu-
larly in automata on infinite trees. The theory of automata on infinite words
was founded by Büchi in [17], where he showed that the monadic second or-
der theory of (N, succ), i.e., of the natural numbers with successor function
is decidable (this theory is also called S1S). In analogy to finite words and
trees, the proof uses a translation of formulas into automata, which in this
setting run on infinite input words.

The principle of finite automata on infinite words is the same as for fi-
nite automata on finite words: a transition relation or function describes the
possible moves of the automaton. On an infinite word an automaton pro-
duces an infinite sequence of states. This implies that we cannot simply lift
the acceptance condition of finite automata, which requires the automaton
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to reach a final state at the end of the input, to this new setting. Instead,
Büchi proposed to consider the states that occur infinitely often during a
run, and to declare a run accepting if at least one of these states is from a
designated set of accepting states. This model of automaton is nowadays
referred to as Büchi automaton.

Besides their use for decidability proofs in logic, Büchi automata have
become a major tool in verification of finite state systems by model checking.
The corresponding theory goes back to the work of Vardi and Wolper [123]
who showed that formulas of the temporal specification logic LTL introduced
by Pnueli [98] can be translated into equivalent Büchi automata of singly
exponential size. This contrasts the non-elementary blow-up when translat-
ing monadic second-order formulas as considered by Büchi into automata
[115] (see also [105]). Since the work of Vardi and Wolper, many optimiza-
tion techniques have been developed to improve the translation from LTL
to automata and also the algorithmic analysis of Büchi automata, leading
to tools like SPIN [54], which are able to solve large instances of verification
problems.

While in verification the problem is to check if a given system satisfies
a given specification, the problem of synthesis is to automatically construct
a system satisfying a given specification. In [27] the problem of circuit syn-
thesis for specifications written in monadic second-order logic was raised,
sometimes referred to as Church’s synthesis problem. In this setting the cir-
cuit receives a sequence of input signals and produces a sequence of output
signals. The specification relates these two types of signals and describes
the desired behavior of the circuit. The task is to automatically construct a
circuit from the formula such that the specification is satisfied for all possi-
ble inputs. This problem was solved by Büchi and Landweber in [19] using a
game-theoretic formulation. Their solution requires the use of deterministic
automata. Above we have mentioned the model of Büchi automaton, which
is a nondeterministic automaton model. A more complex acceptance condi-
tion was proposed by Muller in [87], claiming that deterministic automata
equipped with this acceptance condition (called Muller automata) are as
expressive as nondeterministic Büchi automata. This question has been set-
tled by McNaughton in [80]. The techniques developed by Büchi/Landweber
and McNaughton for solving the described synthesis problem can be found
in the monograph [120].

Another path that generalizes the results of Büchi on the decidability
of S1S and also allows to solve the synthesis problem was taken by Rabin
who introduced the model of automata on infinite trees [102], called Rabin
tree automata. In the same way as Büchi automata are used to show the
decidability of S1S, Rabin tree automata can be used to show the decidability
of S2S, the monadic second-order theory of two successors (i.e., of the infinite
binary tree). In [104] Rabin shows how to use tree automata for solving
Church’s synthesis problem. Similar to the game-theoretic approach by
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Büchi and Landweber, a main ingredient is the determinization theorem for
automata on infinite words. In fact, there is a very close relationship between
automata on infinite trees and games of infinite duration, as used by Büchi
and Landweber in [19]. These connections are well documented in the survey
articles [118] and [128]. From that perspective, the two approaches for the
solution of Church’s synthesis problem are very similar.

As for the complexity, the solution of the synthesis problem for monadic
second-order specifications is non-elementary because it is a generalization
of the decision problem for S1S. We have mentioned above the temporal
logic LTL that is nowadays used in verification because it admits a more
efficient translation to Büchi automata. Pnueli and Rosner studied the syn-
thesis problem for LTL specifications and showed that it can be solved in
doubly exponential time [99]. The additional exponential compared to the
model checking problem for LTL originates from the required determiniza-
tion of the Büchi automaton constructed from the LTL formula. Although
the construction for the determinization of Büchi automata has been im-
proved in the last decades [46, 107, 97, 59], the structure of the resulting
automata is rather complex, and the lack of methods for efficient simplifi-
cation of deterministic automata has prevented usable implementations of
the synthesis algorithms. There are more recent approaches trying to avoid
determinization constructions [69], or using simpler specification formalisms
than LTL [14].

Besides their applications in synthesis problems, tree automata can also
be used for the verification of branching time specifications. The modal µ-
calculus is an extension of basic modal logic by least and greatest fixpoint
operators [6]. The model checking problem for µ-calculus specifications on
finite transition structures is polynomial time equivalent to the emptiness
problem for tree automata with a parity acceptance condition or the problem
of finding a winning strategy in a so called parity game [114]. The parity
condition has been introduced in [84] for automata on infinite trees. Its
importance for infinite games has been realized later in [45] and [85]. Today
it plays a central role in the theory of infinite games and automata on infinite
trees and words. Sketched briefly, a parity condition gives a partial order on
the state set, grouping states in levels according to their importance, and
additionally assigns to each level the status of being “good” or “bad”. An
infinite sequence of states is accepting if the most important level that is
visited infinitely often is good. Technically, this is usually done by assigning
to each state a natural number. All states with the same number belong
to the same level, the order of the levels is inherited from the order on the
numbers, and the levels with an even number are declared as good and those
with an odd number as bad (this convention using even and odd numbers
explains the name parity condition).

Several algorithms for solving parity games have been developed in the
last years (see [57, 124, 58, 108] for some of them), but the question whether
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these games can be solved in polynomial time remains open. By the connec-
tion mentioned above, a polynomial time algorithm for parity games would
also mean that the model checking problem for the µ-calculus would be
solvable in polynomial time.

The above sketch of the development of the interplay between automata
and logic should give an impression of how useful automata are for dealing
with problems arising in mathematical logic, and that some of the developed
techniques have reached the state of industrial applicability. This justifies
a further study of these models to obtain a deeper understanding of their
properties and to find new areas of application for them.

Overview of this thesis

In this thesis we present some recent results in the theory of automata on
infinite trees as well as some applications of these automata in the area of
logic. For this purpose, we have to work with several models of automata,
with games of infinite duration, and with different logical formalisms. The
first two chapters are devoted to the presentation of this basic material.
We give all required definitions and state the main results that we refer
to throughout this thesis. Some of these results are even reproved because
we have to refer to the details of the proofs in later chapters. The presen-
tation of the basic material is split into two parts. Chapter 1 introduces
automata on infinite words, games of infinite duration, and automata on
infinite trees. A large part is devoted to the connection between games and
tree automata, and we give a detailed proof of the complementation theo-
rem for tree automata because this construction is used in Section 4.3. In
Chapter 2 we introduce the basic notions from logic as required for this
thesis, and we present some results on the decidability of logical theories,
in particular ways to represent or transform structures in such a way that
the obtained structure has a decidable theory (for a logic depending on the
specific representation or transformation).

After these introductory chapters the main part of the thesis is contained
in Chapters 3 to 6. We give short descriptions of the background and results
of the respective chapters and how they are connected.

Choice functions and well-orderings. Chapter 3 deals with definabil-
ity questions for monadic second-order (MSO) logic over the infinite binary
tree. The main question considered in the chapter originates in the uni-
formization problem, i.e., the question whether a relation that is definable
in some logic can be transformed into a function that is compatible with
this relation and can also be defined in this logic. The synthesis problem
that we touched upon above can be seen as a variation of uniformization: A
logical specification for the behavior of a sequential circuit defines a relation
between the inputs and the outputs of this circuit, which can be viewed as a
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relation between infinite words. The goal is to construct a circuit that sat-
isfies this specification. Since a circuit computes a function from inputs to
outputs, this corresponds to the construction of a (specific) function that is
compatible with the given relation. This is a variation of the uniformization
problem because it asks for a very specific function, namely one that can be
computed sequentially, i.e., without anticipating the input.

We are interested in relations that are defined in monadic second-order
logic over the infinite line (the natural numbers with successor) or the infinite
binary tree. In this setting, given a formula φ(X̄, Ȳ ) with vectors Ȳ , X̄ of
free variables, such that ∀X̄∃Ȳ φ(X̄, Ȳ ) is satisfiable, uniformization asks for
a formula φ∗(X̄, Ȳ ) such that

1. φ∗ implies φ (each interpretation of Ȳ , X̄ making φ∗ true also makes
φ true),

2. and φ∗ defines a function in the sense that for each interpretation of
X̄ there is exactly one interpretation of Ȳ making φ∗ true.

MSO on the infinite line is known to have the uniformization property [112].
In the same paper, Siefkes conjectures that MSO on the infinite binary tree
does not have the uniformization property. In [49] Gurevich and Shelah
published the result that there is no MSO-definable choice function on the
infinite binary tree. An MSO-definable choice function is given by a formula
φ(X, y) with one free set variable X and one free element variable y, such
that for each non-empty set X there is exactly one y such that φ is satisfied.
That is, the formula φ chooses one element from each non-empty set. Such
a choice function corresponds to a uniformization of the element relation,
hence the result of Gurevich and Shelah shows that uniformization is not
possible on the infinite binary tree in general.

However, the proof given in [49] is very complex and uses the set-theoretic
technique of forcing, while it seems that automata offer a simpler and more
direct approach to prove the same result. In Section 3.1 we present such a
proof of the result of Gurevich and Shelah, and use the result in Section 3.2
to infer an undefinability result for strategies in infinite games.

The last section of Chapter 3 deals with well-orderings of the nodes of the
infinite binary tree. In general, a well-ordering is an order relation without
infinite decreasing chains. Such orderings are particularly useful because
they allow to pick from each set a unique element, namely the minimal
one. Hence, as a consequence of the undefinability of choice functions we
obtain that it is not possible to define a well-ordering relation in MSO on
the infinite binary tree. Nevertheless, it might be possible that there exists
some well-ordering relation that we can add to the infinite binary tree such
that the resulting structure still has a decidable MSO-theory. In Section 3.3
we show that this is not the case and illustrate with some examples how this
result can be applied.

6



Introduction

The results in this chapter have been obtained in collaboration with
Arnaud Carayol and are published in [21].

Unambiguous and guidable automata. In Chapter 4 we study au-
tomata on infinite trees with specific properties. The underlying motivation
is to find normal forms of automata or at least classes of automata with
good properties that allow to represent all automaton definable languages.
Consider, for example, regular languages of finite words. When reasoning
about such languages one can always pick some canonical object representing
them, e.g., the minimal deterministic automaton or the syntactic monoid.
Similarly, for regular languages of finite trees, there are unique minimal de-
terministic bottom-up automata. For regular languages of infinite words
there is no normal form for automata but one can work with the syntactic
ω-semigroup or at least pick a deterministic automaton for the language,
which has a unique run on each input word.

For automata on infinite trees no canonical representation is known,
and it is rather easy to see that there is no useful notion of determinis-
tic automaton on infinite trees that would be expressive enough to capture
the whole class of regular languages of infinite trees (see Section 4.1). For
this reason, we study two other properties of automata: unambiguity and
guidability. Unambiguous automata have been introduced in [113] on finite
words because they allow more efficient algorithms for equivalence and in-
clusion testing. These are nondeterministic automata that have exactly one
accepting run for each input that is accepted. In Section 4.2 we use the
results from Chapter 3 to obtain negative results concerning unambiguous
automata on infinite trees, following a proof strategy from unpublished work
of Niwiński and Walukiewicz [92].

In Section 4.3 we define the concept of guidable automaton. Intuitively,
such an automaton can simulate every other automaton for the same lan-
guage in the following sense: It can build up an accepting run (on a tree
that is in the language) in a deterministic way if it is given an accepting
run of the other automaton for the same language. We call these automata
“guidable” because any other automaton for the language can serve as a
guide for constructing accepting runs. The main result is that each regular
language of infinite trees can be accepted by a guidable automaton. Al-
though this is not a canonical representation of a language because guidable
automata are not unique, we have found in a certain sense a most general
way of representing a language of infinite trees by an automaton.

The results from this chapter have been obtained in collaboration with
Arnaud Carayol [21] and Thomas Colcombet [32].

The parity index problem. The parity index problem refers to the com-
plexity of the acceptance condition of infinite tree automata. While for non-
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deterministic automata on infinite words it is enough to consider the Büchi
acceptance condition, which is specified by a set of accepting states that
has to be visited infinitely often, more involved acceptance conditions are
necessary for automata on infinite trees to obtain the full expressive power
of MSO. Many different acceptance conditions have been proposed but the
parity condition [84] has turned out to have the best properties of those con-
ditions that are strong enough to capture the whole class of MSO-definable
languages.

We have already described the parity condition above. Technically it is
usually given by a mapping from the states to natural numbers. The parity
index problem is to determine for a given regular language of infinite trees
the minimal range of this mapping required in the acceptance condition of
an automaton for this language. This parameter gives a measure of the
complexity of the language, and it also plays an important role for the com-
plexity of several algorithms related to parity automata and games. More
details on the parity index problem and known results on it can be found in
Section 5.1.

Our contribution is a reduction of the parity index problem to a com-
pletely different problem for an automaton model called distance parity au-
tomata. This model is an extension of the nested distance desert automata
used by Kirsten to solve the star-height problem for regular languages of
finite words [64]. In the reduction we use the concept of guidable automata
from Chapter 4. For more details on the proof scheme and the model of dis-
tance parity automata we refer the reader to the introduction of Chapter 5.

The material in Chapter 5 results from a joint work with Thomas Col-
combet published in [32].

Finite set interpretations on trees. As already described earlier in
this introduction, automata-theoretic methods are successfully used in the
verification of finite state systems. A more recent branch of research con-
siders verification of infinite structures because in many settings accurate
models of given systems need to be infinite. Starting from early decidability
results for prefix rewriting systems and pushdown graphs [18, 89], efficient
algorithms for the verification of recursive programs over finite data types
have been developed [47]. Besides the task of developing practically usable
algorithms for specific applications, this also raises the question of what kind
of systems admit automatic decision procedures.

This is the subject of computational model theory (cf. [12]), where
the focus is on the problem of model checking infinite structures against
specifications written in some logic, i.e., deciding for a given structure and
logical formula if the formula holds in this structure. This problem setting
has been studied for various specification logics and different formalisms
for representing the infinite structures. The most prominent logics in this
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context are first-order (FO) logic and monadic second-order (MSO) logic,
and they have led to two tracks of research trying to identify classes of
structures for which the respective logic is decidable.

One way of defining such classes uses, e.g., words or trees for repre-
senting the elements of the structure and simple transformations based on
transducers or rewriting to define the relations of the structure. In this way,
one obtains, e.g., the classes of automatic [53, 61, 11] and tree-automatic
[39, 11] structures, for which the FO-theory is decidable, and the classes
of pushdown-graphs [89] and prefix recognizable graphs [25] with decidable
MSO-theory.

In the case of automatic structures, the decidability results are based on
the strong closure properties of finite automata, which are used to define the
relations. Other techniques, e.g., in [70] for rewriting in trace monoids, are
based on Gaifman’s locality theorem. The decidability results for MSO logic
on pushdown and prefix recognizable graphs are derived from the results of
Büchi and Rabin establishing the equivalence of MSO with corresponding
types of finite automata, as explained above.

A different and more systematic approach for defining and studying
classes of infinite structures is to use operations for transforming structures.
An important operation of this kind is the model-theoretic interpretation.
Such an interpretation defines a new structure ‘inside’ a given one by means
of logical formulas describing the domain and the new relations. Depend-
ing on whether these defining formulas are FO or MSO one speaks of FO-
and MSO-interpretations. An important property of these interpretations
is that decidability results easily transfer from the given structure to the
resulting structure, i.e., applying an FO-interpretation to a structure with
a decidable FO-theory results in a structure with decidable FO-theory, and
similarly for MSO.

As mentioned in [12], this suggests a new way of defining interesting
classes of infinite structures: fix an underlying structure (with good al-
gorithmic properties) and consider all structures that can be obtained by
applying interpretations of a certain kind. In this way, one obtains the au-
tomatic structures by FO-interpretations from, e.g., a suitable extension of
Presburger arithmetic [9], and the prefix recognizable structures by MSO-
interpretations from the infinite binary tree [10]. This idea has been pur-
sued further in [26], where MSO-interpretations and unravelling of graphs
are iterated, leading to an infinite hierarchy of graphs (or structures) with
a decidable MSO-theory.

All the methods and results described so far can be separated into those
concerned with FO logic (sometimes extended by a reachability relation
[39, 28]) and those dealing with MSO logic (sometimes with only restricted
kind of set quantification as in [78]). Our goal is to study a method for
relating these two areas. We consider a new kind of interpretation, named
finite set interpretation, allowing to define classes of structures with decid-
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able FO-theory from structures with decidable MSO-theory. To be more
precise, we are considering weak MSO (WMSO) logic, i.e., MSO logic where
quantification is restricted to finite sets. The idea for these interpretations is
rather simple: the domain of the new structure does not consist of elements
of the old structure but of finite sets of elements of the old structure. The re-
lations are specified by WMSO-formulas with free set variables (the number
of which corresponds to the arity of the relation). In this way, FO-formulas
over the new structure can directly be translated into WMSO-formulas over
the old structure.

Using the equivalence of WMSO logic and finite automata (over finite
words and trees) it is not difficult to see that the classes of automatic and
tree automatic structures can be obtained by finite set interpretations from
(N, succ) and from the infinite binary tree, respectively (see [29]). The con-
nection between automatic structures and finite set interpretations applied
to (N, succ) has already appeared before in the literature. In [44] the au-
thors show that the infinite binary tree together with the equal level relation
can be generated from (N, succ) by a finite set interpretation. Today this
extension of the infinite binary tree is known as a generator of automatic
structures in the sense that every automatic structure can be obtained from
it by an FO-interpretation. A similar result is given in [106] but for another
generator of the automatic structures.

This raises the question of what happens when we apply finite set inter-
pretations to other structures with decidable WMSO-theory, e.g., the struc-
tures from the hierarchy defined in [26]. Though this hierarchy is strict, it
is not a priori clear whether this is also true for the hierarchy obtained after
applying finite set interpretations. To answer questions of this kind one has
to study the expressiveness of finite set interpretations and to provide tools
for showing that a structure cannot be obtained by such an interpretation
applied to a given structure. In particular, such tools can then be used to
answer questions on automatic structures because these can be obtained by
finite set interpretations (as mentioned above). More precisely, we concen-
trate ourselves on understanding what are the structures which are finite
set interpretable in trees. All the examples mentioned so far fall in this
category.

We contribute two results to this study. The first one establishes that
the quotient of a structure that is finite set interpretable in a deterministic
tree is itself finite set interpretable in that tree. This result was known
for automatic structures, and was open for tree-automatic structures. Our
result is a generalization of those two cases.

The second and main result allows to reduce questions on definability
by finite set interpretations to questions on WMSO-interpretability. Those
questions of WMSO-interpretability in trees are well understood since they
can be reformulated in terms of clique-width. The clique-width is a measure
of the complexity of graphs which has been first introduced for finite graphs
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[34], and then extended to infinite ones [36]. We also show how our method
can be used to obtain non-definability results for specific structures and a
strictness result for a hierarchy of structures.

Chapter 6 is based on joint work with Thomas Colcombet published in
[30].
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Chapter 1

Automata and games

The historical background for automata and games has already been pre-
sented in the introduction. In this chapter we introduce the necessary tech-
nical background. We start with some basic terminology and general no-
tations, and then present automata on infinite words, infinite games, and
automata on infinite trees, where we focus on the definitions and results
that are used throughout this thesis. For further results and references we
refer the reader to the surveys [118, 128, 122], the textbooks [62, 95], and
the seminar volume [48].

General notations

The set of natural numbers (non-negative integers) is denoted by N. A finite
interval {i, . . . , j} of natural numbers is written as [i, j].

An alphabet is a finite set of symbols, called letters. Usually, alphabets
are denoted by Σ. The set of finite words over Σ is written as Σ∗ and the
set of infinite words as Σω. For a word w (finite or infinite) we denote by
w(i) the ith letter of w, starting with 0, i.e., w = w(0)w(1)w(2) · · · . The
infix of w from position i to position j is denoted by w[i, j].

The length of a finite word w ∈ Σ∗ is denoted by |w| and ε is the empty
word. For an infinite word α ∈ Σω we write Inf (α) for the set of symbols
occurring infinitely often in α.

For all words w1, w2 ∈ Σ∗, w1 is a prefix of w2 (written w1 ⊑ w2) if there
exists w ∈ Σ∗ such that w2 = w1w. If w ∈ Σ+ then w1 is a strict prefix of
w2 (written w1 ⊏ w2). The greatest common prefix of two words w1 and w2

(written w1 ∧ w2) is the longest word which is a prefix of w1 and w2.

1.1 Automata on infinite words

The concept of automata on infinite words is derived from standard au-
tomata on finite words. We use a finite set of states and a transition relation
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q0 q1

a, b

a

a

Figure 1.1: A Büchi automaton checking for finitely many b

or function (depending on whether we consider nondeterministic or deter-
ministic automata) to describe possible computation steps of the automata.
As usual, a run of the automaton on an input is a sequence of states that is
consistent with the transition function. Since the inputs under consideration
are infinite words, the runs are now infinite sequences of states. It remains
to clarify when a run is accepting. There are various acceptance conditions,
the most prominent one being the Büchi condition: A run is accepting if a
designated set of accepting states is visited infinitely often during the run.
This leads to the following automaton model.

A nondeterministic Büchi word automaton A is given as a tuple A =
(Q,Σ, qi, ∆, F ) with a finite set Q of states, input alphabet Σ, initial state
qi ∈ Q, transition relation ∆ ⊆ Q × Σ × Q, and accepting states F ⊆ Q.

A run of A on an infinite word α ∈ Σω is an infinite sequence ρ =
q0q1q2 · · · of states such that q0 = qi, and (qi, α(i), qi+1) ∈ ∆ for all i ≥ 0.

A run ρ is accepting if it contains infinitely many accepting states, i.e.,
if Inf (ρ)∩F 6= ∅. A word α is accepted by A if there is an accepting run of
A on α. The language accepted by A is the set of all accepted words

L(A) = {α ∈ Σω | A accepts α}.

Büchi automata define a robust class of ω-languages that is closed under
the boolean operations of union, intersection, and complement [17]. How-
ever, the proof of closure under complement is more involved than for au-
tomata on finite words. For finite words one can rely on determinization by
the subset construction. Büchi automata require more involved construc-
tions. This is witnessed, for example, by the fact that deterministic Büchi
automata are weaker in expressive power than nondeterministic ones. The
language of all words over the alphabet {a, b} that contain finitely many b
can be accepted by the Büchi automaton depicted in Figure 1.1. As usual,
a small incoming arrow designates the initial state and a double circle the
accepting states. The automaton nondeterministically chooses a point in the
input after which no more b occur and moves from q0 to q1. If this guess is
wrong the run cannot be continued with the next b. Hence, this automaton
accepts exactly those words containing finitely many b.

It is not difficult to show that this language cannot be accepted by a
deterministic Büchi automaton. To obtain a deterministic automaton model
that is as expressive as Büchi automata, we have to use a stronger acceptance
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q0 q1

a
b

b

a

Figure 1.2: The transition graph of a deterministic automaton checking for
finitely many b.

condition. The first model proposed for this purpose is the model of Muller
automata [87]. In a Muller automaton one explicitly specifies all infinity
sets of runs that lead to acceptance. Figure 1.2 shows the transition graph
of such a deterministic automaton. Using a Muller condition expressing
that only the infinity set {q0} is accepting, we obtain a deterministic Muller
automaton that is equivalent to the Büchi automaton from above.

A theorem of McNaughton states that deterministic Muller automata
are as expressive as nondeterministic Büchi automata.

Theorem 1.1 ([80]) For each nondeterministic Büchi automaton one can
construct a deterministic Muller automaton accepting the same language.

A construction with improved complexity is given in [107], which turns out
to be asymptotically optimal (see [81], [118], [75], and [127]).

However, it is rather difficult to work with Muller automata because
explicitly listing all accepting infinity sets might result in a rather com-
plex acceptance condition. We prefer here to work with parity automata,
a specialization of Muller automata, for which an analogue of Theorem 1.1
exists.

A parity word automaton is a tuple A = (Q,Σ, qi, ∆, c) where the first
four components are the same as in a Büchi automaton, and c : Q → N is a
priority function that assigns a natural number to each Q. A run is defined
as for Büchi automata, and for a run ρ we refer by c(ρ) to the corresponding
infinite sequence of priorities obtained by applying c to each element of the
sequence ρ.

The name “parity automaton” is justified by the way we interpret the
priority function for the acceptance condition: A run is accepting if the
maximal priority in Inf (c(ρ)) is even. For example, if we take the transition
structure from Figure 1.2 and let c(q0) = 0 and c(q1) = 1, then the only
accepting runs are those with infinity set {q0}.

The parity condition has been introduced by Mostowski in [84] for au-
tomata on infinite trees, and has been used in the context of games inde-
pendently by Emerson and Jutla [45], and Mostowski [85]. An explicit con-
struction for deterministic parity automata on words is given in [23] (where
they are called chain automata). The following result can for example be
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Chapter 1 · Automata and games

obtained by combining the determinization construction from [107] with the
construction from [23].

Theorem 1.2 For each nondeterministic Büchi automaton one can con-
struct a deterministic parity automaton accepting the same language.

There are also some more recent constructions that can be used transform
nondeterministic Büchi automata into deterministic parity automata: One
construction is due to Piterman [97], a refined version of Safra’s construction
[107], and another recent construction by Kähler and Wilke [59] builds on
work of Muller and Schupp [90].

1.2 Games

There is a tight connection between automata on infinite trees and two-
player games of infinite duration. This connection if often used to develop
constructions or decision procedures for tree automata such as complemen-
tation or an emptiness test. Before we turn to automata on infinite trees we
introduce in this section the basic definitions and results concerning games.

The games we are interested in are played on game graphs, also called
arenas. An arena is a tuple G = (V◦, V2, E, col), where

• V◦ is the set of vertices of player Eva (graphically represented by cir-
cles),

• V2 is the set of vertices of player Adam (disjoint from V◦, graphically
represented by boxes),

• E ⊆ V × V for V = V◦ ∪ V2 is the set of edges or moves, and

• col : V → Cols is a mapping that assigns to each vertex a color from
a finite set Cols of colors.

A play in G is an infinite sequence of vertices γ ∈ V ω. One can imagine such
a play being built up by the two players moving a token along the edges.
Whenever the token is on a vertex of Eva, then she can choose the edge,
otherwise Adam chooses.

Sometimes we are only interested in games starting in a specific initial
vertex. In these cases we specify this vertex additionally to the other com-
ponents of an arena.

To turn an arena into a game we have to add a winning condition. This
is what the coloring of the vertices is used for. Given a play γ, we look at
the corresponding sequence col(γ) ∈ Colsω of colors. The winning condition
specifies whether this sequence is winning for Eva or for Adam. Hence,
formally a winning condition is given by the set Win ⊆ Colsω of plays that

16



Section 1.2 · Games

are winning for Eva. A game is a pair G = (G,Win) of an arena and a
winning condition (for Eva) as above.

The central notion in the theory of infinite games is the one of winning
strategy. Given a game, we are interested in the question if one of the
players can guarantee to win, no matter how the opponent plays. This is
captured by the notion of winning strategy. Formally, a strategy σ◦ for Eva
is a function that takes a finite prefix of a play ending a vertex of Eva, and
outputs her next move:

σ◦ : V ∗V◦ → V

with the property that σ◦(wv) = v′ implies that (v, v′) ∈ E. Similarly, a
strategy for Adam is a function σ2 : V ∗V2 → V such that σ2(wv) = v′

implies that (v, v′) ∈ E.
A play γ is said to be played according to a strategy σ◦ for Eva if for

each i with γ(i) ∈ V◦ the next vertex is obtained by applying the strategy:
σ◦(γ[0, i]) = γ(i + 1). For a strategy of Adam the definition is analogous.

When we fix a strategy σ◦ for Eva, a strategy σ2 for Adam, and an initial
vertex v0, then there is a unique play starting in v0 that is played according
to the two strategies. We call this the outcome of the two strategies from
v0 and denote it by out(v0, σ◦, σ2).

Given a game G = (G,Win) and an initial vertex v0, a strategy σ◦ for Eva
is a winning strategy from v0 if all possible outcomes are winning for Eva:
out(v0, σ◦, σ2) ∈ Win for all strategies σ2 of Adam. Similarly, a strategy
σ2 is a winning strategy for Adam from v0 if out(v0, σ◦, σ2) /∈ Win for all
strategies σ◦ of Eva.

The set of vertices from which Eva (Adam) has a winning strategy is
called the winning region of Eva (of Adam). A game is called determined
if from each of the vertices one of the players has a winning strategy. A
winning condition Win is called determined if every game with this winning
condition is determined.

Determinacy is interesting because we can conclude from the nonexis-
tence of a winning strategy for one player that the other player has a winning
strategy. This corresponds to an exchange of a universal and an existential
quantifier: Eva does not have a winning strategy from v0 is formalized has

∀σ◦∃σ2 : out(σ◦, σ2, v0) /∈ Win .

Determinacy tells us that in this case Adam has a winning strategy:

∃σ2∀σ◦ : out(σ◦, σ2, v0) /∈ Win .

This exchange of quantifiers can in some situations be used to decrease the
complexity of problems. One example is the complementation of automata
on infinite trees, presented in Section 1.4.

We are mainly interested in parity games. The parity condition is defined
as for automata in Section 1.1. Each vertex is assigned a natural number
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Figure 1.3: A parity game

from a finite range. As for automata we denote this special kind of coloring
function by c instead of col . To determine the winner of a play γ we look
at the maximal number that appears infinitely often in c(γ). If this color is
even, then Eva wins, otherwise Adam wins.

From this definition it is clear that we do not have to explicitly specify
the winning condition Win for parity games because it is already specified
by the coloring function c. Hence, parity games are completely specified by
the game arena (V◦, V2, E, c).

An example for a parity game is shown in Figure 1.3. The numbers in
the vertices determine the priority function, e.g., c(v0) = 3.

Parity games are important because they are not only determined but
the determinacy result already holds when restricting to a very simple type
of strategies. If a player has a winning strategy from some node, then there
is also a winning strategy that does not consider the history of the play for
choosing the next move, but only the current vertex. Such strategies are
called positional or memoryless.

Formally, a positional strategy for Eva is a function σ◦ : V◦ → V such
that (v, σ◦(v)) ∈ E for all v ∈ V . The same definition applies for Adam
with V2 instead of V◦.

For the parity game shown in Figure 1.3, the winning region of Eva is
{v2, v3, v5, v6, v7}, using the positional winning strategy v5 → v2 and v7 →
v6. The winning region of Adam is {v0, v1, v4} with the positional winning
strategy v1 → v0 and v4 → v0.

We call a game positionally determined if from each vertex one of the
players has a positional winning strategy. The reason why parity games play
a central role in the theory of automata and logics on infinite trees is the
following theorem.

Theorem 1.3 ([45, 85]) Parity games are positionally determined.

There are various proofs of this result. The proofs in the survey articles
[128, 118] are based on an induction on the number of priorities. In [126]
Walukiewicz gives a proof based on the concept of signatures or progress
measures. On finite graphs this concept is used to derive an algorithm for
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computing the winning regions in [57].

There are many other algorithms for solving finite parity games (see
Chapter 7 of [48] for an overview, and the more recent works [58] and [108]).
The most obvious algorithm can directly be derived from the positional
determinacy: On a finite graph one can systematically check all possible
strategies. The test whether a positional strategy is winning from some ini-
tial vertex boils down to a rather simple graph theoretic problem of checking
for loops that are winning for the other player. This can be done in polyno-
mial time. Hence, we obtain an NP algorithm for the problem of determining
whether a player has an positional winning strategy in a parity game with a
given initial vertex. Since parity games are symmetric in both players, the
problem is in NP ∩ co-NP. We refer to the above decision problem as the
problem of solving parity games.

Theorem 1.4 The problem of solving finite parity games is in NP∩co-NP.

The question whether parity games can be solved in polynomial time is one
of the main open questions in this area.

Concerning the positional determinacy, a more general result is the po-
sitional determinacy for one player in Rabin games [65]. A Rabin condition
over a finite set Cols of colors consists of a set Ω = {(E1, F1), . . . , (Em, Fm)}
of pairs (Ei, Fi), where Ei, Fi ⊆ Cols are sets of colors. An infinite se-
quence α ∈ Colsω satisfies the Rabin condition Ω if there exists an index
i ∈ {1, . . . , m} such that Inf (α) ∩ Ei = ∅ and Inf (α) ∩ Fi 6= ∅. In other
words, there has to be a pair (Ei, Fi) such that α visits Ei only finitely often
and Fi infinitely often. This type of condition originates from [102], where
it is used as acceptance condition for automata on infinite trees.

A Rabin game G = (G, Ω) is given by an arena (V◦, V2, E, col) and a
Rabin condition Ω. Eva wins a play γ if col(γ) satisfies Ω.

Theorem 1.5 ([65]) Rabin games are determined and Eva has a positional
winning strategy on her winning region.

The dual of a Rabin condition is a Streett condition [116]. Syntactically,
a Streett condition Ω is given in the same way as a Rabin condition as
a set {(E1, F1), . . . , (Em, Fm)} of pairs of color sets. An infinite sequence
α ∈ Colsω satisfies a Streett condition if for all i ∈ {1, . . . , m} either Inf (α)∩
Ei 6= ∅ or Inf (α) ∩ Fi = ∅. Clearly, a Streett condition for Eva is a Rabin
condition for Adam. Hence we directly obtain the following result.

Corollary 1.6 Streett games are determined and Adam has a positional
winning strategy on his winning region.

We mentioned above that Theorem 1.5 is more general than Theorem 1.3.
The reason is that a parity condition can easily be written as a Rabin con-
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dition, and also as a Streett condition. Hence, Theorem 1.3 is a direct
consequence of Theorem 1.5 and Corollary 1.6.

We briefly explain how to express a parity condition as a Rabin or Streett
condition. W.l.o.g. we assume that the range of the priority function is
Cols = {1, . . . , 2k}. The Rabin condition {(E1, F1), . . . , (Ek, Fk)} is defined
as follows: for j ∈ {1, . . . , k} the set Ej contains all i > 2j, and the set Fj

only contains 2j. The Rabin pair (Ej , Fj) expresses that the priorities bigger
than 2j are visited only finitely often, and priority 2j is visited infinitely
often, i.e., 2j is the maximal priority occurring infinitely often. Hence, the
Rabin condition is satisfied iff the maximal priority occurring infinitely often
is even.

As already explained, Streett conditions are complementary to Rabin
conditions. To express a parity condition as a Streett condition we can
simply express the fact that the maximal priority occurring infinitely often
is odd by a Rabin condition in the same way as above, and then complement
this condition to obtain a Streett condition.

We use the fact that Adam can win positionally in Streett games later
for the special case of conjunctions of two parity conditions. A conjunc-
tion of two parity conditions is defined on a color set of the form Cols =
{1, . . . , k} × {1, . . . , ℓ}. A sequence α ∈ Cols satisfies the conjunction of
the two parity conditions if the projection to the first components yields a
sequence satisfying the parity condition over {1, . . . , k}, and the projection
to the second components satisfies the parity condition over {1, . . . , ℓ}.

