
Automata on Inifinite Trees

Christof L̈oding

Lehrstuhl Informatik 7
RWTH Aachen

52056 Aachen, Germany
email:loeding@cs.rwth-aachen.de

Draft, December 8, 2011

2010 Mathematics Subject Classification:

Key words:

Abstract. This article presents the basic theory of automata on infinite trees. We introduce the
standard model of nondeterministic automata and the generalization to alternating automata. The
central part of the theory considers the closure properties of tree languages definable by such au-
tomata, the equivalence of the different models, and their algorithmic properties. We show how
these results are obtained and how games of infinite duration can be used as a powerful tool to ob-
tain transparent proofs and algorithms. We also present some applications of tree automata in logic,
in particular decidability results and characterizations for monadic second-order logic over infinite
trees, and algorithms for the modalµ-calculus.
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2 C. Löding

1 Introduction

Infinite trees are a useful tool for modeling the possible executions of a discrete state
system. The branching in the tree either represents nondeterminism in the system or
different behaviors of an environment the system is interacting with. Starting from the
root of the tree, a finite path represents a finite sequence of actions of the environment.
The label of the tree node reached at the end of this sequence specifies the behavior of the
system. Taking this view, a set of infinite trees specifies a class of systems, and vice versa,
a specification of a class of systems in terms of their allowedbehaviors can be represented
by a set of infinite trees.

Automata on infinite trees constitute a powerful and yet algorithmically feasible model
for specifying sets of infinite trees. As an extension of automata on infinite words and
automata on finite trees, this model has first been investigated in [39] as a tool to solve
decision problems in mathematical logic, namely for deciding the monadic second-order
theory of two successor functions (the infinite binary tree). The seminal result of Rabin
[39] states that a set of infinite labeled trees can be defined in monadic second-order logic
if, and only if, it can be recognized by a finite automaton overinfinite trees. Using a
translation from formulas into automata gives a reduction from logical decision problems
to questions on finite automata.

Based on this result many further decidability results havebeen obtained, and a rich
theory of automata on infinite trees and its tight connectionto games of infinite duration
has been developed. There already exist various surveys andchapters of textbooks that
cover many aspects of this theory. Most notably, the chapteron automata on infinite
objects by Thomas [47], which gives an overview of the most fundamental results for
automata on infinite words and infinite trees, and the later survey [48] that also includes
automata and logic on finite words and trees. The article of Zielonka [53] focuses on the
theory of infinite games and its connection to automata on infinite trees. Some central
aspects of automata on infinite trees are presented in the textbooks [22] and [37].

A distinguishing feature of the present article is the use ofthe model of alternating tree
automata, which is not covered in the above mentioned presentations. Since alternating
automata have become an important tool in the development ofdecision procedures in
logic (see [50] for a comprehensive overview of many algorithms), the goal of this chapter
is to give the key ideas for dealing with this model.

The chapter is structured as follows. In Section 2 we introduce the basic terminol-
ogy and the models of nondeterministic and alternating automata on infinite trees. For a
compact representation we restrict ourselves to ordered trees with fixed finite branching
degree. Section 3 contains central constructions and proofs, namely the connection of tree
automata and infinite games (Section 3.1), the complementation theorem for alternating
automata (Section 3.2), and the simulation theorem for the transformation of alternating
into nondeterministic automata (Section 3.3). Based on these constructions we give some
results on the complexity of decision problems for automataon infinite trees in Section 4,
and applications in logic in Section 5.
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2 Automata on infinite trees

In this section we introduce the models of nondeterministicand alternating automata on
infinite trees. We consider ordered trees of a fixed branchingdegree, meaning that all
nodes have the same number of successors, and these successors are ordered. Automaton
models for unordered trees without restrictions on the branching degree also exist and are
briefly discussed in Section 5.2 on branching time logics.

Let k ∈ N be a natural number and denote by[k] the set{0, . . . , k − 1}. We view
the set[k]∗ of finite words over[k] as thedomainof an infinitek-ary tree. Theroot is the
empty wordε, and for a nodeu ∈ [k]∗ and somei ∈ [k] we callu.d thed-successor of
u. In the special case ofk = 2 we speak of binary trees and sometimes callu0 the left
successor ofu, andu1 the right successor ofu.1

A pathπ is an infinite sequenceu0, u1, u2 . . . of successive nodes starting in the root,
i.e.,u0 = ε and for eachj > 1 there is somed ∈ [k] with uj+1 = uj .d.

Let A be an alphabet (a finite set of symbols). An infiniteA-labeledk-ary tree is a
mappingt : [k]∗ → A. In this chapter we only consider infinite trees so we omit theword
infinite when speaking about trees. OftenA and/ork are clear from the context and we
also omitA-labeled and/ork-ary.