It is easy to see that Streett conditions are closed under conjunctions
(because the nature of the condition is conjunctive). Hence the following
remark is not surprising.

Remark 1.7 The conjunction of two parity conditions can be expressed by
a Streett condition.

1.3 Automata on infinite trees

In this section we introduce the basic theory of automata on infinite trees. A
very good survey of this subject can be found in [118]. To be self-contained
we present here the definitions and constructions that are used in the other
chapters.

The theory of automata on infinite trees as it originates from [102] uses
the full infinite binary tree as underlying structure. In Chapter 6 we also
consider trees that can have finite branches. The corresponding notations
for this extended setting are introduced in Chapter 6.

We view the set {0, 1}∗ of finite words over {0, 1} as the domain of an
infinite binary tree. The root is the empty word ε, and for a node u ∈ {0, 1}∗

we call u0 its left successor (or 0-successor), and u1 its right successor (or

20



Section 1.3 · Automata on infinite trees

1-successor). A branch π is an infinite sequence u0, u1, u2 . . . of successive
nodes starting in the root, i.e., u0 = ε and ui+1 = ui0 or ui+1 = ui1 for all
i ≥ 0.

An (infinite binary) tree labeled by a finite alphabet Σ is a mapping
t : {0, 1}∗ → Σ. We denote by T ω

Σ the set of all trees labeled by Σ. In a tree
t, a branch π induces an infinite sequence of labels in Σω. We sometimes
identify a branch with this infinite word. It should always be clear from the
context to which meaning of a branch we are referring to.

In connection with logic, the labels of the infinite tree are used to repre-
sent interpretations of set variables. This motivates the following definitions.
For a set U ⊆ {0, 1}∗, we write t[U ] ∈ T ω

{0,1} for the characteristic tree of U ,
i.e., the tree which labels all nodes in U with 1 and all the other nodes with 0.
This notation is extended to the case of several sets. The characteristic tree
of U1, . . . , Un ⊆ {0, 1}∗ is the tree labeled by {0, 1}n written t[U1, . . . , Un]
and defined for all u ∈ {0, 1}∗ by t[U1, . . . , Un](u) := (b1, . . . , bn) where for
all i ∈ [1, n], bi = 1 if u ∈ Ui and bi = 0 otherwise. For a singleton set
U = {u} we simplify notation and write t[u] instead of t[{u}].

We now turn to the definition of automata for infinite trees. A parity
tree automaton (PTA) on Σ-labeled trees is a tuple A = (Q,Σ, qi, ∆, c)
with a finite set Q of states, initial state qi ∈ Q, transition relation ∆ ⊆
Q × Σ × Q × Q, and a priority function c : Q → N. A run of A on a tree
t ∈ T ω

Σ from a state q ∈ Q is a tree ρ ∈ T ω
Q such that ρ(ε) = q, and for each

u ∈ {0, 1}∗ we have (ρ(u), t(u), ρ(u0), ρ(u1)) ∈ ∆. We say that ρ is accepting
if the parity condition is satisfied on each branch of the run, i.e., on each

branch the maximal priority appearing infinitely often is even. If we only
speak of a run of A without specifying the state at the root, we implicitly
refer to a run from qi.

It is also possible to allow automata with a set of initial states. In this
case we just require a run to start with some state from this set at the root.
One can easily transform an automaton with a set of initial states into one
with only a single initial state.

A tree t is accepted by A if there is an accepting run of A on t. The
language accepted by A is the set of all accepted trees:

T (A) = {t ∈ T ω
Σ | t accepted by A}.

A tree language is called regular if it is accepted by some PTA.
For two trees t, t′ we say that they are A-equivalent, written as t ≡A t′,

if for each state q of A there is an accepting run from q on t iff there is an
accepting run from q on t′. Intuitively, this means that A cannot distinguish
the two trees.

As already mentioned, there is a tight connection between automata on
infinite trees and games. For example, we can express the question whether
the language T (A) of a PTA is empty in terms of a game. We present this
construction here because it is used in Section 4.3.
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The language T (A) is non-empty if the following holds:

∃t ∈ T ω
Σ ∃ run ρ on t ∀ branches π : ρ(π) satisfies parity condition.

This quantifier alternation can be captured by a game in which one player
chooses t and ρ, and the other player chooses π. Played like this, the game
consists of only two moves (one for each player), each of which provides an
uncountable number of choices. To avoid this, we let the players build up
the objects incrementally, instead of choosing them in one shot. The idea is
as follows:

• Eva chooses the symbol that should be put at the root of the tree and
also chooses the first transition of ρ (compatible with the initial state
and the chosen label). To complete t and ρ, she has to complete the
left subtree and the right subtree. In case the language T (A) is empty,
she will not be able to complete one of the two subtrees. But once she
has made her choice for the first transition, the direction in which she
will not be able to complete the subtree is fixed. Hence Adam can
make his first choice for the direction on π.

• Once Eva and Adam have made their choices as just explained, the
game continues in the same way from the new state determined by the
transition chosen by Eva and the direction taken by Adam. This is
repeated to infinity.

• The result of the game is an infinite sequence of states (and transi-
tions), basically corresponding to ρ(π) in the above statement. Eva
wins if this sequence satisfies the parity condition, otherwise Adam
wins.

We now describe this parity game GA for PTA emptiness more formally.
Note that the choice of the labels for t is done implicitly by choosing the
transitions for ρ.

• The positions of Eva are the states Q of the automaton.

• The positions of Adam are the transitions ∆ of the automaton.

• The initial position of the game is qi.

• From a state q Eva can move to all transitions of the form (q, a, q0, q1).

• From a transition (q, a, q0, q1) Adam can move to either q0 or q1.

• As priority function we simply take the priority function of A and
extend it to transitions by setting c(q, a, q0, q1) = c(q).

We can now relate the existence of winning strategies in GA to the emptiness
of T (A) (cf. [128, 118]).
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Proposition 1.8 Eva has a winning strategy in the emptiness game GA iff
T (A) 6= ∅.

Proof. If T (A) 6= ∅, then we can choose a tree t and an accepting run ρ of A
on t. In a play prefix, the choices of Adam determine a position in the tree.
The strategy of Eva is to choose the transition of ρ at this position. In this
way she ensures that a branch of ρ is played, and as ρ is accepting she wins.

If Eva has a winning strategy in GA, then we construct a run as follows.
Each node u in {0, 1}∗ determines a sequence of choices for Adam in GA. We
play the game according to these choices and according to Eva’s strategy.
This determines a transition, which we use at u. The rules of the game
ensure that this indeed results in a run, and as the strategy is winning for
Eva, the run is accepting. 2

The parity game GA is polynomial in the size of A, hence we can apply
Theorem 1.4.

Theorem 1.9 The emptiness problem for parity tree automata is in NP∩co-
NP.

For later application (in Chapter 4) we also consider the emptiness game
for the intersection of two languages given by PTAs. The game is similar
to GA but now it is played on pairs of states and transitions, one from each
automaton. To prove that there is a tree in the intersection of the two
languages, Eva has to construct two runs in parallel using the same input
letters when choosing the transitions of the two automata.

Let A = (QA, Σ, qi
A, ∆A, cA) and B = (QB, Σ, qi

B, ∆B, cB) be PTAs. The
intersection emptiness game GA×B for A and B is defined as follows.

1. The vertex set of Eva is QA×QB, the vertex set of Adam is ∆A×∆B.

2. The game starts in (qi
A, qi

B).

3. From a position (p, q) ∈ QA × QB, Eva picks two transitions from
the respective states, both using the same input letter, i.e., she picks
(p, a, p0, p1) ∈ ∆A and (q, a, q0, q1) ∈ ∆B for some a ∈ Σ. The game is
now in position ((p, a, p0, p1), (q, a, q0, q1)).

4. Adam chooses a direction i ∈ {0, 1} and the game moves to (pi, qi).

5. The coloring function is given by col(p, q) = (cA(p), cB(q)), and for
transitions τ = (p, a, p0, p1) ∈ ∆A and τ ′ = (q, a, q0, q1) we also set
col(τ, τ ′) = (cA(p), cB(q)).

6. The winning condition is the conjunction of the two parity conditions
of A and B (see the end of Section 1.2).

The following result can be shown in the same way as Proposition 1.8.
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Proposition 1.10 Eva has a winning strategy in GA×B iff T (A)∩T (B) 6= ∅.

The winning condition of GA×B is a conjunction of two parity conditions.
Using Remark 1.7 and Corollary 1.6 we obtain

Corollary 1.11 If T (A)∩T (B) = ∅, then Adam has a positional winning
strategy in GA×B.

The emptiness game and the result on the positional determinacy of
parity games can be used to show the existence of a certain kind of sim-
ple trees in each non-empty regular tree language. These trees are called
regular because they can be generated by a deterministic finite automaton
in the following sense: A tree t ∈ T ω

Σ is called regular if there is a DFA
(S, {0, 1}, si, δ, λ) with an output function λ : Q → Σ instead of set of final
states, such that for each u ∈ {0, 1}∗ the label t(u) of u in t is the same as
the output λ(δ(u)) computed by the DFA. We can also view the DFA from
the above definition as a finite graph of out-degree two whose vertices are
labeled by symbols from Σ. The tree it generates is simply the unfolding of
this graph starting from the initial state si.

It is not difficult to see that regular trees are exactly those that have
only finitely many non-isomorphic subtrees: A tree with this property can
be generated by a DFA whose states correspond to the different subtrees it
contains. Vice versa, a tree that is generated by a finite automaton can only
contain as many non-isomorphic subtrees as the DFA has states.

From a positional strategy for Eva in the emptiness game GA we can
construct a regular tree in the language of A.

Theorem 1.12 ([102]) Every non-empty regular tree language contains a
regular tree.

Proof. Let T be a non-empty regular language accepted by some PTA
A = (Q,Σ, qi, ∆, c). Then Eva has a winning strategy in the emptiness
game GA. By Theorem 1.3 this strategy can be chosen positionally. A
positional strategy in GA can be seen as a mapping σ◦ : Q → ∆ and can
directly be used to construct a DFA generating a regular tree:

• The state set of the DFA is Q.

• Let q ∈ Q and σ◦(q) = (q, a, q0, q1). Then we specify

– the output function of the DFA by λ(q) = a,

– the transition function of the DFA by δ(q, 0) = q0 and δ(q, 1) =
q1.

Since σ◦ is a winning strategy for Eva, the regular tree defined like this is
indeed in T (A). 2
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Section 1.4 · Complementation of parity tree automata

We have already defined the characteristic tree t[U ] of a set U ⊆ {0, 1}∗. The
definition of regular trees by DFAs directly implies that t[U ] is a regular tree
iff U is a regular set of words. The automaton accepting U also generates
t[U ] if we define the output of final states to be 1, and 0 for the non-final
states. This easily generalizes to tuples of sets:

Remark 1.13 For U1, . . . , Un ⊆ {0, 1}∗ the tree t[U1, . . . , Un] is regular iff
all the sets U1, . . . , Un are regular sets of words.

1.4 Complementation of parity tree automata

In this section we give a complementation construction for parity tree au-
tomata. The construction follows the one given in [118] but we present the
details here because in Chapter 4 we rely on them for the construction of
guidable automata.

Given a PTA A = (Q,Σ, qi, ∆, c), the goal is to construct an automaton
that can check for a tree t that there is no successful run of A on t. For
this purpose we first describe a membership game for A and t in which
Adam has a winning strategy iff t /∈ T (A). The strategies are such that
they can be represented by annotating the input tree t. We then construct
a tree automaton accepting those trees that are annotated with a winning
strategy of Adam (and hence are not in T (A)). The desired automaton for
the complement is obtained by simply removing the annotations from the
labels.

We start by describing the membership game. It is similar to the empti-
ness game with the difference that the input symbols are not chosen by Eva
but are fixed by the tree t. For this reason the arena of the membership
game is infinite (because t is).

If we are given a tree t and a PTA A, then t is accepted by A if

∃ run ρ ∀ branch π : ρ(π) satisfies the parity condition.

This can be captured by a game in which Eva tries to prove the existence
of such a ρ, and Adam tries to refute it by building a path π on which the
parity condition is not satisfied. To implement this idea, Eva starts at the
root in the initial state and chooses a transition that is compatible with
the label of the root. Based on the choice of Eva, Adam can now decide
in which direction he wants to build the path π, i.e., he decides to move to
the left or to the right successor. This determines the next node and the
state from which to continue. This whole procedure essentially results in an
infinite sequence of states corresponding to the labeling of a branch through
a run. Eva wins if this sequence satisfies the parity condition, otherwise
Adam wins.

The formal definition of the membership game GA,t is as follows:
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Chapter 1 · Automata and games

• The set of vertices of Eva is {0, 1}∗×Q (pairs of tree nodes and states).

• The set of vertices of Adam is {0, 1}∗ × ∆ (pairs of tree nodes and
transitions).

• The initial vertex is (ε, qi)

• From a position (u, q) Eva can move to all positions of the form
(u, (q, t(u), q0, q1)) with (q, t(u), q0, q1) ∈ ∆.

• From a position (u, (q, t(u), q0, q1)) Adam can move to (u0, q0) or to
(u1, q1).

• The priority function is adapted from the one of A by cA,t(u, q) = c(q),
and cA,t(u, (q, t(u), q0, q1)) = c(q).

It is not difficult to see that Eva indeed has a winning strategy in GA,t iff
t is accepted by A. By determinacy of parity games we obtain that Adam
has a winning strategy iff t /∈ T (A), and furthermore this strategy can be
chosen positionally (Theorem 1.3).

Lemma 1.14 Adam has a positional winning strategy in GA,t iff t /∈ T (A).

We now explain how to represent positional strategies of Adam by anno-
tating the tree t. A positional winning strategy of Adam can be described
by a function σ2 : {0, 1}∗ × ∆ → {0, 1}, or equivalently by a function
σ2 : {0, 1}∗ → (∆ → {0, 1}) assigning to each node of the tree a function
from transitions to directions. There are only finitely many such functions
and therefore we can annotate each node u of t with the additional infor-
mation σ2(u).

A tree representation of a strategy of Adam is a tree s ∈ T ω
Σ×(∆→{0,1}).

Note that t is not fixed anymore. Such a tree s represents a strategy in the
game GA,t for the tree t obtained by projecting s to the Σ-component of
the labels. The central lemma for the complementation construction is that
we can construct a PTA accepting exactly the representations of winning
strategies of Adam. For later use in Chapter 4 it is important that this PTA
is even top-down deterministic, i.e., for each state q and each input letter a
there is at most one transition (q, a, q0, q1).

Lemma 1.15 There is a top-down deterministic PTA accepting the tree rep-
resentations of winning strategies of Adam.

Proof. Let s be a tree representation of a strategy of Adam. Let t be the
corresponding tree in T ω

Σ obtained by projection to the Σ-component, and
let σ2 be the strategy of Adam in GA,t represented by s.

The PTA we want to construct has to verify that all plays played ac-
cording to σ2 are winning for Adam. Each play naturally induces a branch
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Section 1.4 · Complementation of parity tree automata

through the tree. Hence, verifying whether all plays according to σ2 are
winning for Adam can be done by checking on each branch whether all
plays that induce this branch are winning for Adam. This is a task that can
be done by a deterministic parity word automaton. We then run this word
automaton on all branches of the tree, thus obtaining the desired PTA. This
idea is formalized in the following.

Each branch in s corresponds to an infinite sequence over (Σ × (∆ →
{0, 1})×{0, 1}), where the last {0, 1}-component indicates the direction the
branch takes in each step. We say that such a sequence

(a0, f0, i0)(a1, f1, i1) · · · ∈ (Σ × (∆ → {0, 1}) × {0, 1})ω

is A-accepting if there is a transition sequence τ0τ1 · · · ∈ ∆ω such that

• for each j the transition τj is of the form (qj , aj , q
(0)
j , q

(1)
j ) with fj(τj) =

ij and q
(ij)
j = qj+1,

• q0 = qi, and

• the acceptance condition of A is satisfied by q0q1 · · · .

The first condition states that the direction ij corresponds to the direction
taken by the strategy as described in fj when applied to the transition τj ,
and that the next transition starts with the correct state.

Assume that s contains a branch corresponding to an A-accepting se-
quence. Then Eva can play the witnessing transition sequence in GA,t. If
Adam applies σ2, then the resulting play corresponds to the A-accepting
sequence, and hence Eva wins. Therefore, σ2 is not a winning strategy.

Vice versa, assume that σ2 is not winning for Adam. Then Eva can
play a sequence of transitions such that the resulting play according to σ2

is winning for her. In the tree representation s of σ2 this corresponds to an
A-accepting sequence.

We obtain that s is a tree representation of a winning strategy for Adam
iff s does not contain a branch corresponding to an A-accepting sequence.
We have to construct an automaton checking this property.

It is easy to see that the set of all A-accepting sequences over (Σ× (∆ →
{0, 1}) × {0, 1}) is a regular language of infinite words (a non-deterministic
Büchi automaton can guess the transition sequence of A and verify the local
properties). Hence, the set of all sequences that are not A-accepting is
also a regular language, and there is a deterministic parity word automaton
for this language. From this word automaton one easily constructs a top-
down deterministic PTA A′ = (Q′, Σ × (∆ → {0, 1}), q′0, ∆

′, c′) accepting
all (Σ × (∆ → {0, 1}))-trees in which all branches correspond to non-A-
accepting sequences. 2

The complementation result is a direct consequence of this lemma.
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Chapter 1 · Automata and games

Theorem 1.16 ([102]) For each PTA one can construct a PTA accepting
the complement language.

Proof. Given A we apply Lemma 1.15 and obtain a PTA A′ accepting the
tree representations of winning strategies of Adam. Omitting the (∆ →
{0, 1}) part from the labels in the transitions yields a (nondeterministic)
PTA that accepts all trees t ∈ T ω

Σ on which Adam has a winning strategy
in GA,t. According to Lemma 1.14 this is exactly the complement of the
language of A. 2

The closure under complement of regular languages of infinite trees is a
strong result. We have seen that the proof is based on the determinization
theorem for automata on infinite words, and on the positional determinacy
of parity games. Since the proof is constructive, we can also conclude that
many algorithmic questions for PTAs are decidable as, e.g., the equivalence
and inclusion problem, as well as the universality problem, i.e., the question
whether a given PTA accepts all trees.
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Chapter 2

Structures and logic

In the introduction we have mentioned the intimate relationship between
logic and automata. In this chapter we introduce the basic terminology
on logic and structures, and in Section 2.2 we formalize the connections to
automata theory. One of the most central and important theorems from
this area states that the monadic second-order theory of the infinite binary
tree is decidable. Starting from this result, many other decidability results
have been derived. In Section 2.3 we present the methods of interpretation
and unfolding that allow to construct structures with decidable theories
from given ones. The combination of these two methods has lead to one of
the richest classes of structures with decidable monadic second-order the-
ory, the so called Caucal hierarchy, which is also presented in Section 2.3.
In Section 2.4 we consider finite set interpretations, a generalization of in-
terpretations that allows to construct structures with decidable first-order
theory out of structures with decidable monadic second-order theory. The
definitions from this section are the basis for the material presented in Chap-
ter 6. In Section 2.5 we present the classes of automatic and tree automatic
structures and their relationship to finite set interpretations.

2.1 Basic terminology

A signature is a ranked set of symbols τ , where for all R ∈ τ , |R| denotes
the arity (which is ≥ 1) of the symbol R. A relational structure S over τ is
given by a tuple (D, (RS)R∈τ ) where D is the domain (or the universe) of
S and where for all R ∈ τ , RS (which is also called the interpretation of R
in S) is a subset of D|R|. When S is clear from the context, we simply write
R instead of RS .

We use ∼= to denote that two structures are isomorphic. Usually, we do
not distinguish isomorphic structures but sometimes we refer to represen-
tations of structures over a specific domain, and in these cases we use ∼=
instead of =.
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Chapter 2 · Structures and logic

To every tree t labeled by Σ = {a1, . . . , an}, we associate a canonical
structure over the signature {E0, E1, Pa1

, . . . , Pan} where E0 and E1 are bi-
nary symbols and the Pai

are predicates, i.e., unary symbols. The universe
of this structure is {0, 1}∗. The symbols E0 and E1 are respectively inter-
preted as {(w, w0) | w ∈ {0, 1}∗} and {(w, w1) | w ∈ {0, 1}∗}. Finally for
all i ∈ [1, n], Pai

is interpreted as {u ∈ Σ∗ | t(u) = ai}. In the following, we
will not distinguish between a tree and its canonical relational structure.

The unlabeled binary tree, i.e., the structure ({0, 1}∗, {E0, E1}) with the
above interpretation of E0 and E1 is denoted by t2. The structure with N as
domain and the successor relation on N can be viewed as a tree with unary
branching. Hence we denote it by t1.

A graph is a structure over a signature only containing unary predicates
(node labels) and binary relations (labeled edges). We usually write such
signatures as {(Ea)a∈Γ, (Pb)b∈Σ} for an alphabet Γ of edge labels, and an
alphabet Σ of node labels. For example, the infinite binary tree t2 is a
graph with edge labels {0, 1} and without node labels. As usual, we call
the elements of the universe of a graph vertices. In Section 1.2 we have
introduced arenas, which are specific types of graphs. We can view an arena
G = (V◦, V2, E, col) as a relational structure in the above sense, where V◦

and V2 are unary predicates, and the coloring function col : V → Cols is
also represented by unary predicates (Pi)i∈Cols . For example, the coloring
function of the arena from Figure 1.3 on page 18 is represented by the
predicates P0 = {v5}, P1 = {v7}, P2 = {v1, v2, v4}, P3 = {v0}, and P4 =
{v6}, and the partition by V◦ = {v0, v5, v7} and V2 = {v1, v2, v3, v4, v6}.

In the definition from Section 1.2 arenas do not have edge labels, i.e.,
there is only one binary relation E. In Section 3.2 we use game arenas with
edge labels when considering logical definability of winning strategies.

We are mainly interested in monadic second-order logic (MSO) over rela-
tional structures with the standard syntax and semantics (see e.g. [42] for a
detailed presentation). MSO-formulas use first-order variables, which are in-
terpreted by elements of the structure, and monadic second-order variables,
which are interpreted as sets of elements. First order variables are usually
denoted by small letters (e.g. x, y), and monadic second-order variables are
denoted by capital letters (e.g. X, Y ). First-order logic (FO) is the fragment
of MSO that does not use set variables.

Atomic MSO-formulas are of the form

• R(x1, . . . , x|R|) for a relation symbol from the signature and first-order
variables x1, . . . , x|R|, or

• x = y, X = Y , or x ∈ X for first-order variables x, y, and monadic
second-order variables X, Y

with the obvious semantics. Complex formulas are built as usual from atomic
ones by the use of boolean connectives, and quantification.
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Section 2.2 · Automata and MSO

We write φ(X1, . . . , Xn, y1, . . . , ym) to indicate that the free variables of
the formula φ are among X1, . . . , Xn (monadic second-order) and y1, . . . , ym

(first-order) respectively. A formula without free variables is called a sen-
tence.

For a relational structure S and a sentence φ, we write S |= φ if S
satisfies the formula φ. The MSO-theory of S is the set of sentences satisfied
by S. For every formula φ(X1, . . . , Xn, y1, . . . , ym), all subsets U1, . . . , Un

of the universe of S and all elements v1, . . . , vm of the universe of S, we
write S |= φ[U1, . . . , Un, v1, . . . , vm] to express that φ holds in S when Xi is
interpreted as Ui for all i ∈ [1, n] and yj is interpreted as vj for all j ∈ [1, m].

A variant of MSO only differs in the way set quantifications are inter-
preted: Formulas of weak monadic second-order logic (WMSO) have the
same syntax as MSO-formulas but the set quantifiers only range over finite
sets. Free variables of a WMSO-formula are still interpreted by arbitrary
(finite and infinite) sets.

Given a structure S we call a relation R ⊆ Dn for some n ≥ 1 MSO-
definable if there is an MSO-formula φ(x1, . . . , xn) with n free element vari-
ables such that (u1, . . . , un) ∈ R iff S |= φ[u1, . . . , un]. Correspondingly, we
say that a relation is FO- or WMSO-definable.

A single element u of a structure is called MSO-definable if there is a
formula φ(x) such that u is the only element with S |= φ[u].

2.2 Automata and MSO

We are particularly interested in MSO over the infinite binary tree t2, which
we refer to as MSO[t2]. The MSO-theory of the infinite binary tree t2 is
also referred to as S2S, the second-order theory of two successors [102].
Correspondingly, we refer to the MSO-theory of t1, the natural numbers
with successor, as S1S [17].

An MSO[t2]-formula φ(X1, . . . , Xn) with n free variables defines a tree
language T (φ) ⊆ T ω

{0,1}n as follows:

T (φ) = {t[U1, . . . , Un] | t2 |= φ[U1, . . . , Un]}.

Using this correspondence, we also write t[U1, . . . , Un] |= φ if t[U1, . . . , Un] ∈
T (φ). A theorem of Rabin states that the languages definable by MSO[t2]-
formulas are precisely those that can be accepted by PTAs [102]. For MSO
over t1 and Büchi automata this has been shown by Büchi [17].

We state here the difficult direction, the proof of which is based on the
closure properties of PTAs.

Theorem 2.1 ([102]) For every MSO[t2]-formula φ(X1, . . . , Xn) there is a
parity tree automaton Aφ such that T (Aφ) = T (φ).
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Chapter 2 · Structures and logic

The connection between automata and logic allows to develop decision pro-
cedures for the logic based on algorithms for automata. The satisfiability
problem for MSO[t2], i.e., the question whether for a given MSO[t2] formula
there is an interpretation of the free variables such that the formula is sat-
isfied in t2, is reduced to the emptiness problem for PTAs. The latter is
decidable according to Theorem 1.9.

Theorem 2.2 The satisfiability problem for MSO[t2] is decidable.

Another consequence of Theorem 2.1 is obtained by combining it with the
results on regular trees from Theorem 1.12 and Remark 1.13.

Corollary 2.3 Let φ(X1, . . . , Xn) be a satisfiable MSO[t2]-formula. There
are regular sets U1, . . . , Un such that t[U1, . . . , Un] |= φ.

Above we have introduced the notion of MSO-definability. We conclude
from Corollary 2.3 that on t2 each MSO-definable set is regular: Starting
from a formula φ(x) defining a set, we construct the formula φ′(X) = x ∈
X ↔ φ(x). Then there is exactly one set satisfying φ′ and this set is regular
according to Corollary 2.3. Vice versa, each regular set can be defined in
MSO by describing an accepting run of the DFA defining the set. We make
use of this in Chapter 3.

Proposition 2.4 A set U ⊆ {0, 1}∗ is definable in MSO[t2] iff it is regular.

As a consequence we can add regular predicates to t2 without affecting
the decidability result for MSO. An MSO-formula having access to regular
predicates P1, . . . , Pn can be turned in a standard MSO-formula over t2 by
using formulas φP1

, . . . , φPn defining these predicates. In the next section
we introduce interpretations as a generalization of this concept.

2.3 Interpretations and unfoldings

We have seen in the previous section that the MSO-theory of t2 is decidable.
The proof is based on automata theoretic concepts and cannot be adapted
if we are interested in more general structures than trees. In this section
we consider operations for transforming structures that allow to transfer the
decidability result from Theorem 2.2 to a large class of structures.

Let τ and τ̂ be two signatures. An MSO-interpretation from τ -structures
to τ̂ -structures is given as a list I = 〈φdom , (φR̂)R̂∈τ̂ 〉 of MSO-formulas over
the signature τ . The formula φdom has one free first-order variable and is
called the domain formula. For each R̂ ∈ τ̂ the formula φR̂ has |R̂| many
free first-order variables.

Applied to a τ -structure S = (D, (RS)R∈τ ), the interpretation defines a
τ̂ -structure I(S) = (D̂, (R̂I(S))R̂∈τ̂ ), where the domain formula defines the
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domain of the new structure (all elements of S satisfying φdom), and the
formulas φR̂ define the relations of Ŝ:

• D̂ = {u ∈ D | S |= φdom [u]},

• R̂I(S) = {(u1, . . . , u|R̂|) ∈ D̂|R̂| | S |= φR̂[u1, . . . , un]}.

If we use FO instead of MSO, then we speak of FO-interpretations, and
similarly of WMSO-interpretations.

We illustrate this operation by an example that is shown in Figure 2.1.
It transforms t2 over the signature τ = {E0, E1} into the graph depicted
at the bottom of Figure 2.1 over the signature τ̂ = {Ea, Eb, Eb, Ed}. The
gray area indicates the part that is selected by the domain formula. The
dashed edges are the ones defined by the interpretation. The formulas of
the interpretation I are

φdom(x) = ¬∃y, z : y ⊏ x ∧ E0(z, y)
φEa(x, y) = E1(x, y)
φEb

(x, y) = E0(x, y)
φEc(x, y) = φEb

(x, y)
φEd

(x, y) = ∃x′, y′ : E0(x
′, x) ∧ E0(y

′, y) ∧ E1(y
′, x′)

Now assume that we are given an MSO-formula over I(S) and we want
to know whether it is satisfiable. We can replace each atomic formula
R̂(x1, . . . , x|R̂|) by its definition φR̂(x1, . . . , xn), and restrict the range of

all variables to the set D̂ defined by φdom . In this way we obtain an MSO-
formula over S that is satisfiable iff the original formula is.

Proposition 2.5 If I is an MSO-interpretation and if the MSO-theory of
S is decidable, then the MSO-theory of I(S) is decidable. The same holds
for WMSO and FO instead of MSO.

Since the MSO-theory of t2 is decidable (Theorem 2.2), we can, e.g., con-
clude that also the MSO-theory of the graph at the bottom of Figure 2.1 is
decidable.

The second operation we consider is the unfolding of graphs. Let Γ be a
set of edge labels and let G = (D, (Ea)a∈Γ, (Pb)b∈Σ) be a graph over Γ. The
unfolding of G from a vertex v0 ∈ D is a graph whose vertices are paths in
G starting from v0. The edges correspond to path extensions by one edge
in G, and the node labels are inherited from the last element of the path.
Formally, we let Unf(G, v0) = (DUnf, (EUnf

a )a∈Γ, (PUnf

b )b∈Σ) be defined by

DUnf = {v0a1v1 · · · anvn ∈ v0(ΓD)∗ | (vi−1, vi) ∈ Eai
for all 1 ≤ i ≤ n},

EUnf
a = {(w, wav) | w = v0a1v1 · · · anvn ∈ DUnf and (vn, v) ∈ Ea}.

PUnf

b = {w ∈ DUnf | w = v0a1v1 · · · anvn and vn ∈ Pb}.
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For example, by unfolding the graph at the bottom of Figure 2.1 from the
vertex at the upper left corner, we obtain the graph shown in Figure 2.2. In
[38] it is shown that the unfolding operation is compatible with MSO.

Theorem 2.6 ([38]) Let G be a graph with a decidable MSO-theory and let
v be an MSO-definable vertex of G. Then the MSO-theory of Unf(G, v) is
decidable.

A more general operation that can be applied to all structures and not only
graphs is the iteration. The unfolding of a graph can be reconstructed from
its iteration by an MSO-interpretation. For our purpose it is enough to only
consider the unfolding operation. Details on the iteration operation and its
properties can be found in [8].

Using these two operations we can build up classes of graphs with decid-
able MSO-theory. We start with the class C0 of all finite graphs. Obviously,
each finite graph has a decidable MSO-theory because one can check by an
exhaustive search whether an MSO-formula is satisfied. Given class Ci we
take as class Ci+1 all graphs that can be obtained from a graph in Ci by
an unfolding operation followed by an MSO-interpretation. For example,
the graph at the bottom of Figure 2.1 is in C1 because it is obtained by an
MSO-interpretation from t2, which itself can be obtained by unfolding the
one-element structure with self-loops labeled 0 and 1.

Accordingly, the graph in Figure 2.2 is in C2 because it is the unfolding
of the graph that we have just seen to be in C1.

The resulting hierarchy of graphs is called the Caucal hierarchy because
it has been introduced by Caucal in [26]. From Proposition 2.5 and Theo-
rem 2.6 we directly obtain that we only create graphs with decidable MSO-
theory in the Caucal hierarchy.

Theorem 2.7 ([26]) Every graph in the Caucal hierarchy has a decidable
MSO-theory.

For general structures, a decidable MSO-theory does not imply a decidable
WMSO-theory. However, on deterministic trees one can express in MSO
that a set is finite. A deterministic tree is an edge labeled graph that is a
tree such that each vertex has at most one successor for each edge label. A
set of vertices of a deterministic tree is finite if its closure under predecessors
does not contain an infinite path (by König’s Lemma). This property can
be expressed in MSO. Hence, on deterministic trees we can rewrite every
WMSO-formula into an MSO formula. This shows that the deterministic
trees in the Caucal hierarchy have a decidable WMSO-theory.

Now we use a result from [20] stating that every graph on level n of the
Caucal hierarchy can be obtained from a deterministic tree of level n by
an inverse rational mapping. Roughly speaking, an inverse rational map-
ping h−1 applied to some graph G defines an edge with label a between two
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vertices u and v if u and v are connected in G by a path that is labeled
by a word in a regular language specified by the mapping h. More details
on inverse rational mappings can be found in [26] and [20]. But it is not
difficult to see that an inverse rational mapping can equivalently be defined
by a WMSO-interpretation. This means that every graph on level n in the
Caucal hierarchy can be obtained by a WMSO-interpretation from a deter-
ministic tree on level n. We obtain the following theorem as a consequence
of Theorem 2.7 and the result from [20].

Theorem 2.8 Every graph in the Caucal hierarchy has a decidable WMSO-
theory.

In [20] it has been shown that the hierarchy of the classes Cn is strict. The
proof uses a characterization of the graphs in level Cn as the configuration
graphs of higher-order pushdown automata.

Theorem 2.9 ([20]) For each n there is a graph in Cn+1 that is not in Cn.

In Section 2.5 we use the Caucal hierarchy to construct a hierarchy of struc-
tures with decidable first-order theory. Based on Theorem 2.9 and the tech-
nique developed in Chapter 6 we are able to show that this new hierarchy
is also strict.

2.4 Finite set interpretations

The interpretations introduced in the previous section define new relations
on the domain of the given structure. In this section we introduce a more
powerful kind of interpretation that builds a new structure whose universe
consists of finite sets of elements of the given structure. This is achieved
by using formulas with free set variables instead of free element variables.
Otherwise, the definition of set interpretations is the same as the one for
standard interpretations. Since we are interested in finite subsets of the
given domain, we use the formalism WMSO in which quantifications only
range over finite sets.

Let τ and τ̂ be two signatures. A finite set interpretation from τ -
structures to τ̂ -structures is given as a list I = 〈φdom , (φR̂)R̂∈τ̂ 〉 of WMSO-
formulas over the signature τ . The domain formula φdom has one free set
variable, and for each R̂ ∈ τ̂ the formula φR̂ has |R̂| many free set variables.

The application of a finite set interpretation to a structure is defined in
the same way as for standard interpretations with the difference that the
elements of the obtained structure are finite subsets of the universe of the
original structure instead of elements of the original structure. Formally,
given a structure S = (D, (RS)R∈τ ) and a finite set interpretation I =
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{0}

{1} {0, 1}

{2} {1, 2} {0, 2} {0, 1, 2}

{3} {2, 3} {1, 3} {1, 2, 3} {0, 3} {0, 2, 3} {0, 1, 3}{0, 1, 2, 3}
...

Figure 2.3: The nodes of the infinite binary tree t2 coded by sets of natural
numbers

〈φdom , (φR̂)R̂∈τ̂ 〉, the structure I(S) has the universe

D̂ = {U ⊆ DS | U finite,S |= φdom [U ]},

and the relations are defined by

R̂ = {(U1, . . . , U|R̂|) ∈ D̂|R̂| | S |= φR̂[U1, . . . , Uri
]}.

One can note at this point that set interpretations can be defined in a
similar way, simply by removing the finiteness hypothesis on sets and using
MSO instead of WMSO. At the end of this section we briefly comment on
such possible variants for the definition.

The following example already appears in [44]. We show how to obtain
the infinite binary tree extended with the prefix and equal level relations,
i.e., the structure t

el
2 = 〈{0, 1}∗, E0, E1,⊑, el〉, by a finite set interpretation

from the infinite unary tree t1, i.e., from the natural numbers with successor
t1 = (N, succ). To realize this we have to code the nodes of the tree by finite
sets of natural numbers and to describe the relations E0 (for left successor),
E1 (for right successor), ⊑ (for prefix), and el (for equal level) by means of
WMSO formulas.

The coding of the nodes is depicted in Figure 2.3. A node u ∈ {0, 1}∗

is represented by the set of positions corresponding to letter 1 in u and
additionally by its length. For example, the node 100 is coded by {0, 3}
because its length is 3 and only position 0 is labeled 1. We now define the
finite set interpretation I = (δ, φE0

, φE1
, φ⊑, φel ) such that I(t1) yields the

binary tree depicted in Figure 2.3 together with the relations ⊑ and el . In
the formulas we use abbreviations like < and max that can easily be defined
by WMSO-formulas in t1.

• δ(X) := ∃x(x ∈ X) (all finite sets except ∅ are used in the coding).
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• φ⊑(X1, X2) := max(X1) < max(X2)∧ ∀x(x < max(X1) → (x ∈ X1 ↔
x ∈ X2)).

• φE0
(X1, X2) := φ⊑(X1, X2)∧max(X2) = max(X1)+1∧max(X1) /∈ X2.

• φE1
(X1, X2) := φ⊑(X1, X2)∧max(X2) = max(X1)+1∧max(X1) ∈ X2.

• φel (X1, X2) := max(X1) = max(X2)

Let us proceed with some elementary considerations. Similarly to stan-
dard interpretations that preserve the decidability of the corresponding logic,
one can show that finite set interpretations map structures with decidable
WMSO-theory to structures with decidable FO-theory. The reason is that
elements of the new structure are finite sets of elements of the old structure
and hence one can transfer FO-formulas on the new structure to WMSO-
formulas on the old structure by replacing the atomic formulas by their
definition in the interpretation.

Proposition 2.10 If I is a finite set interpretation and S is a structure
with decidable WMSO-theory, then I(S) has a decidable FO-theory.

Obviously, finite set interpretations are not closed under composition. But,
as stated in the following proposition, applying an FO-interpretation after,
or a WMSO-interpretation before a finite set interpretation, does not give
more expressive power. The proof of this proposition is straightforward.

Proposition 2.11 Let I1 be a FO-interpretation, I2 be a WMSO-interpre-
tation, and I be a finite set interpretation. Then I1 ◦ I ◦ I2 is effectively a
finite set interpretation.

To finish our elementary considerations on finite set interpretations, we
present Proposition 2.12, which is a form of converse to Proposition 2.11. It
states that every finite set interpretation can be described as the composition
of a specific one, called the weak powerset interpretation, and a first-order
interpretation. Let PW be the finite set interpretation that sends every
structure S of signature τ onto a structure of signature τ ∪ {¹} (where ¹
is a new binary symbol) such that

• the universe is the set of finite subsets of the universe of S,

• each symbol R in τ has the same interpretation as in S but over
singletons instead of elements,

• the interpretation of ¹ corresponds to the subset ordering.

The interpretation PW is called the weak powerset interpretation, and we
call PW (S) the weak powerset structure of S.
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∅

{0} {1} {2} {3} · · ·

{0, 1} {0, 2} {1, 2} {0, 3} · · ·

{0, 1, 2} · · ·

...

Figure 2.4: Weak powerset generator of t1

Figure 2.4 depicts the weak powerset structure of t1. The solid arrows
correspond to the successor relation and the dashed arrows indicate the
(transitive reduction of the) inclusion relation.

The weak powerset interpretation allows to reconstruct all other finite
set interpretations as stated in the following proposition, which is obtained
by a simple syntactic translation of formulas.

Proposition 2.12 For each finite set interpretation I there exists a FO-
interpretation I1 such that I1 ◦ P

W = I.

Possible variants

The definition of finite set interpretations that we provide uses WMSO and
one might wonder why we restrict ourselves to this logic. At least two
modifications of the definition are very natural:

• replace WMSO logic with MSO logic in the formulas but still only
consider finite sets for the free variables,

• use full MSO and produce a structure over the powerset of the original
structure instead of its finite subsets.

If we use the first extension, then Proposition 2.12 fails. Proposition 2.10
also becomes problematic because transferring FO-formulas over I(S) back
to S yields MSO-formulas in which we need to express that sets are finite
(because the FO quantifiers over I(S) only range over finite sets). In general,
this is not possible in MSO. Therefore, WMSO is a natural choice for the
definition of finite set interpretations.

The second extension leads to what can be naturally called set interpre-
tation. The formulas are MSO and the free variables can be interpreted by
arbitrary sets when defining the new structure.
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Chapter 2 · Structures and logic

All the results presented in this section remain valid for this variant
when we replace WMSO by MSO and the weak powerset interpretation by
the powerset interpretation with its natural definition. However, all the
results developed in Chapter 6 make explicit use of the finiteness of the sets
representing elements of the new structure. In particular, Theorem 6.2 fails
for general set interpretations. This has been shown in the particular case
of ω-automatic structures in [60] (for the connection of set interpretations
and automatic structures see Section 2.5).

2.5 Automatic structures

In the previous sections we have seen how it is possible to construct struc-
tures by applying operations on given structures such that the decidability
of certain theories can be transferred to the new structures. A different
approach to obtain structures with decidable theories is to represent them
symbolically in some finite way using a formalism that can be manipulated
algorithmically.

When following this approach, a natural way is to use finite words to
represent the elements of the universe of a structure, and to define the
relations by finite automata. Since automata have strong closure properties
and can easily be manipulated algorithmically, one obtains structures with
a decidable first-order theory.

Classical variants of those structures consider universes consisting of in-
finite words, finite trees, or infinite trees. One obtains the four classes of
word-automatic, ω-word-automatic, tree-automatic, and ω-tree-automatic
structures. As the most basic class, word-automatic structures are usually
just called automatic structures.

Historically, automatic as well as ω-automatic structures have been in-
troduced by Hodgson [53]. Khoussainov and Nerode introduce the notion
of automatically presentable theories [61], starting the study of definability
in automatic structures. The extension to tree-automatic structures can be
traced back, in a different framework, to the work of Dauchet and Tison [39].
Blumensath and Grädel [9, 11] then formalize the notion of tree-automatic
structure and add to it the family of ω-tree-automatic structures.

Our main interest in (tree-)automatic structures comes from their close
correspondence to to finite set interpretations. For this reason we briefly
present the main definitions in this section and illustrate the relationship to
finite set interpretations. The main goal is to relate the results obtained in
Chapter 6 to the field of automatic structures. For more detailed expositions
on automatic structures we refer the reader to [106, 11, 9].

In the case of words, a relation R ⊆ (Σ∗)r is automatic if there is a
finite automaton accepting exactly the tuples (w1, . . . , wr) ∈ R, where the
automaton reads all the words in parallel with the shorter words padded
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with a dummy symbol ⋄. Formally, for w1, . . . , wr ∈ Σ∗ we define

w1 ⊗ · · · ⊗ wr =







a′11
...

a′r1






· · ·







a′1n
...

a′rn






∈ (Σr

⋄)
∗

where Σ⋄ = Σ∪{⋄}, n is the maximal length of one of the words wi, and aij is
the jth letter of wi if j ≤ |wi| and ⋄ otherwise. A language L ⊆ ((Σ∪{⋄})r)∗

defines a relation RL ⊆ (Σ∗)r in the obvious way: (w1, . . . , wr) ∈ RL iff
w1 ⊗ · · · ⊗ wr ∈ L. A tuple (L, L1, . . . , Ln) of languages L ⊆ Σ∗ and Li ⊆
(Σri

⋄ )∗ defines a structure of universe L with the relations RLi
of arity ri.

A structure S = (D, R1, . . . , Rn) is automatic if it is isomorphic to a
structure of the above kind for regular languages L, L1, . . . , Ln.

A typical example for an automatic structure is (N, +), consisting of the
natural numbers with addition. A possible automatic representation of this
structure uses the binary coding of numbers. It is easy to verify that the
relation +(x, y, z) in the meaning of x + y = z can be defined by a finite
automaton.

As already mentioned at the beginning of this section, the strong closure
properties of finite automata imply that each FO-formula over an automatic
structure can inductively be translated into a finite automaton. The satis-
fiability test then reduces to an emptiness test of the resulting automaton,
which is decidable.

Theorem 2.13 ([53]) Automatic structures have a decidable FO-theory.

This yields a simple proof of the decidability of Presburger arithmetic [101],
i.e., that FO-theory of the natural numbers with addition.

To define tree-automatic structures we need a way to code tuples of
finite trees, i.e., we need an operation ⊗ for finite trees. For a tree t :
dom(t) → Σ let t⋄ : {0, 1}∗ → Σ⋄ be defined by t⋄(u) = t(u) if u ∈ dom(t),
and t⋄(u) = ⋄ otherwise. For finite Σ-labeled trees t1, . . . , tr we define the
Σr
⋄-labeled tree t = t1 ⊗ · · · ⊗ tr by dom(t) = dom(t1) ∪ · · · ∪ dom(tr) and

t(u) = (t⋄1(u), . . . , t⋄r(u)). When viewing words as unary trees, this definition
corresponds to the operation ⊗ as defined for words. As in the case of words
a set T of finite Σr

⋄-labeled trees defines the relation RT by (t1, . . . , tr) ∈ RT

iff t1 ⊗ · · · ⊗ tr ∈ T .

A structure is called tree-automatic if it is isomorphic to a structure
given by a tuple (T, T1, . . . , Tn) of regular tree languages in the same way as
for words.

A natural example for a tree-automatic structure that is not word-
automatic is (N, ·), i.e., the natural numbers with the multiplication. To code
a natural number n we consider its prime decomposition n = pi1

1 · pi2
2 · · · pin

n ,
where pi denotes the ith prime number. Then we code the exponents using
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i1

i2

in

Figure 2.5: Coding a natural number by arranging the powers of its prime
decomposition in a tree

their binary representations and arrange them in a tree as shown in Fig-
ure 2.5. Using this coding the multiplication of two numbers reduces to
the addition of the exponents on the branches. This can be done by a tree
automaton that works on each branch similar to the word automaton used
for the addition in the automatic presentation of (N, +).

This example can be found in Section 5.3 of [9] where such a coding
is used in a more general framework of weak direct products of structures.
The idea is that (N, ·) is such a weak direct product of (N, +) because we
use finitely many copies of the automata for the addition to represent the
multiplication. That (N, ·) is not word-automatic is also shown in [9].

In the same way as for word-automatic structures we obtain the decid-
ability of the FO-theory by the closure properties of the automata repre-
senting the structure.

Theorem 2.14 ([9, 11]) Tree-automatic structures have a decidable FO-
theory.

Using infinite words or trees leads in a natural way to the definitions of
ω-automatic structures and ω-tree automatic structures. We are not going
to use structures of this kind and hence we do not detail the definitions here.

One should note that we only consider so called injective presentations of
automatic structures. A more general definition as, e.g., in [9] additionally
uses a regular language L∼ ⊆ (Σ2

⋄)
∗ defining an equivalence relation iden-

tifying words representing the same element of the structure (and similarly
for the other variants of automatic structures). It is known that injective
presentations are sufficient for automatic structures [61] meaning that all
structures that are automatic in the more general sense are also automatic
according to our definition. The corresponding result for tree-automatic
structures has been established in the context of finite set interpretations in
[30] and is presented in Chapter 6 in Corollary 6.3.

The connection between (tree-)automatic structures and finite set inter-
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pretations that allows such a transfer of results between the two worlds is
presented below.

Recall that t1 is the (unlabeled) infinite unary tree, i.e., the natural
numbers with successor, and that t2 is the (unlabeled) infinite binary tree.
The following fact is a straightforward consequence of the definition of au-
tomatic structures and of the equivalences between WMSO-logic and finite
automata. The first claim also appears in [106, Thm. C.2.11, page 50].

Proposition 2.15 The following holds up to isomorphism

• A structure is automatic iff it is finite set interpretable in t1.

• A structure is tree-automatic iff it is finite set interpretable in t2.

Proof. As already mentioned, the first claim is shown in [106].

We describe here how to proceed for tree-automatic structures, starting
by an explanation how to obtain a tree-automatic presentation from a finite
set interpretation I in t2. A finite subset X of t2 is coded as a finite tree as
follows: the tree has the smallest domain that contains all elements from X
and is labeled 0 at positions that are not in X and 1 at positions that are
in X. For each formula of I there is an equivalent parity automaton over
t2. This automaton can easily be turned into an automaton over finite trees
accepting the corresponding relation over the codings as just described.

For the other direction we start from a tree-automatic presentation of a
structure. A first thing to note is that a singleton alphabet of tree labels is
sufficient because each symbol from a larger alphabet can be encoded in a
finite pattern; in this construction, we use the leaf/non-leaf nature of each
node for coding information. Since now the alphabet is a singleton, one
naturally encodes a tree t by the finite set dom(t). Now pick an automaton
from the tree-automatic presentation accepting a relation and pick a tuple
of such sets coding finite trees. Using standard techniques for translating
automata to logic (cf. [118]), one describes in WMSO that the corresponding
tuple of finite trees is accepted by the automaton. 2

Proposition 2.15 shows that applying finite set interpretations to t2 yields
exactly the tree-automatic structures. But using finite set interpretations
there is no reason to limit ourselves to the very simple structure t2. Starting
from any tree with decidable WMSO-theory we obtain a class of structures
with decidable FO-theory when applying finite set interpretations. In Sec-
tion 2.3 we have defined a rich class of structures with decidable WMSO-
theory, namely the Caucal hierarchy, containing t2 on the first level.

From this hierarchy it is easy to construct a corresponding tree-automatic
hierarchy. The tree-automatic structures of level n are the image of the
structures of level n of the Caucal hierarchy by finite set interpretations. Let
us denote the nth level of this tree-automatic hierarchy by TAUTn. Since
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the trees on the first level of the Caucal hierarchy are regular and therefore
can be obtained from t2 by WMSO-interpretations, we can deduce from
Proposition 2.15 and Proposition 2.11 that TAUT1 coincides with the class
of tree-automatic structures.

Furthermore, since all structures in the Caucal hierarchy have a decidable
WMSO-theory (Theorem 2.8) we produce structures of decidable FO-theory
by finite set interpretations (Proposition 2.10).

Theorem 2.16 For each n, every structure in TAUTn has a decidable FO-
theory.

Although the Caucal hierarchy is strict (see Theorem 2.9) we can not
directly conclude that the tree-automatic hierarchy is also strict. To obtain
such a result we need techniques to show that certain structures are not
definable by finite set interpretations from a class of given structures. In
Chapter 6 we develop a powerful method that allows to prove such state-
ment.
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Choice functions and

well-orderings

The main goal of this chapter is to present a simple proof for the fact (first
shown by Gurevich and Shelah in [49]) that there is no MSO-definable choice
function on the infinite binary tree t2. A choice function on t2 is a mapping
assigning to each nonempty set of nodes one element from this set, i.e.,
the function chooses for each set one of its elements. Such a function is
MSO-definable if there is an MSO-formula with one free set variable X and
one free element variable x such that for each nonempty set U of nodes
there is exactly one element u ∈ U such that the formula is satisfied if X is
interpreted as U and x is interpreted as u.

The question of the existence of an MSO-definable choice function over
the infinite binary tree can be seen as a special instance of the more general
uniformization problem, which asks, given a relation that is defined by a for-
mula with free variables, whether it is possible to define by another formula
a function that is compatible with this relation. More precisely, given a for-
mula φ(X̄, Ȳ ) with vectors Ȳ , X̄ of free variables, such that ∀X̄∃Ȳ φ(X̄, Ȳ )
is satisfiable, uniformization asks for a formula φ∗(X̄, Ȳ ) such that

1. φ∗ implies φ (each interpretation of Ȳ , X̄ making φ∗ true also makes
φ true),

2. and φ∗ defines a function in the sense that for each interpretation of
X̄ there is exactly one interpretation of Ȳ making φ∗ true.

The question of the existence of a choice function is the uniformization
problem for the formula φ(X, y) = X 6= ∅ → y ∈ X.

The infinite line t1 is known to have the uniformization property for
MSO [112]. On the infinite binary tree MSO is known to be decidable (see
Theorem 2.2) but it does not have the uniformization property. This was
conjectured in [112] and proved in [49] where it is shown that there is no
MSO-definable choice function on the infinite binary tree. The proof in [49]
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uses complex set theoretical arguments, whereas it appears that the result
can be obtained by much more basic techniques. We show that this is in-
deed true and present a proof that only relies on the equivalence of MSO
and automata over infinite trees and otherwise only uses basic techniques
from automata theory. Besides its simplicity, another advantage of the proof
is that we provide a concrete family of sets (parameterized by natural num-
bers) such that each formula fails to make a choice for those sets with the
parameters chosen big enough. We use this fact when we discuss two ap-
plications of the result concerning the definability of strategies in infinite
games (Section 3.2) and unambiguous tree automata (in Chapter 4).

The subject of MSO-definability of choice functions on trees has been
studied in more depth in [72], where the authors consider more general trees
not only the infinite binary tree. They show the following dichotomy: for
a tree it is either not possible to define a choice function in MSO, or it is
possible to define a well-ordering on the domain of the tree.

Note that it is very easy to define a choice function if one has access
to a well-ordering of the domain: for each set one chooses the minimal
element according to the well-ordering. In particular, the non-existence of
an MSO-definable choice function on the infinite binary tree implies that
there is no MSO-definable well-ordering on the infinite binary tree. We
strengthen this result by showing that extending the infinite binary tree by
any well-ordering leads to a structure with undecidable MSO-theory. As
a consequence we obtain that each structure in which we can MSO-define
a well-ordering and MSO-interpret the infinite binary tree must have an
undecidable MSO-theory.

The chapter is structured as follows. In Section 3.1 we give the proof
that there is no MSO-definable choice function on the infinite binary tree. In
Section 3.2 we use the result to show the undefinability of winning strategies
in certain games. In Section 3.3 the undecidability of the MSO-theory of
the infinite binary tree augmented by any well-ordering is shown.

The results in this chapter have been obtained in joint work with Arnaud
Carayol and are published in [21].

3.1 MSO-definable choice functions

As described in the introduction of this chapter, an MSO-definable choice
function is given by an MSO-formula φ(X, x) such that

∀X∃x. X 6= ∅ → (x ∈ X ∧ φ(X, x) ∧ ∀y. φ(X, y) → x = y)

is true over the infinite binary tree. This section is devoted to the proof of
the following theorem of Gurevich and Shelah.

Theorem 3.1 ([49]) There is no MSO-definable choice function on the in-
finite binary tree.
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The technical formulation of the result we prove is given in Theorem 3.5
(on page 52), where we concretely provide counter examples for which a
given formula cannot choose a unique element. As a machinery for the
proof we use tree automata, which are easier to manipulate (at least for our
purpose) than formulas. In the following we present a slight modification of
the standard automaton model that we use in the proof.

An MSO[t2]-formula with free variables defines a relation between sub-
sets of {0, 1}∗. In this section we consider formulas with two free variables,
and a natural view in the context of choice functions is that the first vari-
able represents the input, and the second variable represents the output. A
choice function is the special case that the second variable is an element and
not a set, and that for each nonempty input set there is a unique output
which is inside the input set. To adapt this general view of inputs and out-
puts on the automata theoretic level we introduce automata with output,
called transducers. These transducers are very simple: An output symbol is
associated to each transition, which gives a natural correspondence between
runs and output trees.

A parity tree automaton with output is a tuple A = (Q,Σ, qi, ∆, c, λ),
where (Q,Σ, qi, ∆, c) is a standard PTA, and λ : ∆ → Γ is an output
function assigning to each transition a symbol from the output alphabet
Γ. When ignoring the output function we can use all the terminology of
standard PTAs, in particular the notion of accepting run and the notion of
A-equivalence (see page 21).

In general, a PTA with output defines for each input tree t ∈ T ω
Σ a set

of output trees A(t) ⊆ T ω
Γ defined by

A(t) = {λ(ρ) | ρ is an accepting run of A on t},

where λ(ρ) denotes the tree in T ω
Γ that is obtained by taking at each node

u the output produced by λ applied to the transition used at u in ρ.
As already indicated above we are interested in such transducers for

representing formulas with two free variables, i.e., the input and the output
alphabet are both equal to {0, 1}. The following theorem can easily be
shown by a simple argument based on Theorem 2.1.

Theorem 3.2 For each MSO[t2]-formula φ(X, Y ) there is a PTA with out-
put Aφ such that t[U, U ′] |= φ iff t[U ′] ∈ A(t[U ]).

We are interested in PTAs with output that represent possible candidates for
choice formulas. i.e., the case where the second free variable of the formula
represents a single element. This motivates the following definition.

A weak choice automaton is a PTA with output such that the input and
the output alphabet are equal to {0, 1}, and for each U ⊆ {0, 1}∗ there is at
most one output tree in A(t[U ]), and this output tree is of the form t[u] for
some u ∈ U . A weak choice automaton chooses for each set U at most one
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element from this set. It is called weak because it does not have to choose
an element. A weak choice automaton that chooses one element from each
nonempty set represents a choice formula. Our goal is to show that such
an automaton cannot exist. Note that there are weak choice automata: for
example the automaton that rejects all inputs is a weak choice automaton
because it does not choose an element for any set.

We show in Lemma 3.4 that for each weak choice automaton A we can
find a set that is complex enough such that A cannot choose an element of U
because then we could construct another run outputting something different,
contradicting the property of a weak choice automaton. More precisely, we
define a family (UM,N )M,N of sets such that for each weak choice automaton
A we can find M and N such that A cannot choose an element of UM,N .
To achieve this, we “hide” the elements of the set very deep in the tree such
that weak choice automata up to a certain size are not able to uniquely
choose an element.

For M, N ∈ N the set UM,N ⊆ {0, 1}∗ is defined by the following regular
expression

UM,N = {0, 1}∗(0N0∗1)M{0, 1}∗.

In Figure 3.1 a deterministic finite automaton for the set UM,N is shown,
where the dashed edges represent transitions for input 1 that lead back to
the initial state xM . The chains of 0-edges between xk+1 and xk have length
N . The final state is x0. It is easy to verify that x0 is reachable from xM by
exactly those paths whose sequence of edge labels is in the set UM,N . Let
tM,N = t[UM,N ] and let tk,M,N = t[Uk,M,N ], where Uk,N,M is the set that we
obtain by making xk the initial state.

We now fix a weak choice automaton A = (Q, {0, 1}, q0, ∆, c, λ) on {0, 1}-
labeled trees and take M = 2|Q| + 1 and N = |Q| + 1. For these fixed
parameters we simplify the notation by letting tk = tk,M,N . In particular,
tM = tM,M,N = tM,N . We say that a subtree (of some tree t) that is
isomorphic to tk for some k is of type tk.

Our aim is to trick the automaton A to show that it cannot choose a
unique element from the set UM,N . This is done by modifying a run that
outputs an element u of UM,N such that we obtain another run outputting
something different.

To understand the general idea, consider the path between xk+1 and xk

for some k. If we take a 1-edge before having reached the end of the 0-chain,
i.e., one of the dashed edges leading back to the initial state xM , then we
reach a subtree of type tM . But if we walk to the end of the 0-chain and
then move to the right using a 1-edge, then we arrive at a subtree of type
tk. If we show that there is ℓ < M such that tM and tℓ are A-equivalent,
then this means that A has no means to identify when it enters the part
where taking a 1-edge leads to subtree of type tℓ. We then exploit this fact
by pumping the run on this part of the tree such that we obtain another
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Figure 3.1: A representation of the regular tree tM,N by a DFA accepting
UM,N .
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tk1+1: 0
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0
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tk2
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tM

tM

Figure 3.2: The shape of the trees tk1+1 and tk2+1 in the proof of Lemma 3.3

run marking something different.

Lemma 3.3 There exists ℓ < M such that tM ≡A tℓ.

Proof. We consider for each tree t ∈ T ω
{0,1} the function ft : Q → {a, r}

with ft(q) = a if there is an accepting run of A from q on t, and ft(q) = r
otherwise. By definition, two trees t, t′ are A-equivalent if ft = ft′ . There
are at most 2|Q| different such functions. By the choice of M there are
1 ≤ k1 < k2 ≤ M such that tk1

≡A tk2
.

We now show that tk1
≡A tk2

implies tk1+1 ≡A tk2+1 (in case k2 < M ,
otherwise we choose ℓ = k1). This allows us to lift the equivalence step by
step to tℓ and tM for ℓ = k1 + (M − k2).

If we only look at the left-most branches and the types of the trees going
off to the right, then tk1+1 and tk2+1 look as shown in Figure 3.2. From this
picture it should be clear that tk1+1 ≡A tk2+1 because an accepting run on
tk1+1 can easily be turned into an accepting run on tk2+1, and vice versa,
using the equivalence of tk1

and tk2
. 2

The following lemma states that it is impossible for A to choose an
element of UM,N (and hence the set of outputs computed by A on tM,N is
empty).

Lemma 3.4 The weak choice automaton A cannot choose an element from
UM,N , i.e., A([tM,N ]) = ∅.

Proof. Assume that that there is an accepting run ρ of A on tM = tM,N .
Since A is a weak choice automaton this means that the output of this run
must be an element of UM,N , i.e., λ(ρ) = t[u] for some u ∈ UM,N .

From ρ we construct another accepting run with a different output tree,
contradicting the definition of weak choice automaton.
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Since u is in UM,N , we know that the path from the root to u must end
with the pattern as defined by the automaton in Figure 3.1. Hence we can
make the following definitions. For 0 ≤ k ≤ M let uk denote the maximal
prefix of u such that the subtree at uk is of type tk. Let ℓ be as in Lemma 3.3.
For i ≥ 0 we let vi = uℓ+10

i and v′i = vi1. Note that v0 = uℓ+1 and that for
0 ≤ i < N the subtrees at v′i are of type tM , and for i ≥ N the subtrees at
v′i are of type tℓ.

From Lemma 3.3 we know that tℓ ≡A tM . Hence, for each accepting run
ρq of A from q on tM we can pick an accepting run ρ′q of A from q on tℓ.

By the choice of N there are 0 ≤ j < j′ < N such that ρ(vj) = ρ(vj′).
For the moment, consider only the transitions taken in ρ on the sequence
v0, v1, . . ., i.e., on the infinite branch to the left starting from v0. We now
simply repeat the part of the run between vj and vj′ once. The effect is that
some of the states that were at a node v′i for i < N are pushed to nodes v′i
for i ≥ N , i.e., the states are moved from subtrees of type tM to subtrees of
type tℓ. But for those states q we can simply plug the runs ρ′q that we have
chosen above.

More formally, we define the new run ρ′ of A on tM as follows. On the
part that is not in the subtree below v0 the run ρ′ corresponds to ρ. In the
subtree at v0 we make the following definitions, where h = j′ − j.

• For i < j′ let ρ′(vi) = ρ(vi) and ρ′(v′i) = ρ(v′i).

• For i ≥ j′ let ρ′(vi) = ρ(vi−h) and ρ′(v′i) = ρ(v′i−h).

• For the subtrees at v′i for i < j′ we take the subrun of ρ at v′i.

• For the subtrees at v′i for j′ ≤ i < N or i ≥ N + h we take the subrun
of ρ at v′i−h. This is justified because in these cases ρ′(v′i) = ρ(v′i−h)
and the subtrees at v′i and v′i−h are of the same type (both of type tM
or both of type tℓ).

• For the subtrees at v′i for N ≤ i < N + h we take the runs ρ′qi
for

qi = ρ′(v′i). This is justified as follows. From qi = ρ′(v′i) and the
definition of ρ′ we know that ρ(v′i−h) = qi. Hence, there is an accepting
run of A from qi on tM . Thus, ρ′qi

as chosen above is an accepting run
of A from qi on tℓ.

This run ρ′ is accepting. Furthermore, the transition producing output 1 in
ρ has been moved to another subtree: There are n ≥ N and w ∈ {0, 1}∗

such that u = uℓ+10
nw. In ρ′ the transition that is used at u in ρ is used

at u′ = uℓ+10
n+hw. Hence, we have constructed an accepting run whose

output tree is different from t[u], a contradiction. 2

Of course, the statement is also true if we increase the value of M or N , e.g.,
if we let N = M = 2|Q|+1. Thus, combining Theorem 3.2 and Lemma 3.4
we obtain the following.
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Theorem 3.5 Let φ∗(X, x) by an MSO-formula. There exists m ∈ N such
that for all n ≥ m and for each u ∈ Un,n with t[Un,n, u] |= φ∗ there is u′ 6= u
with t[Un,n, u′] |= φ∗.

Proof. Choose n = 2|Q|+1. Assume that there is u ∈ Un,n such that
t[Un,n, u] |= φ∗. Consider the formula

φ(X, x) := φ∗(X, x) ∧ x ∈ X ∧ ¬∃y(y 6= x ∧ φ∗(X, y)).

Applying Theorem 3.2 to this formula yields a weak choice automaton A.
According to Lemma 3.4 we have A(tn,n) = ∅. Hence, because A and φ are
equivalent, t[Un,n, u] 6|= φ. By definition of φ this means that there must be
u′ 6= u such that t[Un,n, u′] |= φ∗. 2

A direct consequence is the theorem of Gurevich and Shelah. The ad-
vantage of our proof is that we obtain a rather simple family of counter
examples (the sets UM,N ).

An easy reduction allows us to extend the non-existence of an MSO-
definable choice function to the case where we allow a finite number of fixed
predicates as parameters. This result has already been shown in [73] in an
even more general context, but again relying on the methods employed in
[49].

Corollary 3.6 Let P1, . . . , Pn ⊆ {0, 1}∗ be arbitrary predicates. There is
no MSO-formula φ∗(X1, . . . , Xn, X, x) such that for each nonempty set U
there is exactly one u ∈ U with t[P1, . . . , Pn, U, u] |= φ∗.

Proof. Assume that there are P1, . . . , Pn ⊆ {0, 1}∗ and φ∗(X1, . . . , Xn, X, x)
such that for each set U there is exactly one u ∈ U with t[P1, . . . , Pn, U, u] |=
φ∗. Then the formula

∃X1, . . . , Xn∀X∃x φ∗(X1, . . . , Xn, X, x) ∧ ∀y φ∗(X1, . . . , Xn, X, y) → x = y

is satisfiable. Hence, there are regular predicates P1, . . . , Pn (see Corol-
lary 2.3 on page 32) such that

t[P1, . . . , Pn] |= ∀X
(

∃x
(

φ∗(X1, . . . , Xn, X, x) ∧

∀y φ∗(X1, . . . , Xn, X, y) → x = y
)

)

.

Regular predicates are MSO-definable (see Proposition 2.4), and therefore
we can find formulas ψ1(X1), . . . , ψn(Xn) defining P1, . . . , Pn, respectively.
Then the formula φ′(X, x) defined as

∃X1, . . . , Xn φ∗(X1, . . . , Xn, X, y) ∧
n
∧

i=1

ψi(Xi)
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describes a choice function, contradicting Theorem 3.5. 2

We point out here that this method only relies on the fact that the property
of being a choice function is MSO-definable. This way of reducing the case
with parameters to the parameter free case can be applied whenever the
properties of the object under consideration are MSO-definable (in Propo-
sition 3.18 on page 64 we also use this technique).

3.2 MSO-definable winning strategies

In Section 1.2 we have introduced games, and in Chapter 2 we have men-
tioned how to view arenas as relational structures. In this section we con-
sider the question how to define strategies by MSO-formulas. Based on
Theorem 3.1 we show that there are game arenas on which it is not possi-
ble to define winning strategies in MSO. We restrict ourselves to positional
strategies. First of all, the winning conditions we are interested in all ad-
mit positional strategies, and furthermore we consider game arenas whose
underlying graph is a tree. On such arenas each vertex contains the full in-
formation on its history, and hence each strategy can be seen as a positional
strategy.

We start by defining MSO-definability of positional strategies. In this
setting it is reasonable to consider arenas with edge labels to make it easier
to address the individual edges by formulas. Let Γ be an alphabet for the
edge labels and G = (V, (Ea)a∈Γ, V◦, V2, (Pi)i∈Cols) be an arena. We say that
a positional strategy σ◦ for Eva is MSO-definable if there is a formula φ(x, y)
such that for all v ∈ V◦ there is exactly one v′ ∈ V such that G |= φ[v, v′],
namely v′ = σ◦(v).

We call G a game tree if the underlying graph is isomorphic to a labeled
binary tree, i.e., Γ = {0, 1}, and V corresponds to the set {0, 1}∗ where
E0, E1 are interpreted as usual (see Chapter 2, page 30). For game trees we
always consider the root as initial vertex, i.e., if we say that a player has a
winning strategy in a game played on a game tree, then we always refer to
plays starting at the root.

On game trees there is an alternative way of representing positional
strategies by a set U of vertices that contains the root, for each vertex of
Adam that is in U also all its successors are in U , and for each vertex
of Eva in U there is one of its successors in U . Hence, we can define a
positional strategy in MSO using a formula ψ(X) with one free set variable
such that there is exactly one set U with G |= ψ[U ] and U satisfies the
above properties. It is easy to see that these two ways of defining positional
strategies are equivalent on game trees:

• Starting from a formula φ(x, y) we can define ψ(X) to be satisfied by
the smallest set U that contains the root, for each vertex v ∈ U of
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Adam also all its successors are in U , and for each vertex v ∈ U of
Eva also the unique vertex v′ with G |= φ[v, v′] is in U .

• Given ψ(X) defining a strategy by a set U , we define φ(x, y) such that
G |= φ[v, v′] for v ∈ V◦ if v′ is the successor of v that is contained in
U (if v is not in U , then we can choose an arbitrary successor).

The advantage of representing strategies by sets is that a set corresponds to
an annotation of the game tree and we can use automata to accept or reject
such annotations.