We denote byT ω
A,k the set of allA-labeledk-ary trees. When we refer to binary trees

we usually omit the2 and simply writeT ω
A . In a treet, a pathπ induces an infinite

sequence of labels inAω. We denote this sequence byt(π) and sometimes identify a path
with this infinite word. It should always be clear from the context to which meaning of a
path we are referring to.

Besidesk-ary trees as introduced above we also consider trees and forests in the graph-
theoretic sense. We use the standard notion of forest: a directed graph(V,E), whereV is
the set of vertices andE the set of edges, such that each node has at most one incoming
edge and each node is reachable from a root (a node without incoming edge). A tree is a
forest with only one root.

We now turn to the definition of automata for infinite trees. Westart with nondeter-
ministic automata and then show how these are generalized byalternating automata.

2.1 Nondeterministic automata

A nondeterministic tree automaton onA-labeledk-ary trees consists of a transition struc-
ture and an acceptance condition. We separate the two thingshere because there are
different acceptance conditions that are specified in different ways. The transition struc-
ture is of the form(Q,A, I,∆) with a finite setQ of states, a setI ⊆ Q of initial states,
and a transition relation∆ ⊆ Q×A×Qk. Note that the branching degree of the trees is
implicitly coded in the transition relation.

A run of a tree automaton on a treet ∈ T ω
A,k is defined in terms of its transition struc-

ture: It is a treeρ ∈ T ω
Q such that for eachu ∈ [k]∗ we have(ρ(u), t(u), ρ(u.0), . . . , ρ(u.k−

1)) ∈ ∆. We say thatρ is initial if it starts in the initial state, i.e., ifρ(ε) ∈ I. If the run
starts in some stateq, then we say thatρ is a run fromq.

As usual, a nondeterministic automaton accepts an input if there is some accepting run

1We usually omit the dot in the concatenation of elements from[k] if this does not raise any confusions.
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on it, where an accepting run has to be initial and it has to satisfy the acceptance condition.
An abstract acceptance condition is given as a setAcc ⊆ Qω of infinite sequences of
states. A runρ is accepting if each path satisfies the acceptance condition, i.e.,ρ(π) ∈ Acc

for each pathπ.
To remain within the scope of finite automata, concrete acceptance conditions have to

be specified in a finite way. For automata on infinite trees various acceptance conditions
exist. Basically, we can take any acceptance condition thatis used for automata on infinite
words and use it for automata on infinite trees. In the following we list some of the main
acceptance condition and the way they are specified:

• A Büchi condition[3] is given by a setF ⊆ Q of accepting states. An infinite
sequenceπ of states satisfies the Büchi condition if it contains infinitely many oc-
currences of states fromF : Inf (π) ∩ F 6= ∅.

• A co-Büchi conditionis also given by a setF ⊆ Q of accepting states. An infinite
sequenceπ of states satisfies the co-Büchi condition if it contains finitely many
occurrences of states fromF : Inf (π) ∩ F = ∅.

• A Muller condition[30] is given by a familyF ⊆ 2Q of sets of states. An infinite
sequenceπ of states satisfies the Muller condition if it contains for someF ∈ F
exactly the states fromF infinitely often: Inf (π) ∈ F .

• A Rabin condition[39] is given by a list〈(E1, F1), . . . , (Ek, Fk)〉 of pairs of state
sets. An infinite sequenceπ of states satisfies the Rabin condition if for somei
it contains only finitely many states fromEi and infinitely many states fromFi:
Inf (π) ∩ Ei = ∅ andInf (π) ∩ Fi 6= ∅ for somei ∈ {1, . . . , k}.

• A Streett condition[46] is given by a list〈(E1, F1), . . . , (Ek, Fk)〉 of pairs of state
sets. An infinite sequenceπ of states satisfies the Streett condition if for alli
it contains infinitely many states fromEi or only finitely many states fromFi:
Inf (π) ∩ Ei = ∅ → Inf (π) ∩ Fi = ∅ for all i ∈ {1, . . . , k}.

• A parity condition[28] is given by a mappingc : Q → N that assigns to each
state a natural number, calledpriority. An infinite sequenceπ of states satisfies
the parity condition if the maximal priority that appears infinitely often is even:
max(Inf (c(π))) is even.

A nondeterministic tree automaton is composed of its transition structure and the accep-
tance component. For example, a parity tree automaton is of the formA = (Q,A, I,∆, c)
and a B̈uchi tree automaton is of the formA = (Q,A, I,∆, F ). Note that it is necessary
to specify the type of the automaton because there are acceptance conditions which are
specified in the same way but with different semantics.