Let us consider the very simple case of reachability games, where the
coloring function assigns colors 1 or 2 to the vertices, and Eva wins a play
if it contains a vertex of color 2. These games are called reachability games
because the goal of Eva is to reach a vertex of color 2. If Eva has a winning
strategy in a reachability game tree, then all plays played according to this
strategy are decided after a finite time. For this reason strategies are defin-
able in MSO: The formula only has to describe the choices of Eva up to a
certain depth, the later choices do not matter.

Remark 3.7 For each reachability game tree G on which Eva has a winning
strategy there is a formula ψG(X) defining a winning strategy for Eva.

Note that the formula ψG depends on G. From Theorem 3.1 we can conclude
that there it is not possible to eliminate this dependency.

Theorem 3.8 There is no formula ψ(X) over reachability game trees such
that ψ defines a winning strategy of Eva for all reachability game trees on
which Eva has a winning strategy.

Proof. We only consider game trees for which V2 = ∅. On such game
trees Eva has a winning strategy iff there is at least one node with color
2. A winning strategy describes a unique path from the root to such a
vertex. Hence, a formula ψ(X) that defines winning strategies of Eva for all
reachability game trees on which Eva has a winning strategy can easily be
turned into a formula defining a choice function, contradicting Theorem 3.1.

2

We now consider a more complex winning condition. Büchi games are the
special case of parity games, where only priorities 1 and 2 are used. Eva
wins a play if it contains infinitely many vertices of priority 2. We show
that for these games an analogue of Remark 3.7 is not possible. For this
purpose we now construct a Büchi game tree on which, intuitively, Adam
can choose to move to a tree of the form t[Un,n] for some n, and then Eva
has to move to an element of Un,n to win (see page 3.1 for the definition of
Un,n). An MSO-definable winning strategy for Eva in this game would allow
us to define a choice function on the sets Un,n contradicting Theorem 3.5.

Formally, we define the Büchi game tree Gchoice over V = {0, 1}∗ by
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• V2 = {1n | n ≥ 0},

• V◦ = V \ V2,

• P2 =
⋃

n≥0({1
n} ∪ (1n0 · Un,n)),

• P1 = V \ P2.

The vertices of Adam are the vertices 1n on the rightmost branch. All these
vertices have priority 2. This forces Adam to move to the left at some point
because otherwise he loses. The left subtree below 1n corresponds to the
tree t[Un,n], where the nodes in the set Un,n are labeled 2, and the other
nodes are labeled 1.

It is easy to see that Eva has a winning strategy in Gchoice: Either Adam
stays on the rightmost branch, then she wins. If Adam moves to 1n0 for
some n Eva moves to a node in 1n0 · Un,n ⊂ P2. Once she has reached such
a node all the following nodes are also in P2, hence she wins.

We now show that there is no MSO-definable winning strategy for Eva
on this game tree.

Theorem 3.9 There is no MSO-formula ψ(X) defining a winning strategy
for Eva on the Büchi game tree Gchoice.

Proof. Assume that there is a winning strategy on Gchoice that is MSO-
definable by a formula ψ(X).

We can view Gchoice as a tree tchoice : {0, 1}∗ → Σ where Σ contains
letters to describe V◦, V2, P1, and P2 (for example Σ = {0, 1}4). According
to Theorem 2.1 there a parity automaton Aψ equivalent to ψ (we view the
predicates V◦, V2, P1, and P2 as free variables). This automaton accepts
Σ-trees together with an annotation for the interpretation of the variable
X.

Since ψ defines a winning strategy on Gchoice, there is exactly one an-
notation of tchoice that is accepted by Aψ. We say that Aψ accepts exactly
one winning strategy for tchoice. Let ρ be an accepting run of this winning
strategy for tchoice.

Using Aψ we can construct a formula φ(X, x) that chooses exactly one
u ∈ Un,n for each n ∈ N, contradicting Theorem 3.5. For this we fix an
arbitrary order on the states of Aψ. For each n there is at least one state
q of Aψ such that Aψ accepts exactly one winning strategy on the subtree
of tchoice at node 1n0 (namely the state ρ(1n0) assumed at this node in the
accepting run fixed above). The formula φ picks the smallest state q with
this property and then chooses the element of Un,n that is described by the
unique winning strategy accepted by Aψ from q on the subtree at 1n0. It is
not difficult to verify that this is indeed possible in MSO. 2

One should note here that the game tree Gchoice is not too complex.
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Figure 3.3: MSO-interpretation of the graph from Figure 2.2

Remark 3.10 The graph Gchoice belongs to the Caucal hierarchy. In par-
ticular it has a decidable MSO-theory.

We briefly show how it can be obtained by using unfoldings and MSO-
interpretations. The main difficulty is to obtain the sequences of the form
(0n1)n for each n. We sketch how to obtain theses chains. The remaining
details of the construction are left to the reader.

We start from the graph in Figure 2.2 on page 34, which is in C2. By
an MSO-interpretation we can add the dashed edges shown in Figure 3.3,
delete the old c-edges, and relabel some edges. We assume the dashed edges
to be labeled d but omit the labels in the picture. Unfolding this graph
yields the graph depicted in Figure 3.4. For readability we only show the
part below the vertex number 3 of the a-chain. In general, below vertex
number n there is a b-edge followed by n c-edges. Additionally, after each
c-edge there is another chain branching off consisting of one d-edge and n
e-edges. Below node number n of the a-chain we basically have n chains of
length n. By concatenating these chains and adding some more edges we
can obtain below node number n of the a-chain the graph representing the
set Un,n as shown in Figure 3.1. This can be done by an MSO interpretation.
Another unfolding operation yields the desired graph Gchoice.

3.3 Well-orderings

A well-ordering is a total order relation with the property that there are no
infinite descending chains or, equivalently, every non-empty subset of the
domain of the relation has a smallest element. A simple example is the
natural ordering on the natural numbers N. The natural ordering on the
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Figure 3.4: Unfolding the graph from Figure 3.3

integers Z is not a well-ordering because, e.g., the whole set Z does not have
a minimal element w.r.t. to this ordering. If we define an ordering ¹ on Z

by first comparing the absolute values of the numbers and in case of equality
letting the negative one be smaller, i.e., n ¹ m iff |n| < |m|, or |n| = |m|
and n ≤ m, then we obtain a well-ordering.

In this section we are interested in well-orderings on the tree domain
{0, 1}∗. A typical ordering of {0, 1}∗ is the lexicographic ordering ≤lex de-
fined by u1 ≤lex u2 if u1 is a prefix of u2, or u1 = u0u′

1 and u2 = u1u′
2 for

the greatest common prefix u of u1 and u2, and some u′
1, u

′
2 ∈ {0, 1}∗. From

the definition of ≤lex one can easily see that it is MSO-definable in t2. But
it is not a well-ordering because, e.g., the set of nodes of the form 0∗1 does
not have a minimal element.

In a similar way as we changed the standard ordering on Z into a well-
ordering, we can obtain a well-ordering on {0, 1}∗ by first comparing the
length of the elements and in case of equality take the lexicographic ordering.
We obtain the length-lexicographic ordering ≤llex formally defined by u1 ≤llex

u2 iff |u1| < |u2|, or |u1| = |u2| and u1 ≤lex u2. This defines a well-ordering
but ≤llex is not MSO-definable in t2 because it compares the length of the
elements.

More generally, as a direct consequence of Theorem 3.1 we obtain that
there exists no MSO-definable well-ordering on the nodes of the infinite
binary tree. In fact, from an MSO-formula φ≤(x, y) defining a well-ordering
in t2, a choice function

φchoice(x, X) := x ∈ X ∧ ∀y : y ∈ X → φ≤(x, y)

is easily defined by taking the smallest element of the set, contradicting
Theorem 3.1. This naturally rises the question whether there is a well-
ordering that we can add to t2 while preserving the decidability of MSO. In
this section, we prove the following negative result.
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Theorem 3.11 The MSO-theory of the full-binary tree together with any
well-ordering is undecidable.

In the particular case of tllex, the infinite binary tree with length-lexico-
graphic order, i.e., the structure tllex = ({0, 1}∗, E0, E1,≤llex), this result is
well-known [11].

We show that tllex can be MSO-interpreted in the infinite binary tree
with any well-ordering.

Theorem 3.12 There exists an MSO-interpretation I such that for every
well-ordered infinite binary tree t, I(t) is isomorphic to tllex

As MSO-interpretations preserve the decidability of MSO (see Proposi-
tion 2.5), Theorem 3.11 follows from the undecidability of the MSO-theory
of tllex. The rest of this section is dedicated to the proof of Theorem 3.12.

Well-ordered trees

We consider structures over the binary signature τ = {E0, E1,≤}. We say
that a τ -structure t is a well-ordered (infinite binary) tree if it is isomorphic
to a well-ordered tree with universe {0, 1}∗ where E0 and E1 are respectively
interpreted as {(u, u0) | u ∈ {0, 1}∗} and {(u, u1) | u ∈ {0, 1}∗}, and ≤ is
interpreted as a well-ordering on {0, 1}∗. Such a τ -structure is referred to
as a canonical well-ordered tree. Up to isomorphism, a well-ordered tree is
entirely characterized by the well-ordering on the set of words over {0, 1}.
Above, we have already defined tllex to be the well-ordered tree with ≤llex

as ordering relation.

The key property of tllex is that it is MSO-definable (up to isomorphism)
in the class of well-ordered trees1.

Proposition 3.13 There exists an MSO-sentence φllex such that t |= φllex

iff t ∼= tllex for every well-ordered tree t.

Proof. Let t be a well-ordered tree with the order relation ≤. We describe the
properties that we need to express by φllex to ensure that t is isomorphic to
tllex. In the description we use the notation Succ(u) to denote the successor
of a node u for the ordering ≤.

Now consider an MSO-sentence φllex over τ expressing the following:

(1) The root ε is the smallest element for ≤.

(2) For all nodes u ∈ {0, 1}∗ and v ∈ 1∗, Succ(u0v) is the smallest element
for the prefix order of the set u10∗ \ {Succ(u0v′) | v′ ⊏ v}. This is
illustrated in Figure 3.5 by the dashed lines for u = ε.

1The class of well-ordered trees is itself MSO-definable in the class of τ -structures.
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Figure 3.5: The successor relation on nodes of the form u01∗ and u10∗

(3) For all nodes v ∈ 1∗, the successor of v is the smallest element for the
prefix order of the set 0+ \ {Succ(v′) | v′ ⊏ v}. This is illustrated in
Figure 3.5 by the dotted lines.

These properties can be defined in MSO. It is easy to see that tllex satisfies
the formula φllex. It remains to show that for every well-ordered tree t
satisfying φllex is isomorphic to tllex.

Let t be a well-ordered tree satisfying φllex. We can assume w.l.o.g that t
is a canonical well-ordered tree. It is therefore enough to show that t = tllex.

For all nodes u ∈ {0, 1}, we write Succllex(u) for the successor of u for
the order ≤llex. As by condition (1) the root ε of t is the minimal element
of ≤, it is enough to establish that for all u ∈ {0, 1}∗, Succ(u) = Succllex(u).

Assume by contradiction that this property is not satisfied. Let u0 be
the smallest node u for the order ≤llex such that Succ(u) 6= Succllex(u). We
distinguish two cases depending whether u0 contains an occurrence of 0 or
not.

If u0 contains an occurrence of 0 then u0 can be uniquely written as
u0v with u ∈ {0, 1}∗ and v ∈ 1∗. The successor of u0 in the order ≤llex is
Succllex(u0) = u10|v|. By condition (2) of the definition of φllex, Succ(u0) is
the smallest element for the prefix order of the set u10∗ \ {Succ(u0v′) | v′ ⊏

v}. By minimality (for the order ≤llex) of u0, we have for all v′ ⊏ v that
Succ(u0v′) = Succllex(u0v′) = u10|v

′|. Therefore, Succ(u0) is the minimal
element for the prefix order of the set u10∗ \ {u10|v

′| | v′ ⊏ v}. This implies
that Succ(u0) = u10|v| = Succllex(u0) which contradicts the definition of u0.

If u0 does not contain an occurrence of 0 then u0 ∈ 1∗. The succes-
sor of u0 for the order ≤llex is 0|u0|+1. By condition 3 of the definition
of φllex, Succ(u0) is the smallest element for the prefix order of the set
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0+ \ {Succ(u) | u ⊏ u0}. By minimality (for the order ≤llex) of u0, we have
for all u ⊏ u0 that Succ(u) = Succllex(u) = 0|u|+1. Therefore, Succ(u0) is
the minimal element for the prefix order of the set 0+ \ {0|u|+1 | u ⊏ u0}.
This implies that Succ(u0) = 0|u0|+1 = Succllex(u0) which contradicts the
choice of u0. 2

Interpreting tllex

We now define the notion of induced well-ordered tree. Consider a canonical
well-ordered tree t and a set U ⊆ {0, 1}∗ of nodes which

• is closed under greatest common prefix (u ∈ U ∧ v ∈ V → u ∧ v ∈ U),

• has the property that for all u ∈ U , u0{0, 1}∗ ∩U 6= ∅ and u1{0, 1}∗ ∩
U 6= ∅, i.e., from every node we can go to the left and to the right and
find another element of U below.

t|U induced by U in t has universe U and its relations are interpreted as

E
t|U
0 = {(u, v) ∈ U × U | v is the ⊑-smallest element of u0{0, 1}∗ ∩ U}

E
t|U
1 = {(u, v) ∈ U × | v is the ⊑-smallest element of u1{0, 1}∗ ∩ U}

≤t|U = {(u, v) ∈ U × U | u ≤t v}.

It is easy to check that t|U is a well-ordered tree. The plan is to show that
in each well-ordered tree we can find a subset U inducing a well-ordered
tree that is isomorphic to tllex. As a first step we show that we can express
each MSO-property φ of t|U by an MSO-formula φ∗ on t that takes U as a
parameter.

Lemma 3.14 For every MSO-formula φ over τ there exists a formula φ∗(X)
such that for every canonical well-ordered tree t and set U , t |= φ∗[U ] iff the
set U induces a well-ordered tree t|U on t and t|U |= φ.

Proof. Consider an MSO-formula φ over τ . Let φind(X) be an τ -formula
expressing that X satisfies the conditions to induce a full binary tree and
let φ′(X) be the formula obtained from φ by relativizing the quantifications
to X and by replacing Ei(x, y) with y ∈ xi{0, 1}∗ ∩ X ∧ ∀z, z ∈ xi{0, 1}∗ ∩
X → y ⊑ z for i ∈ {0, 1}. It is easy to check that the formula φ∗(X) :=
φind(X) ∧ φ′(X) satisfies the property stated in the lemma. 2

Applying this lemma to the formula φllex from Proposition 3.13 yields that
t |= φ∗

llex[U ] iff U induces a well-ordered tree isomorphic to tllex.
We now show that for every canonical well-ordered tree t there exists

a subset U ⊆ {0, 1}∗ such that t|U is isomorphic to tllex. Later we re-
fine this result and show that there is in fact an MSO-definable such set
(Lemma 3.17).
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uε

• •

u0 u1

•

u00

Figure 3.6: Construction of a set inducing tllex

To construct such a set U we built up a sequence of nodes indexed by the
elements from {0, 1}∗. We start with a node uε representing the root of t|U .
Then we define u0 to be a node in the left subtree of uε such that uε < u0.
We continue by finding a node u1 in the right subtree of uε such that u0 < u1.
Then we take a node u00 in the left subtree of u0 such that u1 < u00, and so
on. This construction is illustrated in Figure 3.6, where the dashed arrows
represent the order relation < on the sequence uε, u0, u1, u00, . . . by always
pointing to the next bigger element from this sequence.

For this construction to work we need to ensure that we always can find
nodes as required, e.g., that there is a node u00 in the left subtree of u0 such
that u1 < u00. For this purpose we make the definition of a mixed node
and later choose uε to be a node with this property. Intuitively, a node u
is mixed if there are no node that is bigger than all nodes in some subtree
below u, i.e., the order is completely mixed below u.

Formally, a node u ∈ {0, 1}∗ of a canonical well-ordered tree t is mixed
if for all v ⊒ u, v′ ⊒ u ∈ {0, 1}∗ there exists a w ∈ {0, 1}∗ such that v < v′w.
We need to show that we can indeed find a node with this property.

Lemma 3.15 Every canonical well-ordered tree t contains a mixed node.

Proof. Let t be a canonical well-ordered tree. Assume by contradiction that
t does not have any mixed nodes. We construct by induction two sequences
of nodes (ui)i∈N and (vi)i∈N such that ui ≥ viw for all w ∈ {0, 1}∗, and
vi ⊑ ui+1. This implies that the sequence (ui)i∈N is an infinite strictly
decreasing sequence which contradicts the fact that ≤ is a well-ordering.

As ε is not mixed there exist two nodes u and v such that u ≥ vw for
all w ∈ {0, 1}∗. We take u0 = u. It might happen that v is a prefix of u0.
Hence, to ensure that u0 > v0w for all w ∈ {0, 1}∗, we pick as v0 an element
such that v ⊑ v0 6⊑ u0.

Assuming that both sequences are constructed up to rank i ≥ 0 we define
ui+1 and vi+1. As vi is not mixed, there exists two nodes u ⊒ vi and v ⊒ vi

such that u ≥ vw for all w ∈ {0, 1}∗. We take ui+1 equal to u and vi+1 an
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Chapter 3 · Choice functions and well-orderings

element such that v ⊑ vi+1 6⊑ ui+1 thus ensuring that for all w ∈ {0, 1}∗,
ui+1 > vi+1w. By construction we obtain that vi ⊑ ui+1. 2

Now we can formalize the construction of the set U inducing tllex as
indicated above and in Figure 3.6.

Lemma 3.16 For every canonical well-ordered tree t, there exists a set of
nodes U inducing a well-ordered tree t|U isomorphic to tllex.

Proof. Let t be a canonical well-ordered tree. We construct a sequence of
nodes (uw)w∈{0,1}∗ indexed by the set of words over {0, 1}∗ such that:

• for all w, w′ ∈ {0, 1}∗, w ≤llex w′ implies uw ≤ uw′ ,

• and for all w ∈ {0, 1}∗ and i ∈ {0, 1}, uwi ∈ uwi{0, 1}∗.

If we assume that this sequence has been constructed and we take U :=
{uw | w ∈ {0, 1}∗}, it is easy to check that U is closed by greatest common
prefix and hence U induces a full binary tree on t. Furthermore the mapping
from {0, 1}∗ to U associating w to uw is an isomorphism from tllex to t|U .

We now construct the sequence (uw)w∈{0,1}∗ by induction on the length-
lexicographic order ≤llex. By Lemma 3.15, the tree t has a mixed node.
We take uε to be a mixed node of t. Assume that the sequence has been
constructed up to w ∈ {0, 1}∗. We construct the element uv where v is the
successor of w for the length-lexicographic order. Since v 6= ε we can pick
its parent node v′, i.e., v = v′i for some i ∈ {0, 1}. The definition of ≤llex

implies that v′ ≤llex w and hence uv′ is already defined. As uε is mixed,
there exists a z such that uw < uv′iz. We take uv = uv′iz and obtain that
uw < uv. 2

Note that we can now already derive Theorem 3.11: For every formula
φ over τ , consider the formula φ∗(X) obtained from φ by Lemma 3.14 and
φ∗

llex(X) obtained from the formula φllex of Proposition 3.13. By Lemma 3.16,
for every well-ordered tree t,

t |= ∃X : φ∗
llex(X) ∧ φ∗(X)

iff tllex |= φ. As the formula φ∗(X) can be effectively constructed from
the formula φ, it follows that the MSO-theory of tllex is recursive in the
MSO-theory of any well-ordered tree t.

We now strengthen the result of Lemma 3.16 by showing that in every
well-ordered tree t there exists an MSO-definable set of nodes inducing a
well-ordered tree isomorphic to tllex.

Lemma 3.17 For every canonical well-ordered tree, there exists an MSO-
definable set of nodes U0 inducing a well-ordered tree isomorphic tllex.
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Section 3.3 · Well-orderings

Proof. Consider the following MSO-formula ψ(X) defined by:

φ∗
llex(X) ∧ ∀x ∈ X ∀Z : (X<x < Z ∧ φ∗

llex(X<x ∪ Z)) → x ≤ min Z

where

• X<x = {x′ ∈ X | x′ < x},

• X < Y stands for ∀x ∈ X ∀y ∈ Y : x < y, and

• minZ designates the smallest element of the set Z for the order ≤.

Let t be a well-ordered tree. We claim that t |= ∃=1X : ψ(X) (where ∃=1

stands for there exists a unique), which establishes the MSO-definability of
a set of nodes U0 inducing on t a well-ordered tree isomorphic to tllex.

The first step is to show that t |= ∃X : ψ(X). For this we define a
sequence of nodes (uw)w∈{0,1}∗ of t by induction on the order ≤llex. The
node uε is the smallest element of {minZ | Z ⊆ {0, 1}∗ ∧ t |= φ∗

llex[Z]}.
Lemma 3.16 guarantees that this set is not empty. Assume that the sequence
has been constructed up to the element uw0

. We define uw1
where w1 is the

successor of w0 for the order ≤llex. We take uw1
as the smallest element for

≤ of the set {min Z | w0 < Z ∧ φ∗
llex({uw | w ≤ w0} ∪ Z})}. This set is not

empty by definition of uw0
.

Consider the set U0 := {uw | w ∈ {0, 1}∗}. It is straightforward to show
that U0 induces a well-ordered tree on t isomorphic to tllex. It follows that
t |= ψ[U0]. Hence t |= ∃X : ψ(X).

We now show that t |= ∃=1X : ψ(X). Let U, U ′ be two sets with t |= ψ[U ]
and t |= ψ[U ′]. We show by induction on n that the first n elements of U
and U ′ w.r.t. ≤ are the same. The induction base for n = 0 is clear. Assume
that the n − 1 first elements of U and U ′ are the same, and let u ∈ U and
u′ ∈ U ′ be the nth element of U and U ′, respectively. From the induction
hypothesis we obtain that U<u = U ′

<u′ and therefore we can write the sets
U and U ′ as

U = U ′
<u′ ∪ U≥u and U ′ = U<u ∪ U ′

≥u′ .

From the conditions in ψ we conclude that u′ ≤ min U≥u = u and u ≤
min U ′

≥u′ = u′. Hence, u = u′. 2

Using the previous results it is easy to prove Theorem 3.12.

Proof(of Theorem 3.12). The interpretation I = (φdom, φE0
, φE1

, φ≤) such
that I(t) ∼= tllex for each well-ordered tree t is defined as follows. As domain
formula φdom we take the formula ψ defining the set U0 from Lemma 3.17.
The formulas φE0

, φE1
, and φ≤ just define the induced successor relations

and the induced ordering from the definition of induced well-ordered tree.
2
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0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 · · ·

Figure 3.7: Graph of the flip function

An immediate consequence of this result is that the infinite binary tree
cannot be MSO-interpreted in t1 (the natural numbers with successor).
Based on this we can use the same technique as in Corollary 3.6 to obtain
the same result for t1 extended with unary predicates.

Proposition 3.18 Let P1, . . . , Pn be unary predicates for t1. There is no
interpretation I such that I((t1, P1, . . . , Pn)) ∼= t2.

Proof. As already mentioned there is no interpretation I such that I(t1) ∼=
t2. Otherwise we could extend this interpretation by a formula transferring
the ordering on t1 to t2, thus obtaining a well-ordered tree with decidable
MSO-theory (contradicting Theorem 3.11). Now assume that there is an
interpretation I such that I((t1, P1, . . . , Pn)) ∼= t2. We first construct a
formula φtree(X1, . . . , Xn) such that

t1 |= φtree[U1, . . . , Un] iff I((t1, U1, . . . , Un)) ∼= t2.

Such a formula only needs to express that the formulas from the interpreta-
tion describe a structure in which all nodes have exactly one E0 successor,
exactly one E1 successor, and exactly one predecessor except for one node
which is the root. This can easily be done by an MSO-formula.

The formula ∃X1, . . . , Xn : φtree(X1, . . . , Xn) is satisfiable (interpret-
ing X1, . . . , Xn by P1, . . . , Pn). Hence, there are regular interpretations
U1, . . . , Un of X1, . . . , Xn such that t1 |= φtree[U1, . . . , Un] (see Theorem 2.3).
By construction of φtree this means that I((t1, U1, . . . , Un)) ∼= t2. Since reg-
ular sets can be defined in MSO we can directly refer to U1, . . . , Un in the
interpretation and obtain in interpretation I ′ such that I ′(t1) = t2, which
is not possible. 2

In general, Theorem 3.11 implies that t2 is not MSO-interpretable in any
structure that has a decidable MSO-theory and admits an MSO-definable
well-ordering.

Consider, for example, the function flip on the natural numbers. It maps
a natural number n to the number that is obtained by changing the least
significant bit that is 1 in the binary representation of n to 0. The graph
of the flip function is shown in Figure 3.7. The structure (t1,flip) of the
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natural numbers with successor extended by the flip function has a decidable
MSO-theory [82]. We conclude that t2 cannot be MSO-interpretable in this
structure because otherwise we could also interpret a well-ordered tree in it.

Proposition 3.19 There is no MSO-interpretation I with I(t1,flip) ∼= t2.

3.4 Discussion

In this chapter we have studied questions on MSO-definability in the bi-
nary tree and on decidability of MSO in extensions of the binary tree
by well-orderings. As a result we obtain a rather simple and elementary
proof of the theorem of Gurevich and Shelah stating that there is no MSO-
definable choice function on the infinite binary tree. A simple consequence
is that there is also no MSO-definable well-ordering on the domain of the
infinite binary tree. We obtain the even stronger result that adding any
well-ordering to the infinite binary tree yields a structure with undecidable
MSO-theory. These two main results from this chapter can be used to derive
non-definability results for MSO as we have illustrated with some examples.

One natural question that remains open is whether there exists a choice
function that can be added to the infinite binary tree such that the resulting
structure has a decidable MSO-theory.

As mentioned at the beginning of this chapter, MSO-definability of a
choice function is a very special instance of the uniformization problem,
namely for the formula φ(X, y) = y ∈ X. The result from Section 3.1
shows that uniformization is not possible in general on the infinite binary
tree. This leaves the question whether there are other types of formulas
that allow uniformization. In [111] it is mentioned that uniformization is
possible for formulas of the form φ(x, Y ). Here, uniformization means that
the relation between elements and sets defined by φ(x, Y ) can be turned into
an MSO-definable function associating to each element exactly one set from
the relation.2

Another type of question related to this is the one of decidability. In the
introduction of this thesis we have mentioned Church’s synthesis problem.
An instance of this problem is given by an MSO-formula φ(X̄, Ȳ ) over the
infinite line t1 such that for each input sequence X̄ there is at least one
output sequence Ȳ . A solution is a very specific function compatible with
this relation: It should be implementable by a finite state automaton that

2Such a result can be shown by transforming the formula into an equivalent automaton
and then constructing a formula that selects for each x a unique run that accepts the
tree annotated with x and some set Y . For this purpose it is enough to select a (say
lexicographically) smallest run on the path to the element x that can be completed to an
accepting run. In this finite part of the run we can plug for each ‘dangling’ state a fixed
MSO-definable run. The details of this construction are left to the reader.
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Chapter 3 · Choice functions and well-orderings

reads the input sequence at produces in each step one element of the output
sequence. The task is now to decide if such an automaton exists (and to
construct one if possible). Similarly, one can study the decision variant of
uniformization on the binary tree: Given an MSO-formula φ(X̄, Ȳ ) over t2,
does there exist a formula φ∗(X̄, Ȳ ) that defines a function compatible with
φ(X̄, Ȳ ). In its full generality this question is certainly too difficult but one
could study specific instances of it for simple classes of formulas.
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Chapter 4

Unambiguous and guidable

tree automata

Normal forms and canonical representations play an important role in au-
tomata theory. For regular languages of finite words various such represen-
tations are known. The most prominent ones are the minimal deterministic
automaton (see [55]) and the syntactic monoid (see [96]). Another canoni-
cal object associated to a regular language is the universal automaton (see
[77]), which is a kind of most general nondeterministic automaton accepting
the language. Besides their use for algorithmic purposes, canonical repre-
sentations have the advantage that they do not exhibit a strange behavior
but represent the language in a reasonable and natural way. Consider, for
example, the language of all finite words over some alphabet. One way to
represent it is to use a nondeterministic automaton that guesses the last
letter of the input word and then checks if this guess is correct. This au-
tomaton is certainly a representation of the language of all words but it is
a rather unnatural way of representing it.

The absence of canonical representations makes it difficult to work with
the objects under consideration because one has to deal with all kinds of
strange or unnatural representations, as illustrated above. Certainly, asking
for canonical representations is a very strong requirement and one can relax
this by simply looking for representations with good properties excluding
strange behaviors. For example, when considering regular languages of in-
finite words, we do not know any canonical form of automaton. But we
know at least that each such language can be accepted by a deterministic
parity automaton (see Theorem 1.2), and in many situations it is much more
convenient to work with deterministic automata than with nondeterministic
ones.

For languages of infinite trees one can easily observe that there is no rea-
sonable notion of deterministic automaton that would capture all the regular
languages (see Section 4.1 below). Hence, we study in this chapter two other

67



Chapter 4 · Unambiguous and guidable tree automata

possible concepts: unambiguous and guidable automata. Unambiguous au-
tomata are nondeterministic automata that have at most one accepting run
for each input. We show that there are languages that are inherently am-
biguous. Guidable automata are, intuitively, automata that can simulate all
other automata for the same language. This is loosely related to the concept
of universal automaton mentioned above. We prove in Section 4.3 that each
regular language of infinite trees can be accepted by a guidable automaton.

The results in this chapter are taken from joint work with Arnaud
Carayol [21] and from joint work with Thomas Colcombet [32].

4.1 Determinism

For tree automata there are two different notions of determinism: top-down
and bottom-up. Recall that an automaton is top-down deterministic if for
each state q and each input letter a there is at most one transition (q, a, q0, q1)
(see page 26). It is very easy to see that not every regular language T ⊆ T ω

Σ

can be accepted by a top-down deterministic tree automaton.

For the bottom-up view the situation is different: It is required that for
all states q0, q1 and all letters a there is at most one q such that (q, a, q0, q1)
is a transition of the automaton. This condition only ensures that, once we
fix the states at the successors of a node the state at this node is uniquely
determined. We call such automata bottom-up deterministic. Note that
bottom-up determinism does not ensure a unique run. In [83] Mostowski
gives a construction that yields bottom-up deterministic automata.

Theorem 4.1 ([83]) Every regular language of infinite trees can be accepted
by a bottom-up deterministic automaton.

Proof. The proof is based on the fact that we are working on binary trees
(no unary branching). Starting from a PTA A = (Q,Σ, qi, ∆, c) we use
pairs of states, where the first component codes a run of A, and the second
component codes the future of the run (in the bottom-up view). This second
component ensures the bottom-up determinism.

Formally, let A′ be defined by the following components:

• The state set is Q′ = Q × Q.

• The transitions in ∆′ are ((q, p), a, (q0, q), (q1, p)) for all q, p, q0, q1 ∈ Q
such that (q, a, q0, q1) ∈ ∆.

• The priority function is defined by c′(q, p) = c(q).

The automaton A′ is obviously bottom-up deterministic because the state
(q, p) is uniquely determined by the states (q0, q), (q1, p). Furthermore, each
run of A′ projected to the first components of the states is a run of A. Hence
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T (A′) ⊆ T (A). Vice versa, each run ρ of A can be turned into a run ρ′ of
A′ by letting ρ′(ε) = (ρ(ε), p) for some p ∈ Q, and if ρ′(u) = (q, p), then we
let ρ′(u0) = (ρ(u0), q) and ρ′(u1) = (ρ(u1), p).

This defines a run of A′ such that the projection to the first component
yields ρ. Hence T (A) ⊆ T (A′). 2

The above proof shows that the property is not very helpful. The con-
struction yields a bottom-up deterministic automaton that has even more
behaviors than the given automaton.

Nevertheless, on finite trees a similar technique has been used in [100]
to show that all regular languages can be captured by anti-chain logic or
star-free expressions.

4.2 Unambiguous automata

In the previous section we have seen that top-down deterministic automata
are not enough to accept all regular languages and that bottom-up determin-
istic automata do not have the desired properties on infinite trees because
they can have several runs for each input. The property of unambiguity
requires accepting runs to be unique for each input, i.e., an automaton is
called unambiguous if for each object that it accepts there is exactly one
accepting run.

Unambiguous automata have been introduced on finite words because
they allow more efficient algorithms for equivalence and inclusion testing
[113]. This has been generalized to automata on finite trees in [110]. On
finite words and trees it is clear that every regular language can be accepted
by an unambiguous automaton because deterministic automata are unam-
biguous.

For Büchi automata on infinite words the situation is more difficult. Al-
though determinization is possible (see Theorem 1.2), it requires the model
of deterministic parity (or Muller) automata with acceptance conditions that
are more powerful than Büchi conditions. However, from the determiniza-
tion result one can infer that all regular languages of infinite words can be
accepted by an unambiguous Büchi automaton [4]. In [59] a construction
for unambiguous automata is presented that does not rely on deterministic
automata.

In this section we show that the situation is different for infinite trees:
There are regular languages that cannot be accepted by an unambiguous
automaton. The proof is based on the main result from the previous chapter:
the undefinability of a choice function in MSO. The underlying idea (taken
from [92]) is rather simple: We consider the language

T∃1 = {t ∈ T ω
{0,1} | ∃u ∈ {0, 1}∗ : t(u) = 1}
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of trees with at least one node labeled 1. Each tree in T∃1 can be viewed
as the set of nodes labeled 1. An automaton accepting T∃1 has to verify
that the input tree contains a 1, i.e., an accepting run has to identify some
position labeled by 1. If the automaton is unambiguous, then there is exactly
one run for each tree in T∃1, and hence the automaton identifies exactly one
position from the set coded by the 1-positions. This can be turned into a
formula defining a choice function.

We show the following more technical result because it can be used to
prove different statements on the ambiguity of automata.

Lemma 4.2 Let A be a parity tree automaton over the alphabet {0, 1} that
does not accept the tree that is completely labeled by 0. Then there is a
formula ψA(X, x) such that for each U ⊆ {0, 1}∗ for which there is a unique
accepting run of A on t[U ], there is a unique element u ∈ U such that
t[U, u] |= ψA.

Proof. We consider the following game which can be seen as the empti-
ness game for the automaton A intersected with the trivial automaton that
accepts only the tree t[∅] (i.e., the tree labeled 0 everywhere). This intersec-
tion corresponds to removing all transitions from the game that use a letter
different from 0, i.e., all transitions for 1. Then the game is as follows:

• The initial position is the initial state of A.

• From position q Eva chooses a transition (q, 0, q0, q1) of A.

• From position (q, 0, q0, q1) Adam chooses a state q0 or q1.

Eva wins a play if she can always choose a transition and if the resulting
sequence of states chosen by Adam satisfies the acceptance condition of A.

As already mentioned, this game corresponds to the emptiness game
for T (A) ∩ {t[∅]} (see Section 1.3). By the assumption on A we have that
t[∅] /∈ T (A) and therefore Adam has a winning strategy. Since the winning
condition is a parity condition, Adam even has a positional winning strategy
f that picks for each transition of the form (q, 0, q0, q1) one of the states q0, q1.