A run ρ is accepting if the acceptance condition is satisfied on each path of the run.
A tree t is accepted byA if there is an accepting run ofA on t. The languageaccepted
by A is the set of all accepted trees:T (A) = {t ∈ T ω

A,k | t accepted byA}.

Example 2.1. Let A = {a, b} andT∃b ⊆ T ω
A,k be the set of all binary trees containing at

least oneb. A Büchi tree automaton for this language uses two statesQ = {q, qb}, where
qb is used to guess a path leading tob, andq is used to label the remainder of the tree.
The only initial state isqb, and the transitions are(qb, a, qb, q), (qb, a, q, qb), (qb, b, q, q),
(q, a, q, q), and(q, b, q, q). As long as the automaton readsa it can continue the path
labeledqb to the left or to the right. If it finds someb on this path, it can switch toq. To
accept a tree this switch toq should finally happen, which is enforced by settingF = {q}.
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Comparing the acceptance conditions, the Muller acceptance condition is the most
general one of the conditions presented above. We call a treelanguageregular if it is
accepted by some Muller tree automaton.

Relying on results for automata on infinite words, we can showthat all the accep-
tance conditions that capture the class of regularω-languages by means ofdeterministic
automata on infinite words lead to the same class of tree languages. Thus, the follow-
ing theorem is a consequence of the corresponding results for deterministic automata on
infinite words and has already been observed in [39].

Theorem 2.1. The classes of languages definable by nondeterministic Muller, Rabin,
Streett, and parity tree automata are all the same.

Proof. We illustrate the proof by showing how to transform a Muller tree automaton into
a parity tree automaton. First of all, this is sufficient to prove the theorem because a
parity condition is a special case of Muller, Rabin, and Streett conditions. Furthermore,
the principle of the proof is generic, relying on results forword automata, such that it can
easily be instantiated for other types of transformations.

Let A = (Q,A, I,∆,F) be a Muller automaton. LetAcc ⊆ Qω be the abstract
acceptance condition, i.e., the set of all infinite state sequences satisfying the Muller con-
dition F . SinceQ is a finite set, we can viewAcc as anω-language over the alphabet
Q. It is easy to see thatAcc is a regularω-language. Hence, we can find a deterministic
parity automatonB = (S,Q, ι, δ, c) over infinite words that acceptsAcc.

We now combineA andB using a product construction such thatB reads the state
sequences along the paths of a run ofA. The acceptance condition is induces byB. Since
B accepts a sequence of states ofA if, and only if, it satisfies the Muller condition, we
end up with a parity tree automaton equivalent toA.

Note that this kind of construction can also be used for otherkinds of acceptance con-
ditions. One only has to check that the abstract acceptance condition of the given automa-
ton can be accepted by a deterministic word automaton of the target acceptance condition,
and that this target acceptance condition can be transferred to the product automaton.

This result raises the question whether acceptance conditions that are less expressive
for deterministic word automata, as for example the Büchi condition, are also less ex-
pressive for nondeterministic tree automata. Consider thelanguage of all infinite words
overA = {a, b} that contain only finitely manyb. This language cannot be accepted by a
deterministic B̈uchi word automaton. And indeed, it is not possible to construct a B̈uchi
tree automaton for the language containing all trees in which every path contains only
finitely manyb (see e.g. [48] for a proof).

Proposition 2.2([41]). The language of all trees over{a, b} that have only finitely many
b on each path cannot be recognized by a Büchi tree automaton.

The relation between recognizability of a word language andthe induced tree language
can be generalized as follows. For a languageL of infinite words letPath(L) be the
language of all trees such that each path is labeled by a word in L. In [24] it is shown
that a language of the formPath(L) can be accepted by a nondeterministic Büchi tree
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automaton if, and only if,L can be accepted by a deterministic Büchi word automaton.
In [35] this result is extended to parity automata:

Theorem 2.3([35]). A tree language of the formPath(L) can be accepted by a nondeter-
ministic parity tree automaton using prioritiesi, . . . , j if, and only if,L can be accepted
by a deterministic parity word automaton using prioritiesi, . . . , j.

Intuitively, this result shows that nondeterminism in treeautomata does not help if the
tree language requires that a property is checked on all paths.

Before we introduce the more general model of alternating tree automata we present
some basic closure properties of the class of nondeterministic tree automata. The closure
under union is easily shown by taking the disjoint union of two given Muller automata.

For the closure under intersection one can use a standard product construction yielding
an automaton over the Cartesian product of the two state spaces. The acceptance condition
contains all sets of pairs of states such that the projections to the two components yield
state sets that are accepting in the respective Muller automata. One should note here
that constructions for the intersection are more involved for other types of acceptance
conditions like Rabin or parity conditions because the two given conditions cannot easily
be rewritten as a condition of the same type on the product state space. However, one can
rely on Theorem 2.1 to derive the closure properties for other acceptance conditions.

Remark 2.4. The class of languages definable by nondeterministic Mullertree automata
is closed under union and intersection.

A projection is a mappingh from an alphabetA to an alphabetB. As usual, a projec-
tion is applied to a tree by applying it to each node, and to a set of trees by applying it to
each tree from the set.

By applying the projectionh to each label in the transitions of a nondeterministic
automaton, we obtain the following remark.

Remark 2.5. For all of the acceptance conditions, the corresponding class of languages
definable by nondeterministic tree automata is closed underprojection.

The closure under complement is the most difficult problem for nondeterministic au-
tomata. A proof of this is given in Section 3 based on constructions for alternating au-
tomata, which are defined below.

2.2 Alternating automata

In nondeterministic automata each transition sends exactly one state to each successor
node in the tree. Alternating automata relax this restriction: It is possible to send sev-
eral states to the same successor or to ignore some subtrees by not sending states to the
corresponding node at all. To generalize nondeterministicautomata we also allow nonde-
terministic choices. For example, it is possible to specifythat the automaton sends states
q1 andq2 to the first successor, or it sendsq3 to the first successor andq4 andq5 to the
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second successor. If several states are sent to the same successor, then these can be viewed
as copies of the automaton that process the same subtree independently.

We use positive Boolean formulas to define such transitions,where an atom specifies
which state is sent to which successor. For a setX let B+(X) denote the set of positive
Boolean formulas overX (composed of atoms fromX and the operators∧, ∨). The
empty conjunction is always true and is denoted bytt, while the empty disjunction is
always false and is denoted byff . For ϕ ∈ B+(X) andY ⊆ X we write Y |= ϕ if
the truth assignment that assigns true to all elements fromY and false to all elements of
X \ Y makesϕ true.

The transition structure of an alternating automaton is of the form(Q,A, I, δ), where
Q andA are as before,I ∈ B+(Q) is an initial formula, and the transitions are defined
by a functionδ : Q× A → B+(Q× [k]). The acceptance conditions are specified in the
same way as for nondeterministic automata.

Nondeterministic automata can be seen as a special case of alternating automata. We
can write the transition relation∆ of a nondeterministic automaton as the functionδ
defined byδ(q, a) =

∨
(q,a,q0,...,qk−1)∈∆(q0, 0)∧· · ·∧(qk−1, k−1). For nondeterministic

automata we refer to the elements(q, a, q1, . . . , qk) of ∆ as transitions. Similarly, we say
that(q, a, P ) with P ⊆ Q× [k] is a transition of an alternating automaton with transition
functionδ if P |= δ(q, a).

Before we formally describe runs we give an example to illustrate the principle of
alternating automata.

Example 2.2. Let A = {a, b} and letT be the language consisting of all binary trees
such that below eacha there is someb. More precisely,T = {t ∈ T ω

A | ∀u ∈ [2]∗(t(u) =
a → ∃v ∈ [2]∗(t(uv) = b))}.

We construct an alternating automaton that uses two statesQ = {q, qb} whereq is
used to run over the whole tree, and whenever a node with labela is found, the automaton
spawns a new copy in the stateqb that guesses a path to someb below the current node
(the use ofqb is similar to Example 2.1). The initial formula correspondsto a single initial
stateI = q. The transition function looks as follows:

δ(q, a) = (q, 0) ∧ (q, 1) ∧
(
(qb, 0) ∨ (qb, 1)

)

δ(q, b) = (q, 0) ∧ (q, 1)
δ(qb, a) = (qb, 0) ∨ (qb, 1)
δ(qb, b) = tt

The stateq always reproduces itself at both successors of a node by the formula(q, 0) ∧
(q, 1). The stateqb only continues into one of the directions by the formula(qb, 0)∨(qb, 1).
Whenqb finds a node labeledb, then it stops using the formulatt. Some examples for
transitions ofA are(q, a, {(q, 0), (q, 1), (qb, 0)}) and(qb, b, ∅).

As acceptance condition we use a Büchi condition given byF = {q}. This means
that all computations from a stateqb have to terminate at some point because otherwise
we would obtain an infinite path that only finitely often visitsF .

The notion of run for alternating automata is more complex because the automaton
does not label each node of an input tree by exactly one state as for nondeterministic
automata. For this reason, a runR is a forest with vertices labeled by states and by nodes
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Figure 1. A labeled binary
tree.
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Figure 2. A run of the automaton from Exam-
ple 2.2 on the tree from Figure 1.

of the tree. The paths through the forest correspond to computations of the automaton
along paths of the input tree.