We now construct the formula ψA(X, x) based on this strategy f . Eval-
uated on t[U, u] the formula states that there exists an accepting run of A
on t[U ] such that the path leading to node u corresponds to the choices of
Adam according to the strategy f . Note that if we apply the strategy of
Adam to the transitions in an accepting run, then this results in a path end-
ing in a node labeled 1 because otherwise the resulting infinite play would
be winning for Eva.

Assuming that the states of A are {1, . . . , n} the formula ψA(X, x) looks
as follows:

∃X1, . . . , Xn : AccRun(X1, . . . , Xn, X) ∧ X(x) ∧
∀y ⊏ x : stratf (X, x, X1, . . . , Xn, y)
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where

• the formula AccRun expresses that X1, . . . , Xn describe an accepting
run of A on the characteristic tree of X, and

• stratf states that the strategy f applied at node y in the run coded by
X1, . . . , Xn moves into the direction of x. In case the strategy allows
to move to both directions (when the states q0 and q1 are the same),
the formula picks the left move:

¬X(y) ∧
∧

q,q0,q1∈{1,...,n} Xq(y) ∧ Xq0
(y0) ∧ Xq1

(y1) →
[

f(q, 0, q0, q1) = q0 ↔ (y0 ⊑ x)
]

If we fix the interpretations for X and X1, . . . , Xn, then there is exactly one
interpretation of x such that ∀y ⊏ x.stratf (X, x, X1, . . . , Xn, y) is satisfied
(if there are two positions, then we obtain a contradiction when interpreting
y as the greatest common ancestor of these two positions).

Now assume that there is exactly one accepting run of A on t[U ]. Then
the interpretations of X1, . . . , Xn are fixed by U and hence the formula
ψA(X, x) has the claimed property. 2

Using this lemma it is easy to obtain the following theorem.

Theorem 4.3 ([92]) There is no unambiguous parity tree automaton ac-
cepting the language T∃1 consisting of exactly those {0, 1}-labeled trees in
which at least one node is labeled 1.

Proof. Assume A is an unambiguous automaton for T∃1 and consider the
formula ψA(X, x) from Lemma 4.2. As there is a unique accepting run of A
on t[U ] for each non-empty set U , ψA(X, x) defines a choice function. This
contradicts Theorem 3.1. 2

Using Lemma 4.2 we can also show that there are regular languages
whose ambiguity is witnessed by a single tree. The definition of this tree is
similar to the definition of the game arena Gchoice in Section 3.2.

Theorem 4.4 ([21]) There is a regular language T ⊆ T ω
{0,1} and a tree

t ∈ T such that there is no parity automaton accepting T that has a unique
accepting run for t.

Proof. Consider the language T of trees with the property that each subtree
rooted at a node of the form 1∗0 contains a node labeled 1. Obviously this
is a regular language.

The tree t is defined to have all nodes of the form 1∗ labeled 0, and
for each n we plug the tree tn,n as the subtree rooted at the node 1n0 (see
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page 48 for the definition of tn,n). As each tn,n contains a node labeled 1,
we have t ∈ T .

Assume that there is parity automaton A accepting T that has a unique
run on t. Let q be a state of A that occurs at infinitely many nodes of the
form 1∗0 in this run. Let A′ be the automaton A with initial state q. As A
accepts T it is clear that A′ does not accept the tree t[∅]. Furthermore, as
the run of A on t is unique, there are infinitely many n such that A′ has a
unique run on tn,n. For the formula ψA′(X, x) from Lemma 4.2 this yields
a contradiction to Theorem 3.5. 2

4.3 Guidable automata

Besides minimal deterministic automata, there is another canonical automa-
ton associated to each regular language of finite words: the universal au-
tomaton (see [77] for an overview). The universal automaton of a language
is a nondeterministic automaton that contains a morphic image of each non-
deterministic automaton for the same language. In this section we introduce
the concept of guidable automata on infinite trees. This concept is different
from the universal automaton because guidable automata are not unique.
But nevertheless there is a similarity because a guidable automaton is one
that can simulate each automaton accepting the same language. Simulating
another automaton on some input can also be seen as the other automaton
acting as a guide (and therefore the name guidable). Intuitively, a PTA B
can guide a PTA A if for a given accepting run of B on some input tree t
we can deterministically construct an accepting run of A on t.

Formally, we say that a parity automaton A = (QA, Σ, qi
A, ∆A, cA) can be

guided by a parity automaton B = (QB, Σ, qi
B, ∆B, cB) if there is a mapping

g : QA × ∆B → ∆A with the following properties:

• g(p, (q, a, q′, q′′)) = (p, a, p′, p′′) for some p′, p′′ ∈ QA.

• For every accepting run ρ of B over a tree t, g(ρ) is an accepting run
of A over t, where g(ρ) = ρ′ is the unique run such that ρ′(ε) = qi

A,
and for all u ∈ {0, 1}∗:

(ρ′(u), t(u), ρ′(u0), ρ′(u1)) = g(ρ′(u), (ρ(u), t(u), ρ(u0), ρ(u1))) .

The first condition ensures that the transition chosen by g is compatible
with the given state of A and the input letter of the given transition of B.
The second condition states that accepting runs of B are translated into
accepting runs of A when applying g. If such a mapping g exists, then we
say that (B, g) guides A.

Obviously, these conditions can only be satisfied if T (B) ⊆ T (A). We
say that A is guidable if it can be guided by every B such that T (B) ⊆ T (A).
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A first remark is that in the definition of guidable automaton it is suf-
ficient to require that A can be guided by every automaton B that accepts
the same language as A (instead of a sublanguage).

Remark 4.5 If A can be guided by every B with T (B) = T (A), then A is
guidable.

Proof. Assume that A can be guided by every B with T (B) = T (A). Let C
be a PTA such that T (C) ⊆ T (A). We have to show that A can be guided
by C. For this it is enough to consider the disjoint union A ∪ C of A and
C resulting in an automaton equivalent to A. By assumption there is a
mapping g such that (A ∪ C, g) guides A. From g we can easily construct
a mapping g′ by restricting g to the states of C such that (C, g′) guides A.
(To be precise, there is a small technical issue because our automata only
have a single initial state. Hence we have to introduce a fresh initial state
for the automaton A ∪ C. This requires some technical adjustments for the
definition of g′ but these are rather straightforward.) 2

If (B, g) guides A, then the mapping g can also be seen as defining a
simulation relation between tree automata (see [1] for simulation relations
on automata for finite trees) with an additional fairness constraint for the
acceptance condition (see [51]). In that sense a guidable automaton can
simulate every equivalent automaton as mentioned at the beginning of this
section.

Note that the concept of guidability is not tied to infinite trees. The no-
tion of guidable automaton can directly be transferred to automata for finite
words or trees or infinite words. Let us consider some examples to get a bet-
ter understanding of guidable automata and their relation to unambiguous
automata.

We explain the first example for automata on finite words. Consider the
automaton A from the left-hand side of Figure 4.1 that accepts all words
over the alphabet {a, b} by guessing in the first step of the run if the last
letter is a or b and then proceeds to two subautomata, one accepting words
ending with a, the other accepting words ending with b. This automaton is
not guidable because the automaton B on the right-hand side of Figure 4.1
accepts the same language, but any mapping g such that (B, g) guides A
would have to choose exactly one a-transition from q0 and exactly one b-
transition from q0. Assume that g(q0, (p0, a, p0)) = (q0, a, q1). Then g would
not translate the accepting run of B on the word ab to an accepting run
of A. A similar argument for the other cases shows that B can indeed not
guide A. However, A is an unambiguous automaton since there is exactly
one accepting run for each input. This shows that already on finite words
the concepts of unambiguity and guidability are different.

The above example supports the intuition that a guidable automaton
does not make any “unnecessary guesses” because then an equivalent au-
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q0

q1

q2

q3

a, b

a, b

a, b

a, b

a

a, b

b

p0

a, b

Figure 4.1: Two automata accepting all finite words over {a, b}. The au-
tomaton on the left-hand side is not guidable because the automaton on the
right hand side cannot guide it.

tomaton that does not make such a guess would not be able to guide it.
However, this does not imply that a guidable automaton uses as few nonde-
terminism as possible. We illustrate this with the following example taken
from [22].

Consider the language T of infinite trees over the alphabet {a, b, c} con-
taining all trees whose root is labeled a and whose successors of the root
have different labels, i.e., the trees starting in one of the following ways:

a

a b

a

a c

a

b a

a

b c

a

c a

a

c b

It is easy to see that T can be accepted by a parity automaton only using
priority 0. The automaton checks whether the tree starts correctly with
one of the above patterns and then moves to a looping state. But there are
various ways to check for the initial patterns. The most direct way of doing
it is to use an initial state q0 and three states qa, qb, qc (the index indicates
for which letter the automaton can proceed from the corresponding state),
and to cover the above patterns by transitions:

q0, a

qa qb

q0, a

qa qc

q0, a

qb qa

q0, a

qb qc

q0, a

qc qa

q0, a

qc qb

Let us refer to this automaton as A1 (of course one has to add transitions
to a looping state from qa, qb, qc for the correct combinations of input letter
and state).

But it is also possible to use more states and less transitions. For exam-
ple, an a at the left successor allows b or c at the right successor. Hence, we
can use states qa and qb,c for these combinations, and similarly for the other
patterns. This results in the following transitions:
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q0, a

qa qb,c

q0, a

qb qa,c

q0, a

qc qa,b

Let us refer to this automaton as A2. We observe that A1 is not guidable
because it cannot be guided by A2. For example, if A2 uses the transition
(q0, a, qa, qb,c), then there are two possible transitions of A1 and none of them
can be excluded.

But the automaton A2 is also not guidable. If we take an automaton
A3 that works in the same way as A2 but with left and right successors
exchanged, then we obtain an automaton the cannot guide A2:

q0, a
qb,c qa

q0, a

qa,c qb

q0, a
qa,b qc

And of course A3 is not guidable because it cannot be guided by A2. To
obtain a guidable automaton for the language T we have to take the tran-
sitions from A2 and the transitions from A3. This shows that it might be
necessary to add nondeterminism to automata to make them guidable. And
obviously we obtain a guidable automaton that is not unambiguous.

Before we proceed to the main result of this section we collect some
remarks on guidable automata.

Remark 4.6 We have the following observations on guidable automata,
which are either direct consequences of the definition or of the examples
presented in this section.

• Deterministic automata are guidable.

• There are unambiguous automata that are not guidable.

• There are guidable automata that are not unambiguous.

The main result of this section is that for each regular tree language we
can construct a guidable automaton.

Theorem 4.7 For each regular tree language T there exists a guidable parity
automaton that can be constructed from a given parity automaton for T .

Proof. We show that the complementation procedure presented in Sec-
tion 1.4 yields a guidable automaton.

We start from a PTA A = (QA, Σ, qi
A, ∆A, cA) for the complement of

T . Recall that in the complementation procedure we first construct a de-
terministic PTA C′ over the alphabet Σ× (∆A → {0, 1}) accepting the tree
representations of winning strategies for Adam in the membership game
(Lemma 1.15). The complement automaton C is then obtained by omitting
the component of the labels describing the strategy. Obviously C accepts T
because C accepts the complement of T (A). We have to show that C is a
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guidable automaton. The idea is that a strategy for Adam in the emptiness
game for the intersection of B and A can be used to construct the mapping
g to guide C.

Let B = (QB, Σ, qi
B, ∆B, cB) be a PTA with T (B) ⊆ T = T (C). The

mapping g is constructed from a strategy in the intersection emptiness game
GB×A (see Section 1.3, page 23). According to Corollary 1.11, Adam has a
positional winning strategy in this game. Such a positional winning strategy
is a mapping σ2 : ∆B × ∆A → {0, 1} assigning to each pair of transitions a
direction. It can be equivalently written as a mapping σ2 : ∆B → (∆A →
{0, 1}) assigning to each B-transition a mapping from the set of A-transitions
to {0, 1}.

To construct the mapping g guiding C we use the automaton C′ men-
tioned above. Note that C′ and C are essentially the same: they have the
same set of states QC , the same priority function cC , and the transitions of C
are those of C′ where the (∆A → {0, 1}) component of the labels is omitted.
We denote the transitions of C by ∆C and those of C′ by ∆C′ .

We define g : QC × ∆B → ∆C as follows. Let (q, a, q′, q′′) ∈ ∆B be a
transition of B. We can apply σ2 to this transition, giving us a mapping
f : ∆A → {0, 1}, i.e., f = σ2(q, a, q′, q′′). Taking the pair (a, f) we get
an input for C′, and from a state p ∈ QC there is exactly one transition
(p, (a, f), p′, p′′) ∈ ∆C′ with this input (a, f). The transition (p, a, , p′, p′′) is
in ∆C , and we let g(p, (q, a, q′, q′′)) = (p, a, p′, p′′).

We now need to show that g translates accepting B-runs into accepting
C-runs. Let ρB be an accepting run of B on some tree t. Using σ2 we can con-
struct a tree representation of a strategy for Adam in the membership game
by applying σ2 to all the transitions in ρB. Formally, let s ∈ T ω

Σ×(∆A→{0,1})
be defined by

s(u) = (t(u), σ2(ρB(u), t(u), ρB(u0), ρB(u1))) .

This tree s is a representation of a winning strategy for Adam in the mem-
bership game because σ2 is a winning strategy for Adam in GB×A. Hence,
s is accepted by C′. This run is unique, and by construction of g and s one
obtains that the corresponding run of C on t is the run g(ρB). Therefore g
has the desired property. 2

Concerning the complexity, we obtain a doubly exponential construction
when starting from an automaton for T because we have to apply the com-
plementation construction twice. (If we get an automaton for the com-
plement of T as input, then the construction is singly exponential.) This
raises the question whether the doubly exponential blow-up is necessary.
We show that it indeed cannot be avoided, by extending the idea underly-
ing the example (starting on page 74) that we used to explain why guidable
automata might contain more nondeterminism than necessary for accepting
a language.
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Proposition 4.8 For each n ≥ 1 there is a language Tn ⊆ T ω
{a,b} such that

Tn can be accepted a PTA with 2n+2 states, and each guidable PTA for Tn

needs at least 22n
− 2 states.

Proof. To define the language Tn we consider the left-most branches starting
in the two successors of the root, i.e., nodes of the form 0+ and 10∗. We let
Tn be the language of all trees whose labels on these two branches differ at
one of the first n positions:

Tn = {t ∈ T ω
{a,b} | t(00i) 6= t(10i) for some i ∈ {0, . . . , n − 1}}.

We can easily construct an automaton with 2n + 2 states accepting Tn.
The automaton has an initial state q0 and guesses at the beginning the
position i on which the two branches differ using transitions of the form
(q0, ∗, qa,i, qb,i) or (q0, ∗, qb,i, qa,i) (where ∗ ∈ {a, b}) . Then it counts down
the i on the two branches, checking for the labels a or b when reaching the
states qa,0 or qb,0, respectively. Additionally there is one accepting state
used on the remaining part of the tree.

We now show that a guidable automaton needs at least 22n
−2 states for

accepting Tn by constructing an automaton An that accepts Tn and cannot
guide an automaton with less than 22n

− 2 states.

The automaton An works as follows. It has states of the form qL, where
L ⊆ {a, b}n is a non-empty set of words of length n (possible label sequences
of the two branches to be compared). In the following we denote by L̄ for
L ⊆ {a, b}n the complement L̄ = {a, b}n \ L of L within the set of words of
length n. In its first transition An guesses a set L and moves to the states
qL and qL̄ at the two successors of the root, i.e., it has transitions of the
form (qi

n, ∗, qL, qL̄), where qi
n is the initial state of An and ∗ ∈ {a, b}. Then

it verifies that the corresponding label sequences of the two branches are in
L and in L̄, respectively. This proves that there is a position on which the
labels differ, as required in the definition of Tn. Note that there are 22n

− 2
states of the form qL (the −2 because L cannot be the empty or the full
set). To verify from state qL that the label sequence is in L the automaton
needs further states. But for our reasoning we do not need to specify them,
we are only interested in the states qL.

Assume that A is a guidable automaton for Tn with less than 22n
− 2

states and initial state qi. Let g be such that (An, g) guides A. Then
there are two states qL and qM such that L 6= M , and for the two transi-
tions (qi

n, a, qL, qL̄) and (qi
n, a, qM , qM̄ ) the mapping g chooses two transitions

(qi, a, q, q′) and (qi, a, q, q′′) with the same state at the left successor. Now
pick a word w in the symmetric difference of L and M and consider the case
that w ∈ L\M (the other case is symmetric). Then w ∈ L and w ∈ M̄ . De-
fine the tree tw such that both initial segments of the branches we consider
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are labeled w (and a for the rest of the tree):

tw(u) =

{

w(i) if u ∈ {00i, 10i} for i ∈ {0, . . . , n − 1}

a otherwise.

As g chooses the transition (qi, a, q, q′) for (qi
n, a, qL, qL̄) and because w ∈ L

we know that there is an accepting run of A from q on the left subtree of
tw (we can construct one using An as a guide from state qL). Similarly,
there is an accepting run of A from q′′ on the right subtree of tw. Hence we
can construct an accepting run of A on tw that starts with the transition
(qi, a, q, q′′). But tw is not in Tn contradicting the choice of A. 2

We would like to point out that we have presented the above result for
infinite trees but the languages Tn can easily be adapted to languages of
finite trees. Hence, the doubly exponential blow-up is also unavoidable if we
consider guidable automata on finite trees.

A further question is whether it is decidable if a given automaton A is
guidable. To settle this question it is helpful to view guidability in terms of
a game. A mapping g such that (B, g) guides A can be seen as a witness
for the inclusion T (B) ⊆ T (A) because g translates accepting runs of B into
accepting runs of A. We can define a game, which we call weak inclusion
game for A and B, such that g corresponds to a positional winning strategy
in this game. It is called “weak” because the game does not characterize
the language inclusion for the two automata. From a winning strategy for
Eva in the game we can conclude that T (B) ⊆ T (A) but not the other way
round.

The weak inclusion game for A and B is defined as follows.

• The positions of Adam are QA × QB and ∆A × ∆B.

• The positions of Eva are QA × ∆B.

• From (p, q) Adam can move to (p, (q, a, q0, q1)) for (q, a, q0, q1) ∈ ∆B.

• From (p, (q, a, q0, q1)) Eva can move to ((p, a, q0, q1), (q, a, q0, q1)) for
some (p, a, q0, q1) ∈ ∆A.

• From ((p, a, q0, q1), (q, a, q0, q1)) Adam can choose a direction i ∈ {0, 1}
and move to (pi, qi).

• An infinite play in this sequence generates an infinite sequence of state
pairs (the chosen transitions are not important for the winning condi-
tion). Eva wins if either the sequence of B states does not satisfy the
parity condition of B, or if the sequence of A states satisfies the parity
condition of A. In other words, Eva has to ensure that the acceptance
condition of A is satisfied if the one of B is satisfied.
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Proposition 4.9 The weak inclusion game for A and B is a Rabin game
and Eva has a winning strategy iff A can be guided by B.

Proof. The winning condition is a disjunction of parity conditions (the
negation of the parity condition of B can easily be expressed as a parity
condition by adding 1 to all the priorities of B). The disjunction of two
parity conditions is a Rabin condition (the dual of Remark 1.7).

If (B, g) guides A, then g directly corresponds to a positional winning
strategy for Eva. Vice versa, if Eva has a winning strategy, then she has a
positional winning strategy (Theorem 1.5), and a positional winning strategy
for Eva can directly be transformed into a mapping g such that (B, g) guides
A. 2

Note that Proposition 4.9 directly implies that T (B) ⊆ T (A) if Eva has a
winning strategy because only in this case B can guide A.

Using Proposition 4.9 we first note that for two automata A and B it is
decidable whether A can be guided by B. This is a simple consequence of
the fact that the problem of deciding whether Eva has a winning strategy
in a given Rabin game is NP-complete [45].

Proposition 4.10 It is decidable, given two PTAs A and B, whether A
can be guided by B.

Deciding whether a given PTA A is guidable requires to check whether A
can be guided by every B with T (B) ⊆ T (A). But we can observe that
the relation “can be guided by” between automata is transitive, and hence
an automaton is guidable iff it can be guided by an automaton which is
guidable itself.

Proposition 4.11 It is decidable, given a PTA A, whether it is guidable.

Proof. According to Theorem 4.7 we can construct a guidable automaton
A′ for the language T (A). Using Proposition 4.10 we can decide whether A
can be guided by A′. If A cannot be guided by A′, then A obviously is not
guidable.

So assume that (A′, g) guides A. Let B be some automaton with T (B) ⊆
T (A). Since A′ is guidable there is a mapping g′ such that (B, g′) guides
A′. We can view g and g′ as positional winning strategies for Eva in the
weak inclusion games for A and A′, and A′ and B, respectively. These two
strategies can be composed to a strategy h for Eva in the weak inclusion
game for A and B. This strategy is not positional because it has to recall
the current state of A′: Given a pair (p, (q, a, q0, q1)) of a state of A and a
transition of B, the strategy h uses the current state r of A′ that it has con-
structed along the play (starting from the initial state of A′), and applies g′

to (r, (q, a, q0, q1)) resulting in a transition (r, a, r0, r1) of A′. Then it applies
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g to (p, (r, a, r0, r1)) giving a transition (p, a, p0, p1), which determines the
move Eva plays.

The subsequent choice of a direction i ∈ {0, 1} of Adam determines the
next game position (pi, qi) as well as the next state ri of A′ that serves as
memory for the strategy h.

Because g and g′ define winning strategies it is easy to conclude that h
is also a winning strategy. Hence, Eva has a winning strategy in the weak
inclusion game for A and B. According to Proposition 4.9 A can be guided
by B. 2

One should mention that the decision procedure used to prove Proposi-
tion 4.10 requires to construct a guidable automaton that is equivalent to
the given one. We leave open the question whether there are other, maybe
more efficient ways to decide if an automaton is guidable.

4.4 Discussion

We have considered the properties of bottom-up determinism, unambiguity,
and guidability for parity tree automata. The notion of bottom-up determin-
ism does not seem to be very useful for automata on infinite trees because
bottom-up deterministic automata can still have many different runs on a
given input and there are no other helpful properties known to be implied
by bottom-up determinism.

Unambiguity has proved to be an interesting concept for automata on
finite words and trees because it allows more efficient decision procedures in
some cases. We have shown that unambiguous automata on infinite trees
do not capture all regular languages. The question whether it is decidable if
a given tree language is unambiguous remains open. It would also be inter-
esting to obtain a deeper understanding of the precise connection between
the existence of choice functions and unambiguity of automata.

Guidable automata can be seen as a most general way of accepting a
language. We have shown that each regular tree language can be accepted
by a guidable automaton. In the next chapter we present a construction
that requires to be applied to guidable automata for being correct. This is
a first illustration of the use of the concept of guidable automata. We hope
to find further applications in the future.

The notion of guidable automata has not been investigated in the setting
of words or finite trees. In particular, it would be interesting to understand
the connection to the universal automaton for languages of finite words [77],
and to analyze whether there are unique minimal guidable automata for
languages of finite trees. These questions are subject to future research.
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The parity index problem

An important topic in automata theory is the simplification of automata.
On finite words and finite trees the main parameter for simplification is
the number of states. For automata on infinite objects another parameter
becomes interesting: the complexity of the acceptance condition. In this
chapter we consider the parity index problem of finding a minimal range
of priorities needed for a parity tree automaton to accept a given regular
language. The number of priorities used in a parity condition is important
because algorithms for solving parity games (and hence the emptiness prob-
lem of parity tree automata) are exponential only in this parameter, whereas
they are polynomial in the size of the automaton (see [48] for an overview).

Several special cases of the parity index problem have been solved [93,
121, 94] but in its full generality the problem remains open. Unfortunately,
we cannot present a solution here. Instead we give a reduction to a different
problem opening a new way of attacking the problem.

The reduction is inspired from the proof of decidability of the (restricted)
star-height problem due to Kirsten [64] (the problem was originally solved by
Hashiguchi [50]). The star-height problem is the following: given a regular
language of finite words and a natural number k, is it possible to describe
the language by a regular expression using at most k nesting of Kleene stars?

For showing the decidability of the star-height problem, Kirsten intro-
duces a new class of automata: nested distance desert automata. Those are
non-deterministic finite automata running on finite words while executing
instructions on counters that do not influence the control structure. The se-
mantics of such automata is either to reject a word, or to compute a natural
number for it that we can see as the price to pay for accepting it. Hence a
nested distance desert automaton defines a partial mapping from words to
natural numbers. The proof then goes in two steps.

• Reduce the star-height problem to the limitedness problem for nested
distance desert automata (the limitedness is the problem of determin-
ing if the partial mapping defined by the automaton is bounded).
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• Solve the limitedness problem for nested distance desert automata.

We want to follow exactly the same scheme to solve the parity index problem.
We introduce the family of distance parity automata running over infinite
trees. Those automata combine the features of nested distance desert au-
tomata and of parity automata. If we restrict a distance parity automaton
to run on finite words, we fall back to the class of automata defined by
Kirsten. If we restrict those automata to infinite words, we get a family of
automata equivalent to the hierarchical ωB-automata in [13].

In this chapter we prove an analogue of the first proof step. We reduce
the parity index problem to the uniform universality problem for distance
parity automata (a problem related to the limitedness problem). This re-
duction part is very different from the one in the proof of Kirsten. We use
guidable automata as introduced in Chapter 4 and show that we can op-
timize a guidable automaton in the sense that we can reduce its range of
priorities (if this is possible at all for the accepted language) but thereby
turning it into a distance parity automaton.

To solve the parity index problem it remains to show the decidability
of the uniform universality problem for distance parity automata. This
problem is still open at present.

The chapter is structured as follows. In Section 5.1 we formally introduce
the parity index problem and the corresponding terminology. In Section 5.2
we introduce the model of distance parity automaton, and in Section 5.3 we
give the reduction of the parity index problem to the uniform universality
problem.

The results in this chapter have been obtained in collaboration with
Thomas Colcombet and were published in [32].

5.1 The Mostowski hierarchy

Given a parity tree automaton A, each state is assigned a priority from
some finite interval [i, j]. This interval [i, j] is called the index of A, and we
say that a language T is [i, j]-feasible if there exists a PTA of index [i, j]
accepting T . For the acceptance condition only the order of the priorities
and their parities are relevant. Hence we can easily normalize each parity
automaton such that the minimal priority used is either 0 or 1. We obtain in
a natural way a hierarchy of language classes as depicted in Figure 5.1, where
an entry i, j denotes the class of all languages that are [i, j]-feasible. We
refer to this hierarchy as the parity index hierarchy or Mostowski hierarchy
because Mostowski was the first one to use an acceptance condition of the
shape of a parity condition [84].

Note that the level (1, 1) of the hierarchy does not make sense if we
only consider infinite trees because no PTA that uses only priority 1 can
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0, 0

0, 1

0, 2

0, k

0, k + 1

1, 1

1, 2

1, 3

1, k + 1

1, k + 2

Figure 5.1: The structure of the Mostowski hierarchy

accept an infinite tree. In a setting where we allow finite and infinite trees,
a language would be (1, 1)-feasible iff it is a regular language of finite trees.

The Mostowski hierarchy does not only exist for PTAs, i.e., nondeter-
ministic parity automata on infinite trees, but for all kinds of underlying
automata that use a parity acceptance condition, and is known to be strict
in most cases: for deterministic automata on infinite words and trees [125],
for nondeterministic automata on infinite trees [91], and for alternating au-
tomata on infinite trees [15, 71] (see also [5]). For nondeterministic au-
tomata over infinite words the hierarchy is easily seen to collapse to the
Büchi level (1, 2) because Büchi automata recognize all regular languages of
infinite words. In the case of alternating automata on infinite words it even
collapses to the intersection of the levels (0, 1) and (1, 2) (see [88, 74, 68]).

Since we are interested in the hierarchy for PTAs, we use the term
Mostowski hierarchy in the following to refer to this case. The problem
that we study in this chapter is the problem of deciding for a given regular
language of infinite trees and a level of the Mostowski hierarchy, whether
the language is on this level. Expressed in terms of [i, j]-feasibility we obtain
the following decision problem, which we call the parity index!problem:

Given: A regular tree language T , and natural numbers i < j. 1

Question: Is T [i, j]-feasible?

We have already mentioned in the introduction to this chapter that sev-
eral partial results on this problem have been obtained by restricting the
types of languages that are allowed as input to the problem. In the simplest
case, the language T is a path language. For a given language L of infinite
words the path language Path(L) of L is the set of all trees t such that the

1As explained before we can always assume that i ∈ {0, 1}.
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label sequence along each branch of t yields a word in L. In [67] it is shown
that Path(L) can be accepted by a (nondeterministic) Büchi tree automaton
iff L can be accepted by a deterministic Büchi word automaton. This result
has been generalized in [93] to the full hierarchy of deterministic parity word
automata: Path(L) can be accepted by a (nondeterministic) PTA of index
[i, j] iff L can be accepted by a deterministic parity word automaton of in-
dex [i, j]. Therefore, to solve that parity index problem for path languages
it suffices to solve the parity index problem for deterministic parity word
automata. In [93] it is shown that for a given deterministic parity word au-
tomaton one can compute in polynomial time its location in the Mostowski
hierarchy of deterministic word languages. This result was obtained inde-
pendently in [24], and it also follows from [66] when applying their results
on Rabin and Streett automata to the particular case of parity automata.

A larger class than path languages is defined by deterministic top-down
PTAs. In [121] it has been shown that the parity index problem is decidable
if the input automaton A is deterministic, and (i, j) = (1, 2), i.e., it is
decidable for a given deterministic PTA if its language can also be accepted
by a nondeterministic Büchi tree automaton. This has been generalized to
arbitrary values for i and j in [94], i.e., it is decidable for a given deterministic
PTA if its language can be accepted by a nondeterministic PTA of index
[i, j].

In [86] the problem of deciding for a given deterministic tree automaton
(with Muller acceptance condition) whether its language is on a certain level
of the Borel hierarchy is studied. Since there is no direct correspondence be-
tween the levels of the Borel hierarchy and the levels of the nondeterministic
Mostowski hierarchy, this problem is of a different nature.

For the general case of nondeterministic automata the problem of de-
ciding the levels of the Mostowski hierarchy remains open and the methods
developed for the special cases cannot be generalized. We propose in this
chapter a reduction of the parity index problem to a different type of problem
for an extended automaton model that we introduce in the next section.

Before presenting the reduction we first show that we can decide the
lowest level of the hierarchy, i.e., whether a language is (0, 0)-feasible. These
are languages that are closed in the standard prefix topology on infinite trees
(see [56] for characterizations of (0, 0)-feasible languages). We consider the
following decidability result folklore and do not attribute it to a specific
paper.

Theorem 5.1 Given a PTA A it is decidable in exponential time whether
T (A) is (0, 0)-feasible.

Proof. The idea is to construct the closure of the language T (A). This
closure contains all trees t such that each finite prefix of t, i.e., an initial
part of t up to some depth n, can be extended to some tree in T (A). A
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language is (0, 0)-feasible iff it is equal to its closure. Hence, it suffices to
construct the closure and to test equivalence to decide (0, 0)-feasibility of a
language.

An automaton Acl for the closure of T (A) is constructed as follows.

1. Remove all states from A that are not productive, i.e., from which no
accepting run exists. This can be done in exponential time according
to Theorem 1.9.

2. Set the priority of all remaining states to 0.

We show that T (A) is (0, 0)-feasible iff T (A) = T (Acl). It is clear that
T (A) is (0, 0)-feasible if T (A) = T (Acl) because Acl is of index (0, 0). For
the other direction it suffices to show that T (Acl) ⊆ T (A) if T (A) is (0, 0)-
feasible because the other inclusion T (A) ⊆ T (Acl) always holds.

If T (A) is (0, 0)-feasible, then there is a PTA B of index (0, 0) with
T (A) = T (B). Let t ∈ T (Acl) and let ρ be an accepting run of Acl on t. By
construction of Acl we know that for each n there is a tree tn that is equal
to t up to depth n and that is accepted by A (take the initial part of ρ up
to depth n and add below each state at the frontier a tree accepted from
this state). Since B is equivalent to A there is for each n an accepting run
ρn of B on each tn. From the sequence of the runs ρn we can now extract
a run of B on t. Since B is of index (0, 0) this run is accepting and hence
t ∈ T (B) = T (A).

Equivalence of T (A) and T (Acl) can be decided in exponential time by
complementing A and then checking the emptiness of the intersection with
Acl. 2

By a simple reduction for the universality problem for tree automata we
can also show a lower complexity bound for the problem.

Theorem 5.2 The problem of deciding for a given PTA A whether T (A)
is (0, 0)-feasible is complete for exponential time.

Proof. We show how to reduce the universality problem for PTAs to the
problem of (0, 0)-feasibility. The universality problem for PTAs is to decide
for a given PTA A whether T (A) = T ω

Σ . This problem is complete for
exponential time already for automata on finite trees (cf. [33]).

We fix the alphabet Σ = {a, b} and let A be a PTA over Σ. Let B be a
PTA that accepts all trees for which the left subtree of the root is in T (A)
or the right subtree of the root contains infinitely many b on each branch.

We use the fact that the language of all trees containing infinitely many b
is not (0, 0)-feasible. This implies that T (B) is (0, 0)-feasible iff T (A) = T ω

Σ .
One direction of this claim is easy. If T (A) = T ω

Σ , then T (B) = T ω
Σ , and

hence T (B) is (0, 0)-feasible.
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Assume that T (A) 6= T ω
Σ and that T (B) is (0, 0)-feasible. Let B′ be a

PTA of index (0, 0) that is equivalent to B. Let t be a regular tree that is not
in T (A). Such a tree exists according to Theorem 1.12 and Theorem 1.16.
From B′ we can construct a PTA B′′ of index (0, 0) that accepts all trees in
T (B) which have t has left subtree of the root. From B′′ we can easily extract
a PTA of index (0, 0) that accepts those trees that have infinitely many b
on each path. As mentioned above, this language is not (0, 0)-feasible, a
contradiction. 2

As a final remark let us mention that Mostowski introduced parity au-
tomata (under the name of standard form automata) in [84] and showed
that they capture all regular languages. He also shows the strictness of the
parity index hierarchy (Theorem 2 of [84]) and mentions that the problem
that we refer to as parity index problem is decidable (Theorem 3 in [84]). We
would like to point out that the model originally introduced by Mostowski
is slightly different from our model: it only assigns priorities to some of the
states but no priority is assigned to two different states. One can easily
transfer our model into this one by renaming priorities but this of course
changes the hierarchy. And in the model used in [84], given a fixed interval
of priorities, there is only a bounded number of states that is relevant for
the acceptance condition, which makes hierarchy questions much simpler.

5.2 Distance parity automata

Roughly speaking, distance parity automata are parity tree automata with
additional instructions for manipulating counters. The counters are never
tested, they can only be incremented or reset to 0, and their only use is to
determine a value for a given input. Such automata have been introduced
in several papers with different terminology and notations. While the name
“distance” is borrowed from the work of Hashiguchi [50] and Kirsten [64],
we use the notation from [13] for the instructions on the counters.

Let D = {I1, R1, . . . , Ik, Rk} be a set of counter instructions, where I
stands for increment, and R for reset. Intuitively, we want to use the coun-
ters to measure the distances between some hierarchically ordered events.
For this reason we consider the following order on the instructions: I1 <
R1 < · · · < Ik < Rk.

One way to determine the value of a (finite or infinite) sequence of these
instructions is to use k counters numbered from 1 to k. When seeing Ij

the counter j is incremented and all the counters below are reset. When
seeing Rj , all the counters up to j are reset. The value of a sequence is
the supremum of all values of counters seen during this process (starting
from 0). Note that for infinite sequences this value can be infinite, which we
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denote by the value ω. This is illustrated with a few examples:

val((I1R1)
ω) = 1

val((I1I2I1I2I1R2)
ω) = 2

val((I1I2)
ω) = ω

val(I1R1I1I1R1I1I1I1R1 · · · ) = ω

An alternative way to define the value of a sequence considers all finite
factors of the given sequence and the maximal instruction on these fac-
tors. To formalize this we denote by |w|a the number of occurrences of a
in w, where w ∈ D∗ and a ∈ D. Given an infinite sequence α ∈ Dω, its
value val(α) is the supremum of |w|Ii

where w ranges over all finite fac-
tors of α such that the maximal instruction in w is Ii, and i ranges over
{1, . . . , k}. This definition is equivalent to the one using counters described
above.

We naturally extend this value from infinite sequence to infinite trees by
letting val(t) for t ∈ T ω

D be the supremum over the value of all branches

val(t) = sup{val(α) | α ∈ Dω is a branch of t}.

Based on this function we can now define our automaton model. A distance
parity tree automaton (distance PTA) D = (Q,Σ, qi, ∆, c, d) is a PTA aug-
mented with a function d : Q → D, where D is a set of ordered counter
instructions as defined above. A run ρ of D on a tree t ∈ T ω

Σ induces via the
mapping d a tree ρd ∈ T ω

D (and via the mapping c a tree ρc of priorities).
As usual we define a run ρ to be accepting if it is accepting w.r.t. the parity
condition. The value computed by D on t is defined as

D(t) = min{val(ρd) | ρ is an accepting run of D on t}.

If there is no accepting run of D on t, then the minimum from the definition
is ω.

In other words, the value of an input is the minimal value of an accepting
run on this input, where the value of a run is the supremum over the values
of all paths. Note that the value of a tree can be ω even though the tree is
accepted.

For each natural number N < ω we define the language T (N)(D) :=
{t ∈ T ω

Σ | D(t) ≤ N}. In this way D defines a non-decreasing ω-sequence of
languages, i.e., an ω-chain of languages. It is easy to observe that for each
N , T (N)(D) is a regular language: For a fixed N the counters can be coded
in the states of the automaton. This construction gives a parity automaton
of index [i, j] for T (N)(D). Hence, we define the parity index of a distance
PTA to be the parity index of the underlying parity condition. From the
above explanation we easily conclude the following.

Remark 5.3 Given a distance PTA D of parity index [i, j] and a natural
number N , the language T (N)(D) is [i, j]-feasible.
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For automata on finite words as considered in [64], the value for all
accepted inputs is finite, and it is ω for all inputs that are not accepted.
In this setting, the limitedness problem is the question whether there is a
bound on the values of the accepted words. On infinite trees (also on infinite
words) there is a new phenomenon: the value of an accepted input can be
ω as well. In that sense, a distance PTA has two ways of rejecting an input:
by the parity condition or by value ω. In this situation, the limitedness
problem in its above formulation becomes less interesting. However, the
general question we are interested in is still whether a given distance PTA
is bounded on a certain set. In the above formulation of the limitedness
problem this set is implicitly defined by the given automaton itself. Here
we provide this set as an extra input to the problem. To distinguish it from
the original limitedness problem we call it the uniform inclusion problem:

Given: A distance PTA D and a regular tree language T .

Question: Does there exists N with T ⊆ T (N)(D)?

If the inclusion T ⊆ T (N)(D) holds for some N , then we say that T is
uniformly included in D. It is obvious why we call this problem an inclusion
problem. We call it uniform inclusion problem because we are looking for
a uniform bound on the values of the trees in T (instead of just asking
whether each tree in T has a finite value). A special case of this problem
is the uniform universality problem, where the language T is the set of all
trees. This can be formulated in the following way:

Given: A distance PTA D (over alphabet Σ).

Question: Does there exists N with T (N)(D) = T ω
Σ ?

It is clear that the uniform universality problem is a special case of the
uniform inclusion problem. But we can also give a reduction in the other
direction.

Proposition 5.4 The uniform inclusion problem can be reduced to the uni-
form universality problem.

Proof. Let D be a distance PTA and T be a regular language given by some
PTA A. We want to construct a distance PTA D′ such that D′ is uniformly
universal iff T ⊆ T (N)(D) for some N .

Let A′ be a PTA for the complement of T . We turn A′ into a distance
PTA by assigning to each state some reset for the counter instructions used
in D. Hence, A′ computes value 0 for each input tree it accepts. Now take
the disjoint union of A and D and obtain D′. It follows that

D′(t) =

{

D(t) if t ∈ T

0 otherwise

Hence, D′ is uniformly universal iff T ⊆ T (N)(D) for some N . 2
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5.3 Reduction to uniform universality

In this section we describe how to reduce the problem of deciding the parity
index problem (whether a regular tree language is [i, j]-feasible) to the prob-
lem of deciding the uniform universality of a distance parity automaton. We
fix a regular language T and an interval [i, j] of natural numbers, i.e., an
instance of the parity index problem.

The general idea is to construct a generic distance PTA that “opti-
mizes” the runs of a PTA for T by mapping the priorities to the interval
[i, j]. This optimization is only possible if the PTA for T has some good
properties. Here we rely on the results presented in Section 4.3. Accord-
ing to Theorem 4.7 there exists a guidable PTA A = (QA, Σ, qi

A, ∆A, cA)
with T (A) = T . Let P ⊆ N be the interval of priorities that A is using, i.e.,
cA : QA → P .

The technical core of the reduction consists in constructing a distance
PTA DP

i,j of parity index [i, j] reading P -trees such that:

(Correctness) For all P -trees t, if DP
i,j(t) < ω then t is accepting (stated

in Lemma 5.6).

(Completeness) If T is [i, j]-feasible, then there exists N < ω such that for
all trees t ∈ T , there is an accepting run ρ of A on t with DP

i,j(cA(ρ)) ≤
N (stated in a more general form in Lemma 5.7).

Then we can cascade the automata DP
i,j and A into a single one de-

noted D: this automaton guesses a run of A and applies the automaton DP
i,j

on the coloring of this run. The priority and distance mappings are inher-
ited from DP

i,j (this corresponds to a standard cascade or series composition
of automata as it can be found, e.g., in Chapter 8 of [3]). This resulting
distance PTA D is such that

• T (N)(D) ⊆ T for all N (correctness), and

• T ⊆ T (N)(D) for some N iff T is [i, j]-feasible (completeness).

Hence, to decide the [i, j]-feasibility of T it suffices to decide the uniform
inclusion problem for D and T . From this and Proposition 5.4 we directly
get the main result of this chapter.

Theorem 5.5 The problem of deciding the [i, j]-feasibility of a regular tree
language is reducible to the uniform universality of distance PTAs.

We now describe the automaton DP
i,j in detail. Intuitively, DP

i,j maps
each priority in P to a priority in [i, j]. When reading a priority k ∈ P it
“outputs” the priority associated to k. To implement this idea, the main
objects used by DP

i,j are partial mappings from P to [i, j] (for technical

89



Chapter 5 · The parity index problem

reasons we allow some priorities to be undefined). To ensure correctness
of DP

i,j (in the sense mentioned above), these mappings have to respect
some conditions. First of all, odd priorities of P should be mapped to odd
priorities of [i, j]. Second, the ordering of the priorities should be respected
in the following sense: the image of every odd priority is required to dominate
the image of all even priorities below it.

Formally, let S be the set of partial mappings s : P → [i, j] such that for
all k for which s(k) is defined:

1. If k is odd, then s(k) is odd.

2. If k is even, then for all odd l > k such that s(l) is defined, s(l) ≥ s(k).

The transitions of DP
i,j allow to change the mapping s in a safe way. It is

not very difficult to observe that on reading priority k ∈ P , DP
i,j can safely

change the values for P -priorities strictly below k. Additionally, we also
allow a bounded number of arbitrary changes of the values. This bound is
not fixed a priori and is controlled by the distance condition.

We now proceed to the formal definition of the distance PTA DP
i,j =

(S × P × S, P, SI , δ, c, d). For simplicity we use a set of initial states.

• The set of initial states is SI = {〈s⊥, k, s〉 | s ∈ S, k ∈ P}, where s⊥
is the mapping that is undefined everywhere.

• For all s′, s, s0, s1 ∈ S, k, k0, k1 ∈ P we allow the transition

(

〈s′, k, s〉, k, 〈s, k0, s0〉, 〈s, k1, s1〉
)

.

In fact, every transition is allowed, provided that the first component
of the states at the successors is equal to the last component of the
state at the parent node, and the second component of a state at some
node is equal to the label of the P -tree at this node. As a consequence,
a run of DP

i,j on a given input tree is completely determined by the
tree and the last components of its states.

• The priority mapping c : S → {i, . . . , j} is defined by

c(〈s′, k, s〉) =

{

s(k) if s(k) is defined,

i if s(k) is undefined.

• Each priority k ∈ P induces two counter instructions, a reset and
an increment, where the reset induced by k is below the increment
induced by k. If we assume that P contains priorities from m to n
(with m < n), then the counter instructions are Rm−1 < Im < Rm <
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Im+1 < · · · < Rn−1 < In, and we let D be the set containing these
instructions. The mapping d : S → D is defined by

d(〈s′, k, s〉) =







Rk−1 if s(k) is defined and s′(l) = s(l) for all l ≥ k
Ik if s(k) is undefined and s′(l) = s(l) for all l ≥ k
Il for the maximal l with s′(l) 6= s(l) otherwise.

We now establish that DP
i,j satisfies the correctness condition mentioned

at the beginning of this section.

Lemma 5.6 (correctness) For all P -trees t, if DP
i,j(t) < ω then t satisfies

the parity condition of P on each branch.

Proof. Let t be a P -tree and let ρ be a run of DP
i,j on t. Consider a branch

π and let k be the maximal P -priority that appears infinitely often on π in
t. We show that if k is odd, then either π is rejecting in ρ for the parity
condition, or π has value ω.

In the following, the s-value of a priority in P refers to the value it is
mapped to by the sates of DP

i,j . An immediate consequence of the definition
of d and the choice of k is that Rk−1 is the maximal reset that can occur in-
finitely often on π in ρ. Hence, if the s-value of some l ≥ k changes infinitely
often along π, then Il occurs infinitely often along π and the value of π is ω.
Otherwise, the s-value of k becomes stable eventually on π. This value is
odd because k is odd (property 1 in the definition of S), and furthermore it
is bigger than the s-values of the smaller even priorities (property 2 in the
definition of S). Hence, the maximal priority assumed infinitely often in ρ
along π is odd and thus π is rejecting in ρ. 2

Note that this correctness is a generic property of DP
i,j that does not

depend on the automaton A.
The statement of the following lemma is more general than the statement

needed for the completeness. It shows that each [i, j]-feasible sublanguage
of T is uniformly included in D (the cascade of A and DP

i,j). If T itself is
[i, j]-feasible this gives the desired completeness argument.

Lemma 5.7 (completeness) For every [i, j]-feasible language T̂ ⊆ T there
exists N ∈ N such that for all trees t ∈ T̂ there exists an accepting run ρ
of A over t with DP

i,j(cA(ρ)) ≤ N .

The remainder of this section is devoted to the proof of Lemma 5.7. Let
B = (QB, Σ, qi

B, ∆B, cB) be some parity automaton of index [i, j] such that
T (B) ⊆ T .

Our aim is to show that there exists N such that for all trees t ∈ T (B)
there is an accepting run ρA of A over t with DP

i,j(cA(ρA)) ≤ N . Here we use
that A is guidable and therefore there is a mapping g such that (B, g) guides
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A. From an accepting run ρB of B we can use g to obtain an accepting run
ρA := g(ρB) of A. The run ρB only uses priorities from i to j and we exploit
this fact to construct a run of DP

i,j on ρA that is accepting and has bounded
cost. At the end of this construction we establish Lemma 5.16 providing the
bound. From this we directly obtain Lemma 5.7.

We first need some more definitions. Let t ∈ T (B) and as indicated above
let ρB be an accepting run of B on t, and let ρA := g(ρB) be the induced
guided run of A. First To simplify notation, for a position x ∈ {0, 1}∗ we
write cA(x) and cB(x) to denote the respective priorities of the states in the
runs ρA and ρB at position x, i.e., cA(ρA(x)) and cB(ρB(x)).

Let y, z ∈ {0, 1}∗ be two nodes with y ⊏ z. For ℓ ∈ [i, j] we say that
(y, z) is an ℓ-loop if

• ρA(y) = ρA(z),

• ρB(y) = ρB(z) =: q ∈ QB with cB(q) = ℓ, and

• cB(x) ≤ ℓ for all x with y ⊏ x ⊏ z.

An ℓ-loop is a loop for A and B (in the sense that they are in the same state
at the entry and the exit), and the B-priority ℓ at the entry and exit is the
maximal one on the loop.

We say that an ℓ-loop (y, z) is dominated by a priority k ∈ P (a priority
of A) if k is the highest A priority appearing in the loop (z excluded), i.e.,
if

k = max{cA(x) : y ⊑ x ⊏ z}.

The following lemma is easy to prove but it is the central reason why we
use guidable tree automata. It basically states that an accepting loop of B
has to be dominated by an accepting priority of A.

Lemma 5.8 Let (y, z) be an ℓ-loop dominated by k. Then k is even if ℓ
even.

Proof. Assume that ℓ is even. The proof is a simple pumping argument. Let

ρ
[y,z)∗

B be the run obtained from ρB by iterating the part between y and z.

Formally, let u ∈ {0, 1}∗ be such that z = yu. Then ρ
[y,z)∗

B is defined by

ρ
[y,z)∗

B (x) =

{

ρB(x) if y 6⊑ x,

ρB(yv) if x = yunv for some n ≥ 0 and v with u 6⊑ v.

Because ρB(y) = ρB(z) this indeed defines a run of B, namely on the tree

t[y,z)∗ (which is defined in the same way). Furthermore, ρ
[y,z)∗

B is accepting
because the maximal priority seen on the branch yuω is ℓ. All the other

infinite branches in ρ
[y,z)∗

B correspond from some point onwards to a branch
in ρB and are therefore accepting.
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Now consider g(ρ
[y,z)∗

B ). Because g only locally translates the transitions
of B into transitions of A, and because ρA(y) = ρA(z), one can observe that

g(ρ
[y,z)∗

B ) = (g(ρB))[y,z)∗ = ρ
[y,z)∗

A , i.e., applying g to ρ
[y,z)∗

B yields the same
as applying g to ρB and then iterating the loop (y, z).

In ρ
[y,z)∗

A the highest priority seen infinitely often on the branch yuω is k.

As ρ
[y,z)∗

B is accepting, ρ
[y,z)∗

A must also be accepting and therefore k must
be even. 2

Having established this connection between priorities of A and B on
loops, we now start the construction of an accepting run of DP

i,j on cA(ρA).

Recall that the runs of DP
i,j are in one-to-one correspondence with mappings

that assign to each node an element of S. We are now going to specify such
a mapping that associates to each node x ∈ {0, 1}∗ an element sx ∈ S and
show that it defines an accepting run of DP

i,j on ρA.

The essential idea is the following: In an ℓ-loop we map (more precisely
the elements of S used by the run in the loop map) the highest priority for
A on this loop (i.e., the priority dominating this loop) to the highest priority
of B on this loop (i.e., to ℓ). Then Lemma 5.8 ensures that we indeed map
odd priorities of A to odd priorities of B. To make this simple idea work we
have to tune the definitions a bit.

We say that a position x is covered by k in an ℓ-loop (y, z) if this loop is
dominated by k, and there is an x′ with y ⊑ x′ ⊑ x ⊏ z such that cA(x′) = k.
That is, a position with priority k has to appear before x in the loop. We
just say that x is covered by k if it is covered by k in some ℓ-loop.

We let

covx(k) = max{ℓ ∈ [i, j] | x is covered by k in an ℓ-loop}

where the maximum is undefined in case x is not covered by k.

We intend to derive the mappings sx in the run of DP
i,j from covx. We

have to take care that we satisfy the conditions imposed on the elements in
S (see page 90). This is handled by the next lemma.

Lemma 5.9 The function covx is nondecreasing (over its domain). Fur-
thermore, for all k such that covx(k) is defined, covx(k) is odd if k is odd.

Proof. Let k < k′ be such that covx(k) = ℓ and covx(k′) = ℓ′ are defined.
By definition, x is k-covered in some ℓ-loop (y, z) and k′-covered in some
ℓ′-loop (y′, z′). As (y, z) is k-dominated and k < k′ we conclude that no
position inside (y, z) can have priority k′. This implies that y′ ⊏ y ⊑ x ⊏ z′.
Since (y′, z′) is an ℓ′-loop, ℓ′ is the highest B-priority on (y′, z′) and in
particular ℓ = cB(y) ≤ ℓ′.

The second statement is a direct consequence of Lemma 5.8. 2

93



Chapter 5 · The parity index problem

Using covx we now define sx : P → [i, j] as follows:

sx(k) =

{

⊥ if covx(k) is undefined,

max{ℓ ≤ covx(k) : ℓ = i or ℓ ≡ k (mod 2)} otherwise.

Note in this definition the special treatment of the priority i to prevent the
use of the disallowed value i − 1. Note also that sx(k) = covx(k) if both
values have the same parity (which is in particular the case if k is odd,
see Lemma 5.9). If the two values are of different parity, then sx(k) =
covx(k) − 1.

A very important thing to remark is that, though covx is monotonic over
its domain, this is not the case for sx: Consider, e.g., the case covx(2) =
covx(1) = 1. This mapping is monotonic, but we get sx(2) = 0 and sx(1) =
1, which is not monotonic (and this case can happen for real). That is why
condition 2 in the definition of S is weaker than monotonicity.

Lemma 5.10 For each x, the mapping sx belongs to S.

Proof.

1. If k is odd, then covx(k) is odd (Lemma 5.9). The second line in the
definition of sx has to be taken, and hence sx(k) = covx(k) is odd.

2. Let k′ > k, k′ odd such that sx(k) and sx(k′) are defined. From the
definition of sx, sx(k) ≤ covx(k). Still from the definition, and by
Lemma 5.9, sx(k′) = covx(k′) is odd. Furthermore by Lemma 5.9,
covx(k′) ≥ covx(k). Hence sx(k′) = covx(k′) ≥ covx(k) ≥ sx(k). 2

Thus, we have assigned to each node x some sx ∈ S, defining a unique
run ρDP

i,j
of DP

i,j on cA(ρA). It remains to show that this run of DP
i,j is

accepting and that its value is bounded by some N that can depend on A
and B but not on the specific run under consideration (nor the underlying
tree). Our first step is to show that ρDP

i,j
is accepting for the parity condition.

Lemma 5.11 The run ρDP
i,j

is accepting for the parity condition.

Proof. Recall that the priority function of DP
i,j is defined as

c(〈s′, k, s〉) =

{

sx(k) if s(k) is defined,

i if s(k) is undefined.

This means that the priority assumed by ρDP
i,j

is sx(cA(x)) if defined, and i

otherwise.
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Figure 5.2: Illustration of Lemma 5.12 (on the left) and Lemma 5.13 (on
the right)

Take a branch π and let k and ℓ be the maximal priorities in ρA and ρB,
respectively, that appear infinitely often on this branch. Both k and ℓ are
even since ρA and ρB are accepting. Then there is a suffix π′ of π on which k
and ℓ are the maximal priorities of A and B, and furthermore each position
on π′ is k-covered in some ℓ-loop. Then covx(k) ≥ ℓ by definition of covx(k).
Since k is even, sx(k) is the maximal even priority below covx(k). Since ℓ
is even we conclude sx(k) ≥ ℓ. This priority sx(k) is seen infinitely often
on π′. It remains to show that no higher odd priority is seen infinitely often.

Assume that x is a node on π′ such that cA(x) = k′ and sx(k′) = n is
odd. Two cases can happen. Either n = i is odd, and in this case n < ℓ,
a contradiction. Otherwise, by definition of sx we obtain that k′ is odd.
Because k is the maximal priority on π′ and k is even, we get k′ < k. Since
sx(k′) = n is defined, k′ dominates some n-loop (y′, z′). By the choice of
π′ we know that x is also k-covered in an ℓ-loop (y, z). Because (y′, z′) is
dominated by k′ and not by k we conclude that y ⊏ y′ ⊑ x. Thus, n ≤ ℓ
(definition of an ℓ-loop). And for parity reasons, we get n < ℓ. Hence, all
odd priorities of ρDP

i,j
on π′ are smaller than sx(k). 2

We now turn to the distance value. Recall that each k ∈ P induces
a reset Rk−1 and an increment Ik. We want to show that there is an N
such that for each k the number of times that Ik occurs without any Ik′

or Rk′−1 for k′ > k in-between is bounded by N . We start by presenting
Lemmas 5.12 and 5.13 that are concerned with the evolution of the value
of sx(k) when x changes. The statements of the two lemmas are illustrated
in Figure 5.2. They show that the value of sx(k) cannot increase along a
path under certain conditions. Hence we know that if this value changes,
which causes an increment Ik, then it can only decrease (under the conditions
specified in the lemmas). This can only happen a bounded number of times
often and is the basis for finding the desired bound N .

In the following we always assume that the value “undefined” is smaller
than all other values.
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Lemma 5.12 Let x ⊏ x′ be such that cA(u) 6= k for all x ⊑ u ⊑ x′. Then
sx(k) ≥ sx′(k).

Proof. If sx(k) = sx′(k), then the claim holds. So assume that sx(k) 6=
sx′(k).

If sx(k) is undefined, then x′ is k-covered in an ℓ′-loop (y′, z′) in which
x is not k-covered (or that does not even contain x). Then the position
k-covering x′ must be between x and x′, contradicting the assumption that
cA(u) 6= k for all x ⊑ u ⊑ x′. Hence sx(k) must be defined. If sx′(k) is
undefined, then the claim obviously holds.

Let ℓ = covx(k) and ℓ′ = covx′(k). Then x is covered by k in an ℓ-loop
(y, z) and x′ is covered by k in an ℓ′-loop (y′, z′). Assume that ℓ′ > ℓ. Then
y′ cannot be between y and z since this would contradict the fact that (y, z)
is an ℓ-loop. If y′ is above y, then x would also be k covered in the ℓ′-loop
(y′, z′) and hence covx(k) ≥ ℓ′. If y′ is below y, then it has to be below
x because otherwise it would be between y and z. But then the position
covering x′ in the loop (y′, z′) must be between x and x′, contradicting the
assumption that cA(u) 6= k for all x ⊑ u ⊑ x′.

We obtain that covx(k) ≥ covx′(k), and because sx(k) 6= sx′(k) implies
that covx(k) 6= covx′(k) we have covx(k) > covx′(k). Hence we get sx(k) ≥
covx(k) − 1 ≥ covx′(k) ≥ sx′(k). 2

Lemma 5.13 Let (y, z) be a k-dominated ℓ-loop and x ⊏ x′ positions that
are k-covered in (y, z). Then sx(k) ≥ sx′(k).

Proof. Assume that sx(k) < sx′(k). Then x′ must be k-covered in an ℓ′-loop
(y′, z′) with ℓ′ > ℓ such that x is not k-covered in this ℓ′-loop. From ℓ′ > ℓ,
we deduce that y′ cannot be between y and z and hence y′ ⊏ y. But then x
is also k-covered in (y′, z′) because it is in (y, z). 2

Based on these properties we now want to bound the number of each
Ik without intermediate occurrences of higher counter instructions. By d(x)
we denote the counter instruction at node x in the run ρDP

i,j
, i.e., d(x) =

d(〈su, cA(x), sx〉 where u is the parent node of x (see the definition of the
distance function d of DP

i,j on page 91).

Let β be a finite segment of a branch such that max{d(x) | x ∈ β} = Ik,
i.e., Ik is the maximal counter instruction occurring on this segment. By
‘segment of a branch’ we mean that β is linearly ordered, and x, x′ ∈ β with
x ⊏ x′ implies that u ∈ β for all x ⊏ u ⊏ x′. Let Xk = {x ∈ β | d(x) = Ik}
be the positions on β with counter instruction Ik. We want to find a uniform
bound on the size of Xk. We order the positions in Xk as x1 ⊏ · · · ⊏ x|Xk|.
Our goal is to prove that |Xk| is bounded by a value that depends solely
on A and B but not on the runs or the input tree. We first prove a bound for
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segments inside ℓ-loops in the following lemma. The general case is treated
in Lemma 5.15.

Lemma 5.14 Let (y, z) be an ℓ-loop with y, z ∈ β. There cannot be more
than 2(j − i + 2) elements from Xk between y and z .

Proof. We show the claim of the lemma by considering two parts of the loop.
The first part is an initial segment that only contains cA-values smaller than
k. We show that on both parts the s-values assigned to the positions in Xk

by DP
i,j must strictly decrease, which can only happen j − i + 1 times.

Let x with y ⊑ x ⊏ z be such that cA(u) < k for all y ⊑ u ⊏ x. Consider
two positions xm, xm+1 of Xk with y ⊑ xm ⊏ xm+1 ⊏ x. We show that
sxm(k) 6= ssm+1

(k) and then apply Lemma 5.12. Because the positions in
Xk are those with distance value Ik and because Ik is the maximal distance
value on β, we know that the s-value of k can only change at positions in Xk.
Furthermore, by the choice of x, cA(xm) < k and cA(xm+1) < k. Hence,
the only way to obtain distance value Ik is a change of the s-value for k.
We conclude that sxm(k) 6= sxm+1

(k) and by Lemma 5.12 that sxm(k) >
sxm+1

(k). There can be at most j − i + 1 such decreases. Thus, if (y, z)
contains more than j − i + 2 positions from Xk, we can choose x such that
cA(x) = k and the part between y and x contains at most j− i+2 positions
from Xk. All the positions from Xk that are between x and z are thus k-
covered (no priority higher than k can occur in β because cA(x) > k implies
that d(x) > Ik). Hence, we can use Lemma 5.13 to infer that the values
assigned to these Xk positions by DP

i,j cannot increase. They even strictly
decrease because all positions are k-covered, and thus the only way to obtain
distance value Ik is a change of the s-value of k. Thus, on the second part
of the loop (y, z) there can also be at most j − i + 2 positions from Xk. 2

Finally we can give a bound in all cases.

Lemma 5.15 |Xk| ≤ (2(j − i + 2)|QA||QB| + 1)j−i+1.

Proof. Let ℓ = max{cB(x) | x ∈ β} be the maximal B-priority on β. For
each m ∈ {1, . . . , |Xk| − 1} let ℓm = max{cB(x) | xm ⊏ x ⊑ xm+1}. Assume
that ℓ appears more than 2(j − i + 2)|QA||QB| times among the ℓm. Then
there are two positions y′, z′ in β that form an ℓ-loop such that this ℓ-
loop contains more than 2(j − i + 2) positions from Xk. This contradicts
Lemma 5.14. Thus, there are at most 2(j − i + 2)|QA||QB| of the ℓm that
are equal to ℓ.

If ℓ = i, then this implies that |Xk| is bounded by 2(j−i+2)|QA||QB|+1.
For ℓ = i + h with h > 0, we can split β in at most 2(j − i + 2)|QA||QB|+ 1
pieces on which the maximal B-priority is less than ℓ. By induction hypoth-
esis, each of these pieces contains at most (2(j−i+2)|QA||QB|+1)h elements
from Xk. In total we get that |Xk| ≤ (2(j − i + 2)|QA||QB| + 1)j−i+1. 2
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Putting together Lemma 5.11 and Lemma 5.15, we obtain the following.

Lemma 5.16 val(ρDP
i,j

) ≤ (2(j − i + 2)|QA||QB| + 1)j−i+1.

Summing up, there is an N such that for each tree t ∈ T (B) we can find
a run ρA of A on t and a run ρDP

i,j
on cA(ρA) such that ρDP

i,j
is accepting

(Lemma 5.11), and val(ρDP
i,j

) ≤ N (Lemma 5.16). This concludes the proof

of Lemma 5.7 and thus of Theorem 5.5.

5.4 Discussion

In this chapter we have shown that we can reduce the parity index problem
to the uniform universality problem for distance PTAs. Unfortunately, we
have to leave open the question whether the latter problem is decidable.
But we would like to point out that the problem is decidable for models of
distance automata on finite words, infinite words, and finite trees. For finite
words it has been solved by Kirsten in [64] in the context of deciding the
star-height of regular languages. For infinite words the decidability can be
derived from results in [13] on hierarchical B- and S-automata. In [2] the
uniform universality problem has been solved for finite and infinite words
for the case that the counters are not ordered, i.e., the instructions Ij and
Rj only manipulate the counter number j.

The reason why it is difficult to lift these results to trees is that the tech-
niques for solving the limitedness or uniform universality problem on words
use algebraic methods and factorizations of sequences. The semantics of
the automaton is captured by a semigroup and all computations are carried
out in this algebraic object. For tree automata there is no corresponding
algebraic object to capture its behavior. Nevertheless, the results on the
decidability of the star-height of regular languages are lifted to finite trees
in [31]. To be able to use algebraic methods, the tree automaton is first
converted into a special form that almost behaves like a word automaton
and therefore can be captured by a semigroup. This special form of au-
tomata is called purely nondeterministic in [31]. A purely nondeterministic
automaton can only send a state to one of the successors instead of both
successors. The other subtree is not considered in the run. Thus, each run of
such an automaton corresponds to a path. Obviously, this is a rather strong
restriction and hence it might be surprising that it is possible to convert
each automaton into a purely nondeterministic one. But the transforma-
tion does not result in an equivalent automaton, it only preserves uniform
universality.

The technique used in the transformation is based on games. In Chap-
ter 1 we have seen that acceptance of a tree by an automaton can be cap-
tured by a membership game (see Lemma 1.14). This also works in the
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setting of finite trees, with the only difference that the resulting game is of
finite duration and the last state of the game determines the winner. The
key argument for the transformation is a positional determinacy result for
membership games that result from distance automata on finite trees. This
allows to annotate trees with strategies (in a similar way as presented in
Section 1.4). The strategy annotation determines at each node in the tree
for each chosen transition of the original automaton a direction in the tree,
and the state that is finally reached at the leaf determines the winner of the
game. Hence, to check if a strategy is winning on a particular run of the
original automaton, it suffices to check a single path. This can be done by
a purely nondeterministic automaton.

To lift this technique to infinite trees a positional (or finite memory)
determinacy result for distance parity conditions is needed. It turns out
that the presence of the parity condition makes the problem much harder.
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Chapter 6

Finite set interpretations on

trees

In Section 2.4 we have introduced finite set interpretations as a method for
constructing structures with decidable FO-theory from structures with de-
cidable WMSO-theory (see Proposition 2.10). This is a very strong method
that already allows to construct structures like (N, +) and (N, ·) from the
very basic trees t1 and t2. In fact, from these two trees we already obtain the
classes of all automatic and tree-automatic structures as we have explained
in Section 2.5. The power of finite set interpretations makes it difficult to
obtain results for the general case where such interpretations are applied to
arbitrary structures. For this reason, in this chapter we only consider the
special case of finite set interpretations applied to deterministic trees. This
restriction can be justified in two ways. The first justification is that on trees
there are specific tools suitable for treating WMSO questions, namely tree
automata. The second justification is that the main interest in finite set
interpretation is the construction of structures with decidable FO-theory
using Proposition 2.10. If Seese’s conjecture [109] holds, stating that all
structures of decidable WMSO theory are WMSO-interpretations of trees,
then the only structures that we can prove to have a decidable FO-theory
using Proposition 2.10 are finite set interpretations of trees (for recent work
on Seese’s conjecture see [37]).

We give here two results concerning finite set interpretations applied to
deterministic trees. The first one shows that finite set interpretations on de-
terministic trees followed by a quotient are simply finite set interpretations
(Theorem 6.2). The second result (Theorem 6.5) concerns finite set interpre-
tations producing powerset lattices when applied to trees. We demonstrate
the use of Theorems 6.2 and 6.5 by showing some non-definability results,
the strictness of the hierarchy mentioned above, and a result on intrinsic
definability of relations related to similar questions studied for automatic
structures (cf. [7]).
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6.1 Notations and terminology

The trees introduced in Section 1.3 always have the full domain {0, 1}∗. In
this chapter we consider trees t that can have finite branches, i.e., whose
domain dom(t) is a prefix closed subset of {0, 1}∗.

Of course it is possible to code such trees by a tree over the full domain
by adding a new label, say ⊥, and labeling all nodes outside of dom(t) by
⊥. But when applying interpretations to trees to generate new structures,
it makes a difference whether we consider a tree over smaller domain or its
coding over the full domain: Applied to the coding over the full domain
interpretations are more powerful because they can access the elements that
are not in the domain of the original tree. Consider, for example, the tree
t1 corresponding to the natural numbers with successor. In Section 2.5
we have seen that finite set interpretations can generate exactly the word-
automatic structures from t1, whereas from t2 all tree-automatic structures
can be generated. Hence, coding t1 by a corresponding labeling of t2 makes
a difference concerning the class of structures that can be generated by finite
set interpretations.

However, for technical reasons we assume that each node u of dom(t)
has either two successors or no successor. We use this restriction to keep the
notations and definitions for automata running on these trees simple. All
the results can also be transferred to the setting without this restriction.

We have to adapt the model of tree automaton to be able to deal with
leafs in the tree. This is achieved by adding a new type of transitions to
the transition relation. The transition relation of a parity tree automaton
(PTA) A = (Q,Σ, qi, ∆, c) is now of the form ∆ ⊆ (Q×Σ×Q×Q)∪(Q×Σ).

A run of A on a tree t is a mapping ρ : dom(t) → Q such that

• (ρ(u), t(u), ρ(u0), ρ(u1)) ∈ ∆ for all inner nodes u of dom(t), and

• (ρ(u), t(u)) ∈ ∆ for all leaves u of dom(t).

A run is accepting if the parity condition is satisfied an all infinite branches
of t (see Section 1.3, page 21).

We are interested here in automata running on a fixed underlying tree
t : dom(t) → Σ with additional markings representing (tuples of) subsets
of its domain. To mark a certain subset U of dom(t) we can put additional
labels on the tree. This definition is similar to the one of characteristic tree
of a set (see page 21) with the difference that we now start from a labeled
tree and put additional labels to code the set (the characteristic tree only
had labels for coding the set).

Formally, the tree t annotated by U is the tree with the same domain as
t and labels from Σ × {0, 1}, where a node u is labeled by the pair (t(u), 0)
if u /∈ U and (t(u), 1) if u ∈ U . In the same way one can also annotate a
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tree with tuples of subsets of its domain using a separate {0, 1}-component
for each set.