Let A be a alternating tree automaton with transition structure(Q,A, I, δ), and let
t ∈ T ω

A,k be a tree. A run ofA on t is a pair(R, ρ) of a forestR = (VR, ER) and a
mappingρ : VR → Q × [k]∗ that associates to each node ofVR a state ofA and a node
from the domain oft such that the following conditions are satisfied:

• Each root of the forest is labeled by a pair(q, ε), and the set{q1, . . . , qn} of state
labels of the roots ofR satisfies the initial formulaI.

• Let v ∈ VR be a node ofv with ρ(v) = (q, u), and letv1, . . . , vn be its successors.
Then for eachi the label ofvi is of the formρ(vi) = (qi, u.di) with di ∈ [k], and
(q, t(u), {(qi, di) | 1 6 i 6 n}) is a transition ofA.

Example 2.3. Figure 2 shows the beginning of a possible run of the automaton from
Example 2.2 on the tree from Figure 1. Note that the paths ending in (qb, 01) are finite
paths of the run because(qb, b, ∅) is a transition of the automaton.

A run (R, ρ) is accepting if the state sequences that we obtain along the infinite paths
throughR satisfy the acceptance condition. As before, we denote the set of all trees for
which there is an accepting run ofA by T (A). This is also called the language accepted
by A.

Note that we have introduced the model using an initial formula. A simple construc-
tion shows that one can always work with a single initial state instead. We use this remark
in some proofs to simplify constructions.

We also introduce a restricted version of alternating automata, so called weak alter-
nating automata [31]. Intuitively, in weak automata each state sequence can only switch
a bounded number of times between acceptance and non-acceptance: there are no nested
accepting and non-accepting cycles in the transition structure. This is formalized by us-
ing an ordered partition of the state space, i.e.,Q is the disjoint union of setsQ1, . . . , Qm

such that for eachq ∈ Qi and eacha ∈ A, all the states that occur in the formulaδ(q, a)
are in someQj for i 6 j. Furthermore, eachQi is either classified as accepting or as
rejecting. Note that the labels on each path through a run of aweak automaton eventually
stabilize to one of theQi. The path is accepting if thisQi is an accepting component,
otherwise it is rejecting.
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The automaton presented in Example 2.2 is in fact a weak automaton using the parti-
tionQ1 = {q} andQ2 = {qb}, and classifyingQ1 as accepting andQ2 as rejecting.

Note that the acceptance condition of weak automata can be expressed as a B̈uchi
condition using the setF consisting of the union of the accepting components, and as a
co-Büchi condition using the setF consisting of the union of the rejecting components.

Weak alternating automata are interesting because they canbe used to characterize
a variant of monadic second-order logic. This relation is explained in more detail in
Section 5.1.

As for nondeterministic automata we state some simple properties of alternating au-
tomata. The more involved constructions are presented in Section 3. The possibility of
using disjunctions and conjunctions in alternating automata allows simple constructions
for the closure under union and intersection by taking the disjoint union of the two given
automata and combining them by taking the disjunction or theconjunction of the initial
formulas, respectively. Note that these constructions work for all the presented accep-
tance conditions (for Rabin and Streett a simple adaption ofthe pairs is necessary, left as
an exercise to the reader).

In Remark 2.5 we have shown that applying a projection to the transition labels of a
given nondeterministic automaton yields an automaton for the projected language. This
simple construction does not work for alternating automata. For constructing an automa-
ton accepting the projection of the tree language defined by an alternating automaton one
first has to transform it into a nondeterministic one. This isthe subject of Section 3.3.

3 Complementation and simulation

In this section we show how to complement alternating tree automata and how to trans-
form an alternating automaton into a nondeterministic one.This also settles the com-
plementation problem for nondeterministic tree automata because we can complement
a nondeterministic tree automaton as an alternating one, and then transform the result
back into a nondeterministic automaton. This combined construction corresponds to the
standard construction as presented in [48].

A major tool for proving the correctness of these constructions are infinite games. We
introduce the required terminology and some basic results on games in Section 3.1. In
Section 3.2 we show how to complement alternating automata,and in Section 3.3 we
transform alternating automata into nondeterministic ones.

3.1 Infinite games

The games we are interested in are played on game graphs, alsocalled arenas. Anarena
is a tupleG = (VE, VA, E, c), whereVE is the set of vertices of playerEva, VA is the set of
vertices of playerAdam, E ⊆ V × V for V = VE ∪ VA is the set of edges or moves, and
c : V → C is a mapping that assigns to each vertex a color from a finite set C of colors.

A play in G is an infinite sequence of verticesγ ∈ V ω or a finite sequence of vertices
that ends in a vertex without successors. One can imagine such a play being built up by
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the two players moving a token along the edges. Whenever the token is on a vertex of
Eva, then she can choose the edge, otherwise Adam chooses.

Sometimes we are only interested in games starting in a specific initial vertex. In these
cases we specify this vertex additionally to the other components of an arena.

Finite plays ending in vertcies without successors are losing for the player who cannot
move, that is, the player to whom the last vertex of the play belongs loses. The winner
of infinite plays is specified by the winning condition: Givena playγ, we look at the
corresponding sequencec(γ) ∈ Cω of colors. The winning condition specifies whether
this sequence is winning for Eva or for Adam. Hence, formallya winning conditionis
given by the setWin ⊆ Cω of infinite plays that are winning for Eva. Agameis a pair
G = (G,Win) of an arena and a winning condition (for Eva) as above.

The central notion in the theory of infinite games is the one ofwinning strategy. Given
a game, we are interested in the question if one of the playerscan guarantee to win,
no matter how the opponent plays. This is captured by the notion of winning strategy.
Formally, astrategyσE for Eva is a functionσE : V ∗VE → V that takes a finite prefix
of a play ending in a vertex of Eva, and outputs her next move, with the property that
σE(wv) = v′ implies that(v, v′) ∈ E. If a vertex of Eva does not have a successor, then
the strategy is undefined. Similarly, a strategy for Adam is afunctionσA : V ∗VA → V
such thatσA(wv) = v′ implies that(v, v′) ∈ E.

A (finite or infinite) playγ is said to beplayed according to a strategyσE for Eva if
for eachi with γ(i) ∈ VE the next vertex, if it exsists, is obtained by applying the strategy:
σE(γ[0, i]) = γ(i+ 1). For a strategy of Adam the definition is analogous.

Given a gameG = (G,Win) and an initial vertexv0, a strategyσE for Eva is a
winning strategyfrom v0 if all possible possible plays that start inv0 and that are played
according toσE are winning for Eva (and similarly for Adam).

The set of vertices from which Eva (Adam) has a winning strategy is called thewin-
ning regionof Eva (of Adam). A game is calleddeterminedif from each of the vertices
one of the players has a winning strategy. A winning conditionWin is called determined
if every game with this winning condition is determined.

We are mainly interested inparity games. The parity condition is defined as for tree
automata in Section 2, that is, the coloring is of the formc : V → N. To determine the
winner of a playγ we look at the maximal number that appears infinitely often inc(γ). If
this color is even, then Eva wins, otherwise Adam wins.

From this definition it is clear that we do not have to explicitly specify the winning
conditionWin for parity games because it is already specified by the coloring functionc.
Hence, parity games are completely specified by the game arena (VE, VA, E, c).

Parity games are important because they are not only determined but the determinacy
result already holds when restricting to a very simple type of strategies. If a player has
a winning strategy from some node, then there is also a winning strategy that does not
consider the history of the play for choosing the next move, but only the current vertex.
Such strategies are called positional or memoryless.

Formally, apositional strategyfor Eva is a functionσE : VE → V such that(v, σE(v)) ∈
E for all v ∈ V . The same definition applies for Adam withVA instead ofVE.

We call a gamepositionally determinedif from each vertex one of the players has a
positional winning strategy. The reason why parity games play a central role in the theory
of automata and logics on infinite trees is the following theorem.
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Theorem 3.1([13, 29]). Parity games are determined with uniform positional strategies
for both players on their respective winning areas.

There are various proofs of this result. The proofs in the survey articles [53, 48] are
based on an induction on the number of priorities. On finite graphs this kind of inductive
proof yields an algorithm for solving parity games roughly in timeO(nd) wheren is the
number of vertices andd the number of priorities. In [51] Walukiewicz gives a proof
based on the concept of signatures or progress measures. On finite graphs this concept is
used to derive an algorithm for computing the winning regions in [20].

There are many other algorithms for solving finite parity games (see Chapter 7 of [17]
for an overview, and the more recent works [21] and [44]). Themost obvious algorithm
can directly be derived from the positional determinacy: Ona finite graph one can guess
a positional strategy and verify it in polynomial time. By symmetry in the two players we
obtain that the problem of deciding whether a given vertex belongs to the winning region
of Eva is in NP∩ co-NP. We summarize the above by the following theorem.

Theorem 3.2. The problem of solving finite parity games is in NP∩ co-NP. There is a
deterministic algorithm solving parity games in timeO(nd) wheren is the number of
vertices andd the number of priorities.

The question whether parity games can be solved in polynomial time is one of the
main open questions in this area.

The result for parity games can be extended to Rabin games (with the definition of
Rabin conditions as given in Section 2) but here the positionality only holds for one player.