If t is fixed and U1, . . . , Un are subsets of dom(t), then we say that an
automaton accepts the tuple (U1, . . . , Un) if it accepts t with the additional
labelings corresponding to the tuple (U1, . . . , Un) as explained above. If
we consider all the tuples accepted by an automaton, we obtain a relation
over the subsets of dom(t). We call this relation the relation recognized or
accepted by the automaton.

We write (t, U1, . . . , Un) for the tree that is annotated with U1, . . . , Un.
A WMSO-formula with free set variables X1, . . . , Xn also defines a rela-

tion over the subsets of dom(t). Throughout the paper we make use of the
fact that for each WMSO-formula one can construct a PTA that for each
tree accepts precisely those relations that are defined by the formula. In
comparison to Theorem 2.1 there are some differences: We now use WMSO
instead of MSO, and we consider trees that can have finite branches. Since
we are only interested in the translation of formulas into automata, the
use of WMSO does not pose any problems because on deterministic trees
each WMSO-formula can be translated into an equivalent MSO-formula and
hence we are only talking about a subset of MSO. The use of more general
trees is not problematic because in the standard inductive translation of
formulas into automata one can easily handle trees with finite branches.

Because this result can be obtained by minor variations of the arguments
for proving Theorem 2.1 we also attribute it to [102].

Theorem 6.1 ([102]) For each WMSO-formula φ there is a PTA A such
that for each tree t the relation over subsets of dom(t) defined by φ is the
same as the one accepted by A.

6.2 Quotient structures

We show here that if a structure is finite set interpretable in a determinis-
tic tree containing a symbol interpreted as a congruence on the structure,
then it is possible to directly obtain the quotiented structure by a finite set
interpretation.

A congruence on a structure S is an equivalence relation ∼ such that
for every symbol R of arity n and all elements x1, . . . , xn, y1, . . . , yn of S:
if x1 ∼ y1, . . . , xn ∼ yn, then RS(x1, . . . , xn) iff RS(y1, . . . , yn). We say
that a symbol is a congruence if its interpretation in the structure is a
congruence. For a congruence ∼ over a structure S, we denote by S/∼ the
quotient structure, i.e., the structure which has as elements the equivalence
classes of ∼, and the relations of which are the images of the relations on S
under the canonical surjection induced by ∼: If we denote the equivalence
class of an element x of S by [x]∼, then the relation RS/∼ contains all the
tuples ([x1]∼, . . . , [x|R|]∼) such that (x1, . . . , x|R|) ∈ RS .
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Note that the operation of quotienting preserves the decidability of the
FO-theory: Given an FO-formula on the structure S/∼ we can transfer it to
a formula on S by replacing all atomic formulas of the kind x = y by x ∼ y
and all formulas of the form x 6= y by x 6∼ y.

For this reason we may wonder if constructing a structure by a finite set
interpretation followed by a quotient is more powerful than solely using a
finite set interpretation. Theorem 6.2 below shows that it is not the case
when the original structure is a tree. A tempting approach to show such a
result would be to select one representative from each equivalence class of
∼ by means of a WMSO-formula. This would require to choose from each
∼-class one of the finite sets representing the elements of the ∼-classes. The
results from Chapter 3 on the undefinability of choice functions suggest that
such an approach is bound to fail.

The proof of the following theorem uses a different method to code each
equivalence class of finite sets by a single finite set.

Theorem 6.2 Given a finite set interpretation I, there exists a finite set
interpretation I ′ such that for every tree t, if the symbol ∼ is a congruence
in I(t), then I ′(t) is isomorphic to I(t)/∼.

Proof. Let t be a tree and let φ∼(X, Y ) be the formula defining the rela-
tion ∼, which evaluates to a congruence in I(t). Our aim is to associate
to each ∼-class c a single finite set Uc of nodes in a WMSO-definable way
(such that the sets for different classes are different).

We start by associating to each set a WMSO-definable description in
such a way that for sets from one class we only have finitely many different
descriptions. Then we can pick for each class the smallest of these descrip-
tions for a suitable WMSO-definable ordering.

For a ∼-class c we let its border Bor(c) be the set of all nodes u with
the following properties:

1. There is a set U ∈ c that does not contain any nodes from the subtree
rooted at u.

2. The subtree rooted at u is infinite.

The set of nodes that are not in the subtree of one of the border elements
is called the common prefix of the class c and denoted by CP (c). Note that
Bor(c) as well as CP (c) are finite sets. The common prefix can also be
obtained by taking the prefix closure of all sets in c, intersecting all these
prefix closures, and then closing the set by finite subtrees rooted in the set.
Since all members in c are finite sets, the common prefix is also finite. And
the border of c is the set of all minimal nodes that are not in the common
prefix.

We can easily construct a formula φBor (X, Z) that evaluates to true if
Z is interpreted as the border of the class of X, and a formula φCP (X, Z)
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that evaluates to true if Z is interpreted as the common prefix of the class
of X. Note that expressing that a subtree below some node is infinite can
be done in WMSO by stating that there is no finite set covering the whole
subtree.

The description of a finite set U consists of the border of its class, the
set U restricted to the common prefix of its class, and a function f that
describes the behavior of an automaton for the relation ∼ on the set U
below the border elements.

This is the only place in this chapter where we need to describe the
behavior of some automaton by means of a WMSO-formula. For nondeter-
ministic parity automata this is not possible in general (one needs full MSO
for this). But there are automata theoretic characterizations of weakly defin-
able tree languages: Rabin [103] showed that these are exactly the languages
that can be accepted by a Büchi tree automaton and whose complement can
also be accepted by a Büchi tree automaton. In [88] it is shown that weakly
definable languages are those that can be accepted by weak alternating au-
tomata. The details of the definition of weak alternating automata is not
needed for this proof. We simply use the fact that this model characterizes
the weakly definable languages.

So let A be a weak alternating automaton for the formula φ∼(X, Y ). We
are interested in the behavior of A on the tree t with additional annotations
for the sets X and Y .

Now we can specify the description of a set U that is in some ∼-class c.
It is given by the triple (Bor(c), U ∩ CP (c), f), where f is a function that
associates to each node u ∈ Bor(c) the set of states of A for which A has
an accepting run on the subtree of (t, U, ∅) rooted at u. That is, we look at
the subtree at u annotated with U and ∅. The reason is that we know that
for each node u on the border of c there exists an element U ′ of c that does
not contain any elements below this node. So the function f describes how
the automaton A behaves below u on the tree (t, U, U ′).

Note that for each class there are only finitely many descriptions possible
for its elements: The border is finite and fixed for the class, and the common
prefix of the class is finite thus only allowing finitely many different sets as
second component of the description.

We now show that if two sets U and V have the same description, then
they are in the same class. Let c be the class of U and let u1, . . . , un be the
nodes in Bor(c) below which U and V differ. We show the claim by induction
on n. If n = 0, then U and V are the same: They have the same description,
therefore the borders of their classes coincide. Hence, the common prefixes
of their classes also coincide. The only part where U and V can differ is
on the common prefixes of their classes, but the second components of the
descriptions contain exactly this information.

If n ≥ 1, then obtain the set W by changing U as follows: Remove
all nodes below u1 from U and add those of V that are below u1. Since
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u1 ∈ Bor(c), there is some set U ′ in c that does not have any nodes below
u1, and because U ′ is in c there is an accepting run ρ of A on (t, U, U ′). It
is now easy to construct an accepting run ρ′ of A on (t, W, U ′): Let t1 be
the subtree of t at u1. If ρ contains a subrun on t1 that starts in some state
q, then we substitute it by an accepting run of A from q on the subtree
corresponding to t1 in (t, V, ∅). This is legal since U ′ does not contain any
nodes below u, and W coincides with V on t1. The other parts of the run
remain unchanged since U and W coincide on the corresponding parts of the
tree. Since A accepts (t, W, U ′), we obtain that W ∼ U ′ and by transitivity
U ∼ W . This implies that W is in the same class as U . By construction of
W from U and V we can conclude that W has the same description as U
(and V ). Since W differs from V only below the nodes u2, . . . , un we obtain
by induction that W ∼ V and thus U ∼ V .

Let us remark now that a description (Bor(c), U ∩ CP (c), f) can be
encoded uniquely by a set of nodes: This set is

Bor(c) ∪ (U ∩ CP (c)) ∪ Coding(f)

where Coding(f ) contains exactly one element for each element U of the
border, and this element is located in a place uniquely describing the value
of f(u) (e.g. the leftmost node at distance g(f(u)) below u, where g is a
numbering of 2Q, the power set of the state set of A). This is possible since
the subtree rooted in u is infinite.

Note that associating to a set U the coding of its description is doable
by means of a WMSO-formula. We already mentioned that given a class c
there is only a finite number of descriptions for the elements it contains.
Hence we can choose the smallest description (for a suitable total order) as
unique representative for the class. A suitable total order can, e.g., use the
lexicographically smallest node that is in the symmetric difference of the
two sets coding the two descriptions.

We have shown that we can associate to each ∼-class a unique finite set
in a WMSO-definable way. Based on this it is not difficult to rewrite the
interpretation I to obtain I(t)/∼. 2

In combination with Proposition 2.15 we obtain the following.

Corollary 6.3 Tree-automatic structures are effectively closed under quo-
tient.

In the terminology of [9], this result is rephrased as “every tree-automatic
structure admits an injective presentation.” Let us remark that this result
is announced in [9], but unfortunately the proof proposed there contains an
unrecoverable error.
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6.3 Powerset lattices

The result presented in the previous section is a positive result in the sense
that it allows to prove that certain structures can be defined by finite set
interpretations. In this section we develop a technique that can be used
to show that it is not possible to obtain a certain structure by a finite set
interpretation from a given structure. This technique reduces the question of
finite set interpretability to a question of WMSO-interpretability. Questions
of the latter type are usually easier to handle.

Consider, for example, the question whether it is possible to obtain the
binary tree t2 by a WMSO-interpretation from t1. Using automata-theoretic
techniques it is quite easy to show that this is not possible. Now we lift this
question to the level of finite set interpretations by asking whether it is
possible to obtain the weak powerset structure PW (t2) of t2 by a finite set
interpretation from t1. Such an interpretation would have to produce the
structure of t2, and additionally all finite subsets of the domain of t2 together
with the inclusion relation. We have already seen that we can easily built t2

(even extensions of it) from t1 by a finite set interpretation (see Figure 2.3
on page 37). So it might be possible that we can use a similar coding that
allows to construct PW (t2).

On the other hand, the intuition says that we already use the power
of finite sets for coding the structure of t2, and there is no possibility to
additionally code the complex structure of the finite power set of t2. And
in fact, we show that this intuition is correct. Applied to this very spe-
cial situation, we show that if there is a finite set interpretation I such
that I(t1) = PW (t2), then there is also a WMSO-interpretation I2 such
that I2(t1) = t2. As already mentioned, the latter statement can easily be
falsified.

Our result can be applied for arbitrary trees t instead of t1 and arbitrary
structures S instead of t2. This version of the result is presented in Theo-
rem 6.5 below. The technical core of the result is given in Lemma 6.4. It
basically states that every finite set interpretation constructing a so called
finite powerset lattice from a tree can be rewritten in such a way that it
maps singleton sets of the tree to singleton sets of the lattice. Here, a finite
powerset lattice is a powerset structure with all relations but ⊆ removed.

We start by stating the main technical result and the main theorem and
variants of it. Then we turn to the proof of the technical result.

Let S be a structure of signature ¹. We say that S is a finite powerset
lattice if it is isomorphic to (PF (E),⊆) for some set E, where PF (E) rep-
resents the finite subsets of E. Such a finite powerset lattice can be seen
as a particular case of weak powerset generator applied to a vocabulary-free
structure. We call the elements corresponding to singletons in this isomor-
phic structure atoms, i.e., those elements which have exactly one element
strictly smaller with respect to ¹.
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Lemma 6.4 For every finite set interpretation I = (φdom(X), φ¹(X, Y )),
there exists a WMSO-formula Code(X, x) such that, whenever for some
tree t, I(t) is a finite powerset lattice, then Code(X, x) evaluates on t to
an injection that maps the atoms of I(t) to nodes of t.

Before we come to the rather long and involved proof of this result, we give
some consequences of it.

Theorem 6.5 For every finite set interpretation I, there exists a WMSO-
interpretation I2 such that whenever for some structure S and some tree t,
I(t) is isomorphic to PW (S) then I2(t) is isomorphic to S.

Proof. If we remove all relations other than ¹, the weak powerset gener-
ator is nothing but a finite powerset lattice. Hence we can obtain a for-
mula Code(X, x) by application of Lemma 6.4. It is then easy to transfer
all relations defined on singletons to their image by Code.

Formally, we define the WMSO-interpretation I2 = (φdom , φR1
, . . . , φRl

)
as follows:

• φdom(x) = ∃X.Code(X, x),

• for each symbol R of arity r from the signature, φR(x1, . . . , xr) is
defined as

∃X1, . . . , Xr.ψR(X1, . . . , Xr) ∧
r

∧

i=1

Code(Xi, xi)

where each ψR is the WMSO-formula in I defining the interpretation
of the symbol R.

As Code maps each atom of I(t) to a unique node, this interpretation indeed
maps t to a structure isomorphic to S. 2

A weaker, yet more readable formulation of the above statement is pro-
vided in the following corollary. The situation is depicted in Figure 6.1.

Corollary 6.6 If for a structure S and a tree t the class of structures that
can be obtained by finite set interpretations from S is contained in the class
of structures that can be obtained by finite set interpretations from t, then
S is WMSO-interpretable in t.

Proof. Assume that the hypothesis of the corollary holds. In particular, the
structure PW (S) is isomorphic to I(t) for some finite set interpretation I.
By applying Theorem 6.5, the structure S is WMSO-interpretable in t. 2
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S

t

finite set inter-
pretations of S

finite set inter-
pretations of t

finite set

finite set

WMSO

Figure 6.1: The situation from Corollary 6.6

Proof of Lemma 6.4

The proof of Lemma 6.4 is rather complex and split into several parts. We
start by introducing the key notions used throughout the proof, and we
make the scheme of the proof more precise.

We fix a finite set interpretation I = (φdom(X), φ¹(X, Y )). Along the
whole proof we use a tree t : dom(t) → Σ together with a set E and the
isomorphism f that are assumed to satisfy the equality

f(PF (E)) = I(t) .

The reader must keep in mind that none of the constructions we perform
makes use of t, E, or f . Hence, the result will hold for any such tree, set,
and isomorphism. This lightens the presentation of the proof by avoiding to
systematically quantify over those objects.

We consider the set Atoms of finite subsets of t representing atoms of
the powerset lattice, i.e.,

Atoms = {f({u}) : u ∈ E} .

The set Atoms can be defined as the set of finite subsets of t which are
minimal — for the φ¹ formula seen as an ordering — and distinct from the
minimal element itself (which is f(∅)). This description can be done in weak
monadic second-order logic. Hence Atoms is regular in t and there exists an
automaton

AAtoms =(QAtoms , Σ × {0, 1}, qi
Atoms , ∆Atoms , cAtoms)

accepting the language Atoms. We also consider the binary relation Mem
over I(t) defined as the image under f of the ∈ relation in PF (E), i.e.,

Mem = {(f({u}), f(V )) : u ∈ V ⊆ E and V finite} .

This Mem relation is also definable in weak monadic second-order logic, and
consequently is regular. We fix

AMem = (QMem , Σ × {0, 1}2, qi
Mem , ∆Mem , cMem)
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to be an automaton recognizing the relation Mem.

Recall that the statement we want to prove claims the existence of a
formula Code(X, x) such that the corresponding relation is an injection
from Atoms into dom(t).

Our goal in the construction of Code is to uniquely attach to each X
in Atoms an element in dom(t) in a WMSO-definable way. As a first ap-
proximation we define a mapping Index which assigns to each X in Atoms
a node in dom(t). Though the Index mapping is not in general an injection
from Atoms into dom(t), it does not either concentrate a lot of indices in
the same area of the tree t. Formally, if we set D(x) for x ∈ dom(t) to be
the cardinality of Index−1(x), then by Lemmas 6.12 and 6.14, D happens
to be a sparse distribution (see Definition 6.7 below).

In the part “car parking” we study sparse distributions. The central
lemma of this part, Lemma 6.19, establishes that, given elements concen-
trated according to a sparse distribution, we can uniformly redistribute them
in dom(t) in a unique WMSO-definable way. Applied to our case, this
means that the Index mapping can be transformed into an injection by use
of WMSO-formulas. And this last step is used at the end of this section to
finish the proof of Lemma 6.4.

The key definition connecting the two main parts of the proof (definition
of the Index mapping and turning it into an injection) is the notion of
sparsity. This definition requires the notion of zone. A zone Z in t is
a connected subset of dom(t), where t is seen as an non-oriented graph.
That is, Z contains a minimal element w.r.t. to the prefix ordering, and
whenever x ⊑ y ⊑ z for x, z ∈ Z, then also y ∈ Z. A zone Z is completely
characterized by its least element x, and by the minimal elements that are
below x and not in Z. We call these elements the frontier of the zone.

Given nodes x, x1, . . . , xn of t such that the xi are pairwise incomparable
and x ⊑ xi for all i, we define Zx,x1,...,xn

t to be the set of nodes y such
that x ⊑ y and xi 6⊑ y for all i ∈ [n] where [n] denotes the set {1, . . . n}. By
construction, Zx,x1,...,xn

t is the only zone which has frontier {x, x1, . . . , xn}.

The following two special cases of zones appear in several places and
thus we mention them here.

• For x ∈ dom(t) the zone Zx
t has x as minimal element and there are

no elements below x that are not in Zx
t . Hence, Zx

t contains precisely
the nodes in the subtree of t rooted at x.

• The zone Zǫ,x
t has the root of t as minimal element, and the only nodes

not in Zǫ,x
t are those that are in the subtree rooted at x. Hence Zǫ,x

t

contains all nodes that are not in the subtree of t rooted at x.

We now define the notion of sparse distribution.
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Definition 6.7 A distribution D is a mapping from dom(t) to N. For a
finite zone Z we write D(Z) for

∑

x∈Z D(x). A distribution D is K-sparse for
some K ∈ N if for every finite zone Z with frontier F , D(Z) ≤ |Z| + K|F |.
A distribution is strongly K-sparse if for any finite zone Z of frontier F ,
D(Z) ≤ K|F |.

If we view D(x) as a number of tokens placed on the node x, then sparsity
means that each finite zone contains at most as many tokens as the size of
the zone plus a factor linearly depending on the size of the frontier. This
means that it is enough to push at most K tokens through each exit at the
frontier of the zone to be left with a number of tokens that is at most the
size of the zone.

Strong sparsity means that we can empty the zone by pushing at most
K tokens through each exit at the frontier.

Clearly, a distribution needs to be bounded to be sparse. If t is a complete
tree (i.e., there are no finite branches), then boundedness of a distribution
is enough for it being sparse because the size of the frontier of each zone is
of the same order as the size of the zone. In the case of incomplete trees
boundedness and sparsity differ because there may be arbitrarily large zones
with a small number of frontier nodes.

As mentioned above, we first construct a mapping Index that maps
atoms to elements of dom(t) such that the resulting distribution is sparse.
Then we show how to turn a mapping inducing a sparse distribution into
an injection.

Important nodes

In order to construct the mapping Index , given an element X of Atoms, we
first define the set Imp(X) ⊆ dom(t) of its important nodes via combinato-
rial constraints. Essentially, we try to locate the places where “important
coding decisions” are made by the automaton AAtoms when reading X.

In the following, we provide the key combinatorial lemmas concerning
important nodes. Then, depending on the shape of the set Imp(X) two
cases are separated and two distinct definitions of Index are given. The first
kind of index is called standard index, denoted SIndex (X), and the other
kind is called branch index, denoted BIndex (X).

Let us first introduce a convenient notation for studying the behavior of
the automata AAtoms and AMem over zones: For a zone Z = Zx,x1,...,xn

t and
states q, q1, . . . , qn ∈ QAtoms , we denote by Atoms(q, Z, q1, . . . , qn) the set of
all X ⊆ Z that can be extended to an atom X ′ that is accepted by AAtoms

with the corresponding states at the frontier of Z:

X ⊆ Z is in Atoms(q, Z, q1, . . . , qn) if there exists X ′ ⊆ dom(t) with

• X = X ′ ∩ Z, and
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• X ′ is accepted by AAtoms with a run ρ such that ρ(x) = q and ρ(xi) =
qi for all i ∈ [n].

Similarly, for q, q1, . . . , qn ∈ QMem we denote by Mem(q, Z, q1, . . . , qn) the
set of all pairs (X, Y ) with X, Y ⊆ Z such that there are X ′, Y ′ ⊆ dom(t)
with

• X = X ′ ∩ Z, Y = Y ′ ∩ Z, and

• (X ′, Y ′) is accepted by AMem with a run ρ such that ρ(x) = q and
ρ(xi) = qi for all i ∈ [n].

The definition of important nodes is then the following, where the con-
stant Kim is chosen to make the combinatorial arguments in the subsequent
lemmas work. A node x is important for X if there are many — i.e., more
than Kim — ways to modify X below x while remaining in Atoms. Intu-
itively, without knowing how X looks like below x, we cannot say much
about which atom is coded because there are too many possibilities left.
The formal definition looks as follows.

Definition 6.8 Let Kim = (2|QMem | + 1)|QAtoms |. Given X ∈ Atoms, a
node x ∈ dom(t) is called important for X if

|{Y ⊆ Zx
t : (X − Zx

t ) ∪ Y ∈ Atoms}| > Kim .

We denote by Imp(X) the set of important nodes for X.

Remark that the set Imp(X) is by definition prefix closed. The fundamental
property that we show in Lemma 6.10 is that for an important node x of X,
the part of X that is not below x comes from a set of small size. To prove
this lemma we need its combinatorial core stated in the following lemma.

Lemma 6.9 Let Kc = 2|QMem |+1. For any two disjoint zones Z and Z ′ of
respective frontiers F = {x, x1, . . . , xn} and F ′ = {x′, x′

1, . . . , x
′
m}, and all

accepting runs ρ of AAtoms

either |Atoms(ρ(x), Z, ρ(x1), . . . , ρ(xn))| < Kc ,

or |Atoms(ρ(x′), Z ′, ρ(x′
1), . . . , ρ(x′

m))| < Kc .

Proof. It is sufficient for us to prove the result for two complementary zones.
This comes from the fact that increasing a zone also increases the number
of possible projections w.r.t. a fixed run, i.e.,

|Atoms(ρ(x), Z, ρ(x1), . . . , ρ(xn))| ≤ |Atoms(ρ(y), Z ′′, ρ(y1), . . . , ρ(yℓ))|

for a zone Z ′′ of frontier {y, y1, . . . , yℓ} with Z ⊆ Z ′′. Hence, we will as-
sume Z to be Zǫ,x

t and Z ′ to be Zx
t for some node x.
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Assume that for some K ≥ Kc we have distinct sets X1, . . . , XK in
Atoms(ρ(ǫ), Z, ρ(x)) and distinct sets X ′

1, . . . , X
′
K in Atoms(ρ(x), Z ′). Then,

for every i, j ∈ [K], let Yi,j be Xi ∪ X ′
j . As the union of Z and Z ′ gives the

whole domain of t, we have Yi,j ∈ Atoms for all i, j ∈ [K].
Let us now consider the set Comb of possible combinations of the Yi,j ,

combination in the sense of the relation Mem. More precisely, A ⊆ dom(t) is
in Comb if whenever (Y, A) ∈ Mem holds for some atom Y , then Y = Yi,j for

some i, j. The cardinality of Comb is 2K2

. We now show by a combinatorial
argument that AMem cannot distinguish all the elements from Comb because
the amount of information that can be passed between the two zones Z and
Z ′ is limited by the number of states in QMem .

For this purpose, we define for each A ∈ Comb, fA : [K]×QMem → {0, 1}
and gA : QMem × [K] → {0, 1} by

fA(i, q) =

{

1 if (Xi, A ∩ Z) ∈ Mem(qi
Mem , Z, q),

0 else,

gA(q, j) =

{

1 if (X ′
j , A ∩ Z ′) ∈ Mem(q, Z ′),

0 else.

It is obvious that if two sets A, B ∈ Comb are such that fA = fB and gA =
gB, then (Yi,j , A) ∈ Mem iff (Yi,j , B) ∈ Mem for all i, j ∈ [K]. This means,
by definition of Comb, that A = B.

However, there are only 22|QMem |K different possible pairs fA, gA of func-
tions. Hence we obtain |Comb| ≤ 22|QMem |K . This contradicts |Comb| =
2K2

. 2

The following lemma shows that the possibilities to code an atom ‘above’
an important node are bounded.

Lemma 6.10 For each node x we have

|{X ∩ Zǫ,x
t : X ∈ Atoms and x ∈ Imp(X)}| < Kim.

Proof. We are aiming at a contradiction to Lemma 6.9 for Z = Zǫ,x
t and

Z ′ = Zx
t .

For each X with x ∈ Imp(X) there are more than Kim many Y ⊆ Zx
t

such that XY,x := (X − Zx
t ) ∪ Y is in Atoms. Since Kim = |QAtoms | · Kc

(with Kc from Lemma 6.9), we can choose a state qX,x ∈ QAtoms such that
more than Kc of these XY,x are accepted by AAtoms with a run that labels
x with qX,x. This means that |Atoms(qX,x, Zx

t )| ≥ Kc.
Now, assume that there are Kim different X ∈ Atoms with x ∈ Imp(X)

that differ on Zǫ,x
t . Then there are at least Kc such sets X1, . . . , XKc

with
qX1,x = · · · = qXKc ,x =: q. In particular, we obtain |Atoms(qi

Atoms , Z
x
t , q)| ≥

113



Chapter 6 · Finite set interpretations on trees

Kc. Together with |Atoms(q, Zx
t )| ≥ Kc from above we obtain the desired

contradiction. 2

Standard indices

We now address the problem of computing Index (X) for some atom X
under the assumption that Imp(X) is not an infinite branch (the case
when Imp(X) is an infinite branch is treated subsequently). Since we call
this case the standard case, we will denote the index defined for such atoms
X by SIndex (X). The simplest case is that Imp(X) is totally ordered by ⊑,
i.e., Imp(X) is a finite path starting from the root. We define SIndex (X) to
be the last node on this path. The other case corresponds to Imp(X) not
being a finite path nor an infinite branch. This corresponds to Imp(X) not
being totally ordered by ⊑. In this situation, we define SIndex (X) to be
the first node at which Imp(X) splits into two paths. Those two cases are
unified in the following definition.

Definition 6.11 For X ∈ Atoms such that Imp(X) is not an infinite
branch, the index of X, denoted by SIndex (X), is the maximal element
of Imp(X) which is comparable to every element of Imp(X).

As already mentioned, the intention of this definition is that SIndex (X)
roughly locates in the tree where the main information concerning the atom
coded by X lies. This location is far from being precise, and many elements
of Atoms may have the same index. However, we will see that it is possible
to obtain a good understanding of the repartition of the standard indices.
The following lemma gives precise bounds on the quantity of indices that
may occur in a zone, i.e., it states that the distribution assigning to each
node x the number of X such that SIndex (X) = x is sparse.

Lemma 6.12 There is a constant Ks such that |SIndex−1(Z)| ≤ |Z|+Ks|F |
for every finite zone Z of frontier F .

Proof. Denote the elements of the frontier of Z by x and x1, . . . , xn, i.e.,
Z = Zx,x1,...,xn

t . The proof of the lemma consists of two steps. We first
show that for atoms X such that SIndex (X) is inside Z, the amount of
information located outside Z is bounded. More precisely, we first show for
M := Kim · |QAtoms |

(a) |{X ∩ Zǫ,x
t : X ∈ Atoms and SIndex (X) ∈ Z}| < M and

(b) |{X ∩ Zxi
t : X ∈ Atoms and SIndex (X) ∈ Z}| < M for all i ∈ [n].
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For (a) note that from SIndex (X) ∈ Z, the definition of SIndex , and the
prefix closure of Imp(X) we obtain that x ∈ Imp(X). Therefore,

{X ∩ Zǫ,x
t : X ∈ Atoms and SIndex (X) ∈ Z}

⊆ {X ∩ Zǫ,x
t : X ∈ Atoms and x ∈ Imp(X)}

and (a) follows from Lemma 6.10.
For (b) we show that for each X ∈ SIndex−1(Z) and each xi there is a

state q ∈ QAtoms such that X ∩ Zxi
t ∈ Atoms(q, Zxi

t ) and |Atoms(q, Zxi
t )| <

Kim. From this, (b) follows because each X∩Zxi
t comes from one of at most

|QAtoms | many sets of size less than Kim. We distinguish two cases.
If xi /∈ Imp(X), then we take q to be the state at xi in an accepting run

of AAtoms on X. From the definition of Imp(X) we immediately obtain the
desired property.

Else, if xi ∈ Imp(X), by definition of standard indices there must
some y ∈ Imp(X) incomparable to xi, the index of X being the deepest
common ancestor of xi and y. From the definition of important nodes for X
and from Kim = |QAtoms | ·Kc we obtain that there exists a set Y ⊆ Zy

t such
that (X − Zy

t ) ∪ Y is in Atoms and is accepted with a run of AAtoms that
labels y by a state q′ such that |Atoms(q′, Zy

t )| ≥ Kc. Let q be the state as-
sumed at node xi by this run. From Lemma 6.9 applied to the zones Zxi

t , Zy
t ,

and to the aforementioned run, we can conclude that |Atoms(q, Zxi
t )| < Kc.

The desired property follows from Kc ≤ Kim. This finishes the proof of (b).
After these preliminary considerations, we come back to the claim of

the lemma. We denote the elements from {X ∩ Zǫ,x
t : SIndex (X) ∈ Z}

by X1, . . . , XM and the elements from {X ∩ Zxi
t : SIndex (X) ∈ Z} by

X1
i , . . . , XM

i (the same element can be represented more than once, what is
important is that all elements are represented).

Now, consider the set Comb of all combinations of atoms whose index
falls inside Z, i.e., the atoms from SIndex−1(Z) (combinations in the same
sense as in the proof of Lemma 6.9). A combination A ∈ Comb is entirely
characterized by the following objects

• the set A ∩ Z,

• the mapping fA,x : [M ] × QMem → {0, 1} with

fA,x(j, q) =

{

1 if (Xj , A ∩ Zǫ,x
t ) ∈ Mem(qi

Mem , Zǫ,x
t , q),

0 else,

• and the mapping fA,xi
: QMem × [M ] → {0, 1} with

fA,xi
(q, j) =

{

1 if (Xj
i , A ∩ Zxi

t ) ∈ Mem(q, Zxi
t ),

0 else.
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Thus, |Comb| ≤ 2|Z| · 2M |QMem | ·
∏n

i=1 2|QMem |M . For Ks = |QMem |M we
obtain

2|SIndex−1(Z)| = |Comb| ≤ 2|Z|+|F |Ks

and hence |SIndex−1(Z)| ≤ |Z| + Ks|F |. 2

Treatment of infinite branches

It is possible that for some X ∈ Atoms the set Imp(X) of important nodes
is an infinite branch. For these X we also develop a notion of index, called
BIndex (X), and show that the distribution obtained in this way is strongly
sparse. Since the sum of a K-sparse distribution and of a strongly K ′-
sparse distribution is a K + K ′-sparse distribution, we can add the indices
corresponding to infinite branches to the other indices without affecting the
sparsity of the induced distribution.

We call the infinite branches that are equal to Imp(X) for some atom X
important branches. We start with the helpful observation that the num-
ber of elements of Atoms corresponding to the same important branch is
bounded.

Lemma 6.13 For every important branch B, |I−1(B)| < Kim.

Proof. If there are Kim different sets in I−1(B), then we can pick a node x
on B such that all these sets differ on the zone Zǫ,x

t . Since x is important
for all X in I−1(B), we obtain a contradiction to Lemma 6.10. 2

This observation is already the key for defining BIndex (X). If Imp(X) = B,
then we consider all atoms that have B as set of important nodes. Then
there is some node x on B such that all these atoms are coded above x,
i.e., they are contained in Zǫ,x

t . We take BIndex (X) as the minimal such x.
Formally, for X ∈ Atoms with Imp(X) = B we let

BIndex (X) = min{x ∈ B | ∀Y ∈ Atoms : Imp(Y ) = B → Y ⊆ Zǫ,x
t }.

It remains to show that the distribution induced by BIndex is indeed
strongly sparse:

Lemma 6.14 For Z a finite zone of frontier F , |BIndex−1(Z)| ≤ K2
im|F |.

Proof. The node BIndex (X) by definition only depends on B where B =
Imp(X). Hence it is legal to define the index of an important branch B as
BIndex (X) for some X with Imp(X) = B. Let x, x1, . . . , xn be the nodes on
the frontier of Z. For xi consider the important branches B1, . . . , Bm whose
index is inside Z and that leave Z through xi. Let y be the maximal index
of the branches B1, . . . , Bm. Then all atoms Y with Imp(Y ) = Bj for some

116



Section 6.3 · Powerset lattices

j are completely contained in Zǫ,y
t . By Lemma 6.10 we obtain that there

are less than Kim many such branches, i.e., m < Kim.
Furthermore, according to Lemma 6.13, for each important branch, there

are at most Kim many atoms having this branch as set of important nodes.
We obtain that for each frontier node of the zone there are at most |Kim|2

many atoms whose BIndex is inside Z and whose important branch exits Z
through this frontier node. Hence we obtain that |BIndex−1(Z)| ≤ K2

im|F |.
2

Now we let Index (X) be either SIndex (X) or BIndex (X) depending on
the shape Imp(X). According to Lemma 6.14 and Lemma 6.12 this yields a
sparse distribution. In the next part we study such distributions. At the end
of this section we combine all the results to finish the proof of Lemma 6.4.

Car parking

Our goal is to spread the indices around the tree such that each index ends in
exactly one position. This can be seen as parking vehicles. In the beginning
there are cars (indices) placed in the nodes of the tree, possibly more than
one at the same position, and we aim at parking each of them in one node,
i.e., attaching a single node to each of those cars. This is obviously not
possible in general but we shall prove that, under a sparsity constraint on
the distribution of vehicles, it is possible to attach a single parking place to
each car, and furthermore that the mapping that, given a car, tells where
to park it, can be described by a WMSO-formula.

For this purpose, we have to describe distributions and other kinds of
mappings that involve integers in their domain or image by WMSO-formulas.
These integers will always be bounded by some constant K and hence we can
split the WMSO-definition into several formulas, one for each number that
may be involved. Formally, we say that a relation R ⊆ dom(t)r × I for some
finite I ⊆ Z is WMSO-definable if there are WMSO-formulas φi(x1, . . . , xr)
for each i ∈ I such that (u1, . . . , ur, i) ∈ R iff t |= φi[u1, . . . , ur]. Note
that a K-sparse distribution can be seen as a relation of this kind since
0 ≤ D(x) ≤ 3K for every x ∈ dom(t).

Definition 6.15 Given a distribution D, a placement P for D is an injec-
tive partial mapping from dom(t)×N to dom(t) such that P (x, i) is defined
iff i ∈ [D(x)].

A flow, defined below, can be seen as a kind of instruction on how to
spread the values of a distribution to obtain a placement. In the vehicles
description, this is the number of cars which will have to cross an edge in
order to reach the final placement.