Theorem 3.3 ([23]). Rabin games are determined and Eva has a positional winning
strategy on her winning region.

Since Rabin conditions and Streett conditions are complementary to each other, mean-
ing that a Rabin condition for Eva corresponds to a Streett condition for Adam and vice
versa, we obtain that positional strategies are sufficient for Adam in Streett games.

Corollary 3.4. Streett games are determined and Adam has a positional winning strategy
on his winning region.

In general Muller games both players might need memory. One can, however, show
that finite memory only depending on the number of colors is sufficient for winning strate-
gies, which then can be implemented by finite automata (see [17, 53] for an overview of
the main results).

Our next goal is to characterize the semantics of a an alternating tree automatonA in
terms of a game, which has first been described in [18] for nondeterministic tree automata,
and later been adapted for alternating tree automata [32]. In the original formulation the
players are called “Automaton” and “Pathfinder”. We stick toour standard terminology
and call them Eva and Adam.

A first approximation of this game is as follows: Given a treet, the first player picks
a run ofA on this tree, and then the second player chooses a path through this run. If the
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path satisfies the acceptance condition, then the first player wins, otherwise the second
one wins. It is easy to see that the first player has a winning strategy if, and only if,
the tree is accepted byA. This game consist only of two rounds but the players choose
very complex objects. We now modify the game such that the players build the path
incrementally: From a node on the path which is of the form(q, x) with x ∈ [k]∗, Eva and
Adam play the transition formulaδ(q, t(x)) where Eva resolves disjunctions and Adam
resolves conjunctions. Resolving the formula results in some (q′, d) with d ∈ [k]. The
game continues in(q′, x.d).

For simplicity, we consider automata with a single initial state, which is sufficient as
mentioned in Section 2. The initial formula can be incorporated in the membership game
but this makes the definition lengthy and less readable.

The formal definition of themembership gameGA,t is as follows:
• The set of vertices isVA,t = (Q× [k]∗) ∪ (B+(Q× [k])× [k]∗).
• The vertices fromQ× [k]∗ belong to Eva.
• The vertices(ψ, x) ∈ (B+(Q × [k]) × [k]∗) belong to Adam for conjunctions

ψ = ψ1 ∧ ψ2 or if ψ = tt. Otherwise they belong to Eva (disjunctions,ff , and
atoms). From the definition of the edge relation below it follows that atoms only
have one successor and therefore it does not matter to which player they belong.
The nodes withtt andff have no successors, that is, Eva wins if a node withtt is
reached and Adam wins if a node withff is reached.

• The initial vertex is(ι, ε).
• To define the edges, letq ∈ Q, x ∈ [k]∗, d ∈ [k], andψ ∈ B+(Q × [k]) be of the

formψ = ψ1 op ψ2 with op ∈ {∧,∨}. Then we have the following edges inEA,t:

(q, x) → (δ(q, t(x)), x)
(ψ, x) → (ψi, x) for i ∈ {1, 2}

((q, d), x) → (q, x.d)

• The set of colors is the setQ of states ofA together with a color⊥. To each
node of the form(q, x) we assign the colorq, and to all other nodes the color⊥.
The winning condition is the adaption of the acceptance condition of A: A play is
winning for Eva if the state sequence that we obtain by removing ⊥ satisfies the
acceptance condition.
This leads to a winning condition of the same type as the acceptance condition ofA.
If A uses a parity condition defined by the mappingc, then we can directly specify
a parity condition for the membership game by assigning to each vertex(q, x) the
priority c(q), and to all other vertices the lowest priority in the image ofc.

Figure 3 shows the reachable vertices of the initial part of the membership game for the
automaton from Example 2.2 and the tree from Figure 1. The dashed ellipses indicate the
nodes of the tree, which areε, 0, and1 in this example. Inside these dashed lines the sub-
game at the corresponding node is shown: A vertex(q, x) of the game is displayed asq
inside the dashed line for nodex, and similarly for nodes of the form(ψ, x). The vertices
drawn with rounded corners belong to Eva, the others belong to Adam. For simplicity,
conjunctions of three formulas are resolved in one step and not one conjunction symbol
at the time as in the formal definition.

Note that the label of the tree at a node influences the structure of the sub-game.
Further note that the game is tree shaped and acyclic, but it is not a tree. For example, there
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· · · · · ·· · · · · ·

· · · · · ·

Figure 3. Initial reachable part of the membership game for the automaton from
Example 2.2 and the tree from Figure 1.

are two different ways of reaching the formula(qb, 0) ∨ (qb, 1) at the node0. A strategy
could make different decisions at this vertex depending on the way the play arrived there.

The following Lemma shows in which sense the gameGA,t captures the semantics of
tree automata.