Recall that, for simplicity reasons, we assume that all the nodes of a
tree t have either 2 successors or no successors, i.e., for all nodes u we have
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u0 ∈ dom(t) iff u1 ∈ dom(t). This assumption is not essential but simplifies
the definitions and allows to avoid case distinctions.

Definition 6.16 A flow is a mapping f from the nodes of t to Z. A flow f
is compatible with a distribution D if for all inner nodes x, D(x) + f(x) ≤
1+f(x0)+f(x1) and for every leaf x, D(x)+f(x) ≤ 1. A flow f is bounded
by a constant K if |f(x)| ≤ K for each node x.

In this definition, f(x) is interpreted as the number of cars crossing the
edge from the ancestor of x to x. In case of a negative value, −f(x) cars are
driving from x to its ancestor. The condition of f being compatible with D
states that after distributing all the cars according to the flow there is at
most one car remaining at each node. One should note here that, according
to our definition, it is possible that f(ǫ) < 0. With the above intuition this
would mean that one has to send −f(ǫ) cars to the (non-existing) ancestor
of the root. We need this case when constructing flows on finite subtrees of
a given infinite tree.

In the following we show that for a K-sparse distribution there is a com-
patible flow that is bounded. From this flow we then compute a placement
for the distribution. We start by defining a flow on finite trees (which can
then also be used to deal with finite subtrees of a given infinite tree).

Lemma 6.17 For every finite tree t and every WMSO-definable K-sparse
distribution D over t, there exists a WMSO-definable flow f that is compat-
ible with D, bounded by 2K + 1, and such that for each node x there is a
zone Zx rooted in x of frontier Fx with

(1) D(Zx) + f(x) = |Zx| + K(|Fx| − 1),

(2) and f(y) ≥ K for all y ∈ Fx different from x.

Proof. First note that (1) implies f(x) ≥ −K for each x since D is K-
sparse. We define the values f(x) and the zones Zx inductively starting at
the leaves. These definitions directly imply that f is compatible with D.

The base case of a leaf x is straightforward: we set f(x) to be 1 − D(x)
and Zx = {x}. By the hypothesis of sparsity, we have that D(x) ≤ K + 1
and hence |f(x)| is bounded by 2K + 1.

Let x be an inner node and assume that the values f(x0), f(x1) and
the zones Zx0, Zx1 are already defined. We set f ′(x0) = min(K, f(x0)) and
f ′(x1) = min(K, f(x1)). Let us now define f(x) to be 1 + f ′(x0) + f ′(x1)−
D(x) and Zx to contain the node x, the nodes of Zx0 if f(x0) < K, and
the nodes of Zx1 if f(x1) < K. By the hypothesis of induction, we indeed
obtain that D(Zx) + f(x) = |Zx| + K(|Fx| − 1). We illustrate this only for
the case f ′(x0) < K and f ′(x1) = K, the other cases are similar. In this
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case Zx = Zx0 ∪ {x}, |Fx| = |Fx0| + 1, and f(x) = 1 + f(x0) + K − D(x).
From this we get the following sequence of equalities:

D(Zx) + f(x) = D(Zx0) + D(x) + 1 + f(x0) + K − D(x)

= D(Zx0) + f(x0) + 1 + K

= |Zx0| + K(|Fx0| − 1) + 1 + K

= |Zx0| + 1 + K|Fx0|

= |Zx| + K(|Fx| − 1).

From the definition of f(x) it is clear that f(x) ≤ 2K + 1. As mentioned
before, f(x) ≥ −K and thus |f(x)| is bounded by 2K + 1.

It is obvious that this flow, which has only a bounded number of possible
values and is defined inductively, is WMSO-definable. This definition can be
done by requiring the existence of sets X−K , . . . , X2K+1 such that a node x
is in Xi iff f(x) = i. This can be directly expressed if x is a leaf. Otherwise
it is a simple statement on the membership of the successors x0 and x1 of
x. 2

Lemma 6.18 For every infinite tree t and every WMSO-definable K-sparse
distribution D, there exists a WMSO-definable flow f bounded by 7K that
is compatible with D such that f(ǫ) = 0.

Proof. As a K-sparse distribution restricted to a finite subtree of t is also
K-sparse on this subtree, we can apply Lemma 6.17 to define the values of
f(x) for the nodes x that are not on infinite branches of t.

Let B be the set of nodes appearing in some infinite branch. We define
inductively for any node x ∈ B a flow f(x) such that 0 ≤ f(x) ≤ 7K. We
only consider non-negative values since on infinite branches we never reach
a leaf and hence there is no need for an upward flow.

We start by setting f(ǫ) = 0. For x 6= ǫ let y ∈ B be the father of x.
Three cases may happen. If at node y only one of its children is in B (case
(a)), we forward everything to this node. Otherwise (cases (b) and (c)), we
forward at most 5K to the left child and the rest to the right child. The
formal definitions are given below, where the max operator is only used to
avoid negative flows.

(a) If x is the only child of y in B, then we set

f(x) = max(0, f(y) + D(y) − f(x′) − 1)

where x′ is the other child of y.

(b) If the two children of y are in B and x is the left child, then we set

f(x) = max(0, min(5K, f(y) + D(y) − 1)).
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Zx2
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Z

Figure 6.2: Proof of Lemma 6.18: The flow in nodes of type (a) is bounded
by 7K.

(c) If the two children of y are in B and x is the right child, then we set

f(x) = max(0, f(y) + D(y) − 1 − 5K).

Obviously, f(x) ≥ 0 in all cases. We show that if x is of type (b) or (c),
then f(x) ≤ 5K, and if x is of type (a), then f(x) ≤ 7K.

In case (b), f(x) ≤ 5K follows directly from the definition and in case
(c) from f(y) ≤ 7K (by induction) and D(y) ≤ 3K + 1 (D is K-sparse).

For x as in (a) we cannot use a local argument but we have to go upwards
until we reach a node that has a flow of at most 5K. Such a node must exist
because we eventually meet a node of type (b) or (c), or the root, which has
flow 0. All nodes we met before must be of type (a).

The following definitions are illustrated in Figure 6.2. The choice of the
yi being the left successors in the figure is arbitrary and only for matters of
presentation. Let yn, . . . , y1 be such that yn is the father of x, yi−1 is the
father of yi for all i ∈ {2, . . . , n}, f(y1) ≤ 5K, and f(y2), . . . , f(yn) > 5K.
As mentioned above, y2, . . . , yn are of type (a).

Let x1, . . . , xn be such that yi is the father of xi, xn 6= x, and xi 6= yi+1

for i ∈ {1, . . . , n − 1}, i.e., xi is the brother of yi+1. For the xi the flow is
defined using Lemma 6.17 because they are not lying on an infinite branch.
Hence there are zones Zxi

rooted at xi of frontier Fxi
such that

D(Zxi
) + f(xi) = |Zxi

| + K(|Fxi
| − 1). (6.1)

Let Z =
⋃n

i=1({yi} ∪ Zxi
) and let F be the frontier of Z. Then

|Z| = n +
n

∑

i=1

|Zxi
| (6.2)
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|F | = 2 +
n

∑

i=1

(|Fxi
| − 1) (6.3)

n
∑

i=1

D(yi) = D(Z) −
n

∑

i=1

D(Zxi
) (6.4)

Since y2, . . . , yn are of type (a) and furthermore their flow is bigger than 5K
(and hence bigger than 0), we get

f(x) = f(y1) +

n
∑

i=1

(D(yi) − 1 − f(xi)).

We know that f(y1) ≤ 5K and hence it remains to be shown that

n
∑

i=1

(D(yi) − 1 − f(xi)) ≤ 2K.

This can be deduced as follows:

n
∑

i=1

(D(yi) − 1 − f(xi))
(6.4)
= D(Z) − n −

n
∑

i=1

(D(Zxi
) + f(xi))

(6.1)
= D(Z) − n −

n
∑

i=1

(|Zxi
| + K(|Fxi

| − 1))

(6.3)
= D(Z) − n − K(|F | − 2) −

n
∑

i=1

|Zxi
|

K-sparse
≤ |Z| + K|F | − n − K(|F | − 2) −

n
∑

i=1

|Zxi
|

(6.2)
= 2K

That this flow f is compatible with D and that it is WMSO-definable can
easily be deduced from the definitions. 2

We are now ready to establish our placement Lemma.

Lemma 6.19 (car parking) For every tree t and every WMSO-definable
K-sparse distribution D, there exists a WMSO-definable placement for D.
If t is finite, we additionally require that D(dom(t)) ≤ |dom(t)|.

Proof. According to Lemmas 6.17 and 6.18 we know that there is a WMSO-
definable flow f that is compatible with D. For simplicity, we first assume
that f(ǫ) = 0, which is always the case for infinite trees (Lemma 6.18).
If f(ǫ) > 0 for finite trees, then we can simply redefine f(ǫ) = 0 without
changing the property of f being compatible with D. If t is finite and
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f(ǫ) < 0, then we cannot simply set f(ε) = 0 because this would affect the
compatibility of f with D. At the end of the proof we briefly explain how
to treat this case.

The general strategy for defining the placement is the following:

• From each node we send all the cars except one to its neighbors. The
number of cars sent to each neighbor is described by the flow.

• If we follow this strategy, then each edge in t is crossed by the cars
in only one direction. Hence, a car cannot visit the same node twice.
This means that it might be sent up in the tree for some steps and
from some point onwards it is only sent downwards.

• To be sure that each car will be parked after finite time we order all
the cars that cross a node (as described by D and f) according to a
fixed strategy and we also fix a scheme for distributing the cars to the
neighboring nodes.

• This ordering will ensure that the index of a car decreases each time
it is sent down in the tree. As described above, each car is sent up in
the tree only a finite number of times. Hence, if we always park the
car that is first in the ordering at a specific node, then each car will
eventually be parked.

To show that this strategy can be realized by WMSO-formulas we first
describe the ordering of cars that we use and then define formulas

• sendi(x, y) meaning that the ith car at node x is sent to node y.

• drivei,j(x, y) meaning that the ith car at node x is sent to y and is car
number j at y.

• starti(x) meaning that the ith car at node x does not come from
another node.

• itineraryi(x, X1, . . . , XK , y) meaning that the ith car at node x will
be parked at node y using an itinerary that is described by the sets
X1, . . . , XK .

To define these formulas we first have to introduce some notation. To avoid
case distinctions we define f+(x) = max(f(x), 0) and f−(x) = min(f(x), 0).
Furthermore, we assume by convention that for a leaf x the values f+(x0),
f+(x1), f−(x0), f−(x1) are defined, and are all set to 0.

Then the number of cars crossing a node x is f+(x)+f−(x0)+f−(x1)+
D(x). Since all the values involved in this expression are bounded and since
we can increase K without affecting the K-sparsity of D, we can assume
that f+(x) + f−(x0) + f−(x1) + D(x) ≤ K for all x.
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Since f is WMSO-definable, we can also assume that there are formulas
φ+

i (x) and φ−
i (x) defining f+ and f−. Then expressions of the form i1 +

f+(x) + f−(y) = i2 for i1, i2 ∈ [K] can easily be expressed as Boolean
combinations of the formulas φ+

i and φ−
i . The use of expressions of this

kind simplifies the presentation of the formulas.
We start by giving the orderings used in the definitions of the formulas

sendi and drivei,j . The cars that cross a node x will be distributed in the
following order that we refer to as the distribution order:

f+(x) f−(x0) f−(x1) D(x)

That is, we first distribute the cars that come from the father of x, then the
cars that come from the left child of x, and so on. It remains to fix where
to send the cars.

1 f−(x) f+(x0) f+(x1)

This means that the first car in the distribution order is parked in the node
x. The next cars are sent to the father of x if f(x) is negative. The following
cars in the distribution order are send to the left child of x and the remaining
cars to the right child of x.

To illustrate this, consider the following example with x = y0, f+(y) = 3,
f−(x) = 5, and f+(y1) = 7.

y

x y1
75

3

Let us first see how the cars at y are ordered according to the distribution
order. The first three are the ones coming from the father of y. The next
5 are those coming from x. There are no cars coming from y1, and the last
cars are those from D(y). Now, we would like to know what happens to the
4th car at x. The first car at x stays at x. The next 5 cars are sent to y,
that is, the fourth car at x is the third car sent from x to y. According to
the distribution order at y described before, this car becomes car number 6
at y.

This is expressed by the following formulas, where the first two are only
defined for 2 ≤ i ≤ K because the first car is always kept at the current
position.

• For 2 ≤ i ≤ K:

sendi(x, y) := [(x = y0 ∨ x = y1) ∧ 1 < i ≤ C1]
∨ [x0 = y ∧ C1 < i ≤ C2]
∨ [x1 = y ∧ C2 < i ≤ C3]
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Here C1 = 1+f−(x), C2 = 1+f−(x)+f+(x0), and C3 = 1+f−(x)+
f+(x0) + f+(x1).

• For 2 ≤ i ≤ K:

drivei,j(x, y) := sendi(x, y) ∧
(

[x = y0 ∧ j = i − 1 + f+(y)]
∨ [x = y1 ∧ j = i − 1 + f+(y) + f−(y0)]
∨ [x0 = y ∧ j = i − 1 − f−(x)]
∨ [x1 = y ∧ j = i − 1 − f−(x) − f+(x0)]

)

• For 1 ≤ i ≤ K:

starti(x) := f+(x) + f−(x0) + f−(x1) < i ∧
i ≤ f+(x) + f−(x0) + f−(x1) + D(x)

• For 1 ≤ i ≤ K:

itineraryi(x, X1, . . . , XK , y) :=

disjoint(X1, . . . ,XK) ∧
x ∈ Xi ∧ starti(x) ∧ X1 = {y}

∧
K
∧

j=2
(∀z ∈ Xj

∨

j′∈[K]

∃z′ ∈ Xj′ : drivej,j′(z, z′))

This formula states that the ith car at x starts there. The free set
variables describe the set of positions that this car crosses, where a
position is included in Xm if the car is the mth one at this position.
Finally, it states that y is the only position where the car is first in
the ordering. Hence it will stop at y.

Then the formulas ψi(x, y) defining the placement are given by

ψi(x, y) = ∃X1, . . . XK(itineraryi(x, X1, . . . , XK , y)).

As mentioned at the beginning of the proof we now discuss how to treat the
case f(ǫ) < 0. Recall that this may only happen for finite trees. In general,
simply redefining f(ǫ) = 0 may lead to a flow that is not compatible with
D anymore. Therefore, we have to use a different strategy.

The strategy for distributing the cars described above would lead to
f−(ǫ) cars that “get stuck” at the root because, following the flow, they
should be sent upwards, and this is not possible. This means that there are
at most K cars (for simplicity assume exactly K cars) that start at some
node but never arrive at some destination, i.e., there are nodes x1, . . . , xK

and i1, . . . , iK ∈ [K] such that

startij (xj) ∧ ¬∃y(ψij (xj , y))
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is satisfied. From the assumption D(dom(t)) ≤ |dom(t)| we can conclude
that there remain at least K nodes where no car is parked, i.e., K nodes
which are not image of the function defined by the ψi’s. Let y1, . . . , yK

be the K first such nodes for some WMSO-definable order (this is possible
since the tree is finite). We can now extend this function by ordering the
x1, . . . , xK and map the ijth car from xj to yj . Note that these definitions are
expressible in WMSO. In this way, we obtain a modification of the function
defined by the ψi’s into a placement for D.

Combining the results

We can now prove the main Lemma 6.4 of this section by combining the
previous results.

As already mentioned previously, for X ∈ Atoms we let

Index (X) =

{

BIndex (X) if Imp(X) is an infinite branch,
SIndex (X) otherwise.

We construct a formula φind(X, y) that associates to each X ∈ Atoms its
index y = Index (X). From the definitions of Imp(X), SIndex (X), and
BIndex (X) it is clear that we can construct such a formula. Note that in
the definition of this formula, we do not have to explicitly represent infinite
sets (though Imp(X) may be infinite) because we can construct a WMSO
formula φimp(X, x) that associates to X ∈ Atoms its important nodes. From
this one can construct WMSO definitions of SIndex (X) and BIndex (X), and
hence the formula φind(X, y) is also WMSO.

Then, we compute the distribution D defined by D(x) = |Index−1(x)|.
Since this distribution is (Ks + K2

im)-sparse by Lemmas 6.12 and 6.14, it
is also WMSO-definable using the formula φind. Let K be a constant such
that D(x) ≤ K for all nodes x. Applying Lemma 6.19, we obtain a WMSO-
definable placement P for D. One should note that for finite t the assump-
tion D(dom(t)) ≤ |dom(t)| is satisfied because D(dom(t)) is the number of
elements in the set E, and I(t) being isomorphic to PF (E) implies that t
has at least as many elements as E.

Let ψi(x1, x2) for i ∈ [K] be the formulas defining P . Now, we order
all the X ∈ Atoms with the same index. A possible definition for such an
ordering is X < Y if the lexicographically smallest node that is not in X∩Y
is in X. Then one can construct WMSO-formulas θi(X) stating that X is
the ith set in the ordering among those that have the same index as X.

The WMSO-formula Code(X, x) that attaches X to its final position x
is then defined as follows:

Code(X, x) =
∨

i∈[K]

(θi(X) ∧ ∃y(φind(X, y) ∧ ψi(y, x)).
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(Proof of Lemma 6.4) 2

One should note here that without the results on sparse distributions we
can obtain a weaker version of Corollary 6.5 by replacing the interpretation
I2 by a transduction, i.e., an interpretation that can use a fixed number K of
copies of the given structure. Such a transduction can be realized using the
formula φind instead of Code. In particular one could use this weaker version
of the result in all the applications, but at the price of some notational and
technical overheads.

From this point of view, Lemma 6.19 can also be seen as a result on
the question under which conditions a (W)MSO-transduction is equivalent
to a (W)MSO-interpretation on binary trees. Namely, if the distribution
defined by the transduction, i.e., the function assigning to each node the
number of times it is used in the result of the transduction, is K-sparse
(for some K) on each tree. And this presentation can be used either for
WMSO-transductions or MSO-transductions.

6.4 Applications

We present here several applications of the results obtained in this chap-
ter. The first one, showing that the hierarchy of tree-automatic structures
introduced in Section 2.5 is strict, is a straightforward application of The-
orem 6.5. The second one, showing that the free monoid is not obtainable
by a finite set interpretation of a tree, is a combination of Theorem 6.2 and
Theorem 6.5. These two applications are typical examples illustrating how
our result can be used to easily reduce questions on the non-definability by
finite set interpretations to the non-definability by WMSO-interpretations.

The third application requires a more involved argument. It establishes
that the random graph is not finite set interpretable in a tree, extending the
known result for automatic structures [63].

Strictness of the tree-automatic hierarchy

A simple application of our result is the strictness of the tree-automatic
hierarchy introduced at the end of Section 2.5.

Theorem 6.20 For each n ≥ 0 the class TAUTn of structures on the nth
level of the automatic hierarchy is strictly contained in TAUTn+1.

Proof. We know that each level n of the Caucal hierarchy contains a tree
generator Gn, i.e., each structure of level n is WMSO-interpretable in Gn

[20]. Let us suppose that the automatic hierarchy collapses at some level n,
i.e., TAUTn = TAUTn+1. This would imply that the structure PW (Gn+1)
can be obtained by a finite set interpretation from Gn. Then, by Theo-
rem 6.5, we obtain Gn+1 as a WMSO-interpretation of Gn and hence Gn+1
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is in the nth level of the hierarchy. This contradicts the strictness of the
Caucal hierarchy. 2

The free monoid

We consider the free monoid as a structure ({a, b}∗, ·, a, b) — the set of
words over {a, b} together with the ternary relation corresponding to the
concatenation and the two words a and b identified by unary predicates —
and want to answer the question whether this structure is isomorphic to a
finite set interpretation of a tree.

One should note that the FO-theory of the free monoid is undecidable
and hence we can directly conclude that it cannot be obtained by a finite set
interpretation from a tree with a decidable WMSO-theory. However, this
reasoning does not include trees with an undecidable WMSO-theory.

The negative answer we give here to the above question is the simplest
and in some sense the purest application of the results presented above and
should be considered for this reason as a key example.

Proposition 6.21 The free monoid over a two letter alphabet is not iso-
morphic to any finite set interpretation of a tree.

Proof. We first show how to obtain PW (N, +) from the free monoid by an
FO-interpretation followed by a quotient. Then, assuming that our claim
is false, we invoke the two results from the previous section and obtain a
contradiction.

Let f be the function which to each word of the form ban1ban2b . . . bankb
over {a, b} associates the set of naturals {n1, n2, . . . , nk}. The domain of f is
the set of elements satisfying dom(x) = ∃y.x = byb. The relation of inclusion
is also FO-definable: f(u) ⊆ f(v) iff sub(u, v) holds, where sub(u, v) is
defined by the following formula

∀x ∈ a∗.∃y, z. u = ybxbz → ∃y′, z′.v = y′bxbz′ ,

where x ∈ a∗ stands for ∀ y, z.x 6= ybz .

Let x ∼ y be the formula sub(x, y) ∧ sub(y, x). Naturally, for every u, v,
u ∼ v iff f(u) = f(v). Finally the addition over singletons is definable.
More precisely, f(u) = {i}, f(v) = {j} and f(w) = {i + j} iff add(u, v, w)
holds with add(u, v, w) =

∃x ∈ a∗, y ∈ a∗.u ∼ bxb ∧ v ∼ byb ∧ w ∼ bxyb.

Using those formulas, one can FO-interpret in the free monoid a structure
which, when quotiented by ∼, is isomorphic to PW (N, +).

Assume now that the free monoid can be finite set interpreted in some
tree t. This implies that PW (N, +) is finite set interpretable in t since
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structures obtainable by finite set interpretations from t are closed under
FO-interpretations (Proposition 2.11) and quotient (Theorem 6.2). By The-
orem 6.5 we deduce that (N, +) is WMSO-interpretable in t. This yields a
contradiction since (N, +) is not WMSO-interpretable in a tree. Let us
provide a direct argument for proving this last argument.

Assume that (N, +) is WMSO-interpretable in t and let U denote the set
of nodes of t that represent N in a corresponding interpretation. We first
note that for each node of t at most one of its subtrees contains infinitely
many elements from U . Otherwise, if the two subtrees of a node u contain
both infinitely many elements from U , the successor relation on N (which
is addition with one argument fixed to 1) would infinitely often jump be-
tween these two subtrees. If A is an automaton with n transitions accepting
the successor relation, and if x0, . . . , xn ∈ U are in the left subtree of u,
y0, . . . , yn ∈ U are in the right subtree of u, and all xi, yi are in the successor
relation, then A also accepts a pair xi, yj with i 6= j by a simple counting
argument on the transitions used at u in accepting runs of A.

By starting at the root and always proceeding to the unique subtree
containing infinitely many elements from U we obtain an infinite branch B
of t.

Now let A+ be an automaton with n transitions accepting the relation +
on t and let x0, . . . , xn ∈ U . For each xi there are infinitely many yi, zi such
that the triple (xi, yi, zi) is accepted by A+. Choose a node v on B such that
none of the xi is below v and for each i choose yi, zi as above that are below
v. Counting the possible transitions that are used at v in accepting runs of
A+ on the tuples (xi, yi, zi) we obtain that A+ also accepts (xi, yj , zj) for
some i 6= j. This gives a contradiction. 2

Random graph

The random graph (also called Rado graph) is a non-oriented unlabeled
countable graph with the following fundamental property: for any two dis-
joint finite sets E and F of vertices, there exists a vertex v that is connected
to all the elements of E and to none of the elements of F . A graph with this
property can be constructed as follows: The set of vertices are the natural
numbers, and there is an edge between n and m if the nth bit in the binary
expansion of m is 1. Now, given two finite disjoint sets E and F of numbers,
we can pick a number that has all bits corresponding to numbers in E set
to 1 and all bits corresponding to numbers F set to 0.

In fact, this graph is unique up to isomorphism, and it has a decidable
FO-theory (it admits quantifier elimination). These facts and more infor-
mation on the random graph can be found in, e.g., [52] and [40]. Since the
random graph has a decidable FO-theory and since finite set interpretations
define a large number of structures also having this property, it is interesting
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to consider the question whether the random graph can be obtained by a
finite set interpretation from a tree. A partial answer to this question has
been studied: one knows that the random graph is not isomorphic to any
word-automatic structure [63]. We show that there is no tree from which
the random graph can be generated by a finite set interpretation.

A fundamental property that is required for the proof is that the random
graph contains every finite (non-oriented) graph as an induced subgraph.
This easily follows from the property used to define the random graph.
Given a finite graph G, one can construct by induction on the size of G
a set of vertices that induces this graph: By removing one vertex v of G
one obtains a smaller graph G′ that can be found as induced subgraph
by induction. The vertices of G′ can be partitioned into two sets, those
connected to v and those not connected to v. Hence we can also find G as
induced subgraph by definition of the random graph.

Theorem 6.22 The random graph is not finite set interpretable in a tree.

Proof. Heading for contradiction, let us assume that there exists a finite
set interpretation IR = (φdom(X), ψ(X, Y )) and a binary tree tR such
that IR(tR) is (isomorphic to) the random graph.

The basic idea is to prove that, under this assumption, “the random
graph is WMSO-interpretable in a tree”. However, this statement is uncom-
fortable to handle since the properties of the random graph do only refer
to its finite induced subgraphs. Instead, we show a similar interpretability
result for every finite induced subgraph of the random graph; i.e. for every
finite graph. Formally we establish the following claim.

Claim: There exists a finite set interpretation I ′ such that for any finite
non-oriented graph G there exists a tree tG such that I ′(tG) is isomorphic
to PW (G).

Before we prove this claim, let us demonstrate how to use it to show The-
orem 6.22. Let us apply Theorem 6.5 on the interpretation I ′. We obtain
a WMSO-interpretation I ′′ with the property that I ′′(tG) ∼= G for any
non-oriented unlabeled graph G and a suitably chosen tree tG. As trees
have bounded clique-width and WMSO-interpretations applied to a class
of graphs of bounded clique-width yield also a class of graphs of bounded
clique-width (see e.g. [35]1), we obtain a contradiction to the fact that there
exists non-oriented graphs of arbitrary high clique-width (the (n × n)-grids
yield such a family of graphs, see [79]).

1To be precise the result in [35] applies to classes of finite graphs, whereas our trees tG

may be infinite. But given an interpretation that produces a class of finite graphs from
a class of infinite trees one can modify the interpretation such that one obtains the same
resulting class of graphs from a class of finite trees.
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Proof of the claim: Let us show first how we can encode any finite set of
elements of IR(tR) by a pair of finite subsets of dom(tR) in such a way that
the membership relation is “definable”.

Let E be a finite set of vertices of IR(tR). Each vertex of IR(tR) is a
finite set of nodes of tR and therefore it makes sense to define DE as the
union of all the elements in E. The set DE does not characterize E because
we do not know which subsets of DE correspond to elements in E. We
now use the definition of the random graph to add additional information
allowing us to uniquely identify E.

Let F be the set of vertices of IR(tR) that correspond to subsets of DE ,
and that are not in E. Since DE is finite, F is finite. Since we assume that
IR(tR) is isomorphic to the random graph, there is an element IE of IR(tR)
which is connected to all elements of E and to none of the elements of F .
From DE and IE one can easily reconstruct the set E. More precisely,
let X be an element of IR(tR). Then X belongs to E if and only if tR
models φdom(X) ∧ X ⊆ DE ∧ ψ(X, IE).

Let now G be a non-oriented finite graph. Our goal is to find a tree
tG and a finite set interpretation I ′ (which is independent of G) such that
I ′(tG) is isomorphic to PW (G). The tree tG is obtained from tR by some
additional markings. Hence, we have to identify sets of vertices of G with
sets of vertices of tR. We do this using a similar trick as above.

Since IR(tR) is the random graph, the graph G appears as an induced
subgraph of IR(tR). Let V be the set of vertices of IR(tR) inducing this
subgraph.

For each subset H of V , one can construct an element vH of IR(tR) which
is connected to all the vertices in H and to no vertex in V \H. Knowing V ,
this element vH completely characterizes H. Let now W be the set of all
the vH for all subsets H of V .

Let tG be the tree tR extended with markings describing DV , IV , DW

and IW . This allows to define the formula X ∈ V (similarly X ∈ W ) by

φdom(X) ∧ X ⊆ DV ∧ ψ(X, IV ).

We now want to finite set interpret PW (G) in tG. Obviously, we can
identify the elements of PW (G) with the elements of W . Pursuing this
idea, we define the interpretation I ′ = (φ′

dom(X), ψ′(X, Y ), φ⊆(X, Y )) in
the following way:

• The universe is defined by φ′
dom(X) = X ∈ W .

• The subset relation is defined by:

φ⊆(X, Y ) = ∀Z ∈ V.ψ(Z, X) → ψ(Z, Y )
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• Finally the edge relation is defined by:

ψ′(X, Y ) = Singleton(X) ∧ Singleton(Y )

∧ ∃X ′, Y ′ ∈ V.ψ(X ′, X) ∧ ψ(Y ′, Y ) ∧ ψ(X ′, Y ′)

where Singleton(Z) stands for Z ∈ W ∧ ∃!Y ∈ V.ψ(Y, Z) and ∃! ab-
breviates “there exists one and only one”.

Using the definitions of V and W , it is not difficult to see that I ′(tG) is
(up to isomorphism) PW (G). Furthermore, I ′ does not depend on G. This
finishes the proof of the claim and hence the proof of the theorem. 2

6.5 Discussion

In this chapter we have studied finite set interpretations on trees. The main
results state that

1. a finite set interpretation followed by a quotient (w.r.t. to a congruence
defined in the interpretation) can directly be expressed as a finite set
interpretation,

2. if finite set interpretations applied to a tree t allow to construct every-
thing that is obtained by finite set interpretations from a structure S,
then S can already be interpreted in t by a WMSO-interpretation.

These two results are important tools allowing to study the expressiveness of
finite set interpretations. We have illustrated their use by showing that the
free monoid and the Rado graph are not definable by finite set interpretations
from a tree.

We have also shown that the tree-automatic hierarchy that was intro-
duced in Section 2.5 is infinite. This raises the problem of identifying nat-
ural structures located on the levels of the hierarchy. This seems to be a
rather difficult problem because already very little is known about the higher
levels of the Caucal hierarchy, which serves as basis for generating the tree-
automatic hierarchy. This demonstrates even more the power of our method
because it allows to separate the levels of such a general hierarchy.

Another promising direction would be to study restricted versions of
finite set interpretations that allow to obtain decidability results for stronger
logics than just FO in the resulting structure. For example, in [76] it is shown
that the Caley graph of an inverse monoid has a decidable FO theory with
regular path predicates. Their technique can be viewed as a special kind
of finite set interpretation applied to a tree, where the elements of the new
structure are only special sets (so called Munn trees). A general formulation
of such restricted finite set interpretations could lead to interesting classes
of structures where reachability problems are decidable.
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Conclusion

In this thesis we have presented some recent work on automata and logic
on infinite trees. The material is based on joint publications with Arnaud
Carayol [21] and Thomas Colcombet [32, 30]. The main results can be
summarized as follows:

1. We have given an automata theoretic proof that it is not possible to
define a choice function on the nodes of the infinite binary tree in MSO
logic. The advantage of this new proof is that it only uses elementary
facts from automata theory and also provides simple counter exam-
ples for candidate formulas defining choice functions (Theorem 3.5 on
page 52). This allows, e.g., to define infinite game trees of rather sim-
ple structure on which no winning strategy can be defined in MSO
logic (Theorem 3.9 on page 55).

2. We have shown that every extension of the infinite binary tree by a
well-ordering relation on its domain results in a structure with unde-
cidable MSO-theory (Theorem 3.11 on page 57). This allows to deduce
undefinability results for MSO-interpretations (Propositions 3.18 and
3.19).

3. Based on the result on choice functions we showed that there are regu-
lar languages of infinite trees that cannot be accepted by unambiguous
automata (Theorems 4.3 and 4.4 on page 71).

4. We introduced the concept of guidable automaton and showed that
every regular language of infinite trees can be accepted by a guidable
automaton (Theorem 4.7 on page 75).

5. We have presented a reduction of the parity index problem to the uni-
form universality problem for distance parity automata (Theorem 5.5
on page 89). In the reduction we make use of guidable automata.

6. We have shown that finite set interpretations on trees are closed under
quotient (Theorem 6.2 on page 104) and we have introduced a method
that allows to reduce questions on definability by finite set interpreta-
tions (on trees) to questions on definability by WMSO-interpretations
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(Theorem 6.5 on page 108). These results allow to show undefinability
results for finite set interpretations on trees.

There are many open questions that remain, in particular as we have used
some new concepts like guidable automata, distance parity automata, and
finite set interpretations. We have already mentioned open questions in the
discussions at the end of each chapter. Here we list some of them as a
summary and a guide for future research.

We have settled negatively the question whether one can add a well-
ordering to the infinite binary tree such that the resulting structure has a
decidable MSO-theory. We can ask the same question for choice functions:

Question 1 Is it possible to add a choice function to the infinite binary
tree such that the resulting structure has a decidable MSO-theory?

More precisely, one should ask whether we can enrich MSO[t2] by atomic
formulas R(X, x) such that the interpretation of these atomic formulas cor-
responds to a choice function and such that the resulting logic is decidable.

The result on unambiguous automata is obtained by invoking the un-
definability result for choice functions. A natural question is whether this
is also possible in the other direction, i.e., to conclude from the existence
of inherently ambiguous languages to the undefinability of choice functions.
More generally, we would like to understand the relationship between un-
ambiguity and choice functions.

Question 2 What is the relationship between ambiguous languages and the
undefinability of choice functions (for restricted classes of sets)?

The concept of guidable automata is rather new, and a detailed analysis
of various models (e.g., on finite trees) is still to be done. This leads to the
following general question.

Question 3 What are the properties of guidable automata on finite trees?

We have presented one application of guidable automata in the reduction of
the parity index problem to the uniform universality problem for distance
parity automata. To solve the parity index problem by this reduction we
would need a solution of the latter problem.

Question 4 Is the uniform universality problem for distance parity au-
tomata decidable?

Finally, there are various open issues in the area of (finite) set interpreta-
tions. For example, the techniques that we have developed work for finite
set interpretations on trees. It is not clear if similar results can be obtained
for other classes of structures. The heavy use of automata in our proofs
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suggests that a generalization to other classes of structures requires differ-
ent techniques. Another question is what happens if we drop the finiteness
hypothesis on the sets in the interpretations.

Question 5 Is it possible to reduce questions on definability by set inter-
pretations to questions on definability by MSO-interpretations similar to the
technique developed for finite set interpretations in Chapter 6?

The list of recent results and of open questions shows that there is still
a lot of interesting work to do in the area of automata and logic on infinite
trees.
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[4] André Arnold. Rational ω-languages are non-ambiguous. Theoretical
Computer Science, 26:221–223, 1983. 69
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[13] MikoÃlaj Bojańczyk and Thomas Colcombet. Tree-walking automata
cannot be determinized. Theor. Comput. Sci., 350(2–3):164–173, 2006.
Conference version in ICALP’04. 82, 86, 98

[14] Yves Bontemps, Pierre Yves Schobbens, and Christof Löding. Synthe-
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