Lemma 3.5([18, 32]). Eva has a winning strategy inGA,t if, and only if,t ∈ T (A).

Proof. The main observation is:(q, a, P ) is a transition ofA if, and only if, Eva has a
strategy inGA,t to ensure from a vertex(δ(q, a), x) to reach some vertex((p, d), x) with
(p, d) ∈ P . This can be shown by a simple induction on the structure ofδ(q, a).

Using this observation, one easily defines a winning strategy for Eva inGA,t from an
accepting run ofA on t and vice versa.

We have defined the game for alternating automata such that ateach tree node the two
players play a local game for resolving the transition formulas. Consider the special case
of nondeterministic automata. When viewing nondeterministic automata as alternating
ones, then the transition formulas are of a very restricted shape, they are disjunctions
of conjunctions, where each conjunctions contains one atomfor each direction. In this
case, the local game at each tree node can be viewed as Eva choosing a transition of the
nondeterministic automaton (resolving the disjunction),and Adam choosing a direction
(resolving the conjunction).
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3.2 Complementation of alternating automata

Imagine that we transform the automatonA into an automatoñA such that in the mem-
bership game the winning condition is complemented and the ownership of the vertices
is swapped (nodes of Eva belong to Adam and vice versa). It is not difficult to see that
in this modified game Adam has a winning strategy if, and only if, Eva had a winning
strategy in the original game. According to Lemma 3.5 this means that the automatoñA
accepts precisely those trees that have been rejected byA.

The vertices inGA,t that do not have a unique successor are precisely the vertices
corresponding to formulas fromB+(Q × [k]). Hence, if we exchange∧ with ∨ andtt
with ff in all the formulas of the automaton, then we basically dualizeGA,t as explained
above. We call this formula obtained fromϕ by exchanging∧ with ∨ andtt with ff the
dual formula ofϕ and denote it bỹϕ.

For an alternating tree automatonA with transition functionδ we define the dual

transition functioñδ by δ̃(q, a) = δ̃(q, a) for all statesq and lettersa. In this way we
can define the dual of an alternating transition structure(Q,A, I, δ) as(Q,A, Ĩ, δ̃). The
dualÃ of an alternating tree automatonA is obtained by dualizing its transition structure
and its acceptance condition. An abstract acceptance conditionAcc is dualized by simply
taking its complementQω\Acc. When working with concrete acceptance conditions, then
dualization sometimes requires to change the type of the automaton. For example, the dual
of a Büchi condition specified byF is described by the co-B̈uchi condition specified by
F . The dual of a Rabin condition specified by〈(E1, F1), . . . , (Ek, Fk)〉 is captured by
the same list of pairs interpreted as a Streett condition.

The other conditions that we have considered are self-dual.For a Muller condition
specified byF the dual is specified by2Q \ F , for a parity condition specified byc
the dual is obtained by adding one to each priority (thus turning odd priorities even and
vice versa), and for weak automata dualization can be done byflipping the status of the
components between accepting and non-accepting.

Since dualization basically amounts to flipping the roles ofthe two players in the
membership game, we can conclude the following.

Lemma 3.6. Eva has a winning strategy inGA,t if, and only if, Adam has a winning
strategy inG

Ã,t
.

Combining Lemma 3.6 and Lemma 3.5 we obtain the following complementation
theorem for alternating tree automata.

Theorem 3.7([32]). Let A be an alternating tree automaton and̃A be its dual. Then
T ω
A,k \ T (A) = T (Ã).

3.3 Simulation of alternation by nondeterminism

Before we turn to the case of alternating parity tree automata we state a simpler result for
alternating B̈uchi automata due to Miyano and Hayashi.2 The idea is to use an extension

2Miyano and Hayashi gave the construction for alternating word automata but the extension to trees is
straightforward.
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of the subset construction. Assume that we take a run of the given alternating automaton
and we simply merge all vertices of the run that are associated to the same node in the
tree. We obtain a set of states. The nondeterministic automaton computes such sets of
states with some additional information for keeping track of the acceptance condition on
individual paths.

Theorem 3.8([27]). For each alternating B̈uchi tree automaton withn states one can
construct an equivalent nondeterministic Büchi tree automaton with at most3n states.

We now turn to the full simulation theorem. The strategy we follow here corresponds
to the one for complementing nondeterministic parity tree automata as presented in [18]
and [48]. It relies on positional determinacy of parity games and determinization of au-
tomata on infinite words.

As in the definition of the membership game, we work with automata having a single
initial state. For the remainder of this section we fix an alternating parity tree automaton
A = (Q,A, ι, δ, c).

Our goal is to construct a nondeterministic tree automaton that can check for a treet
whether there is some successful run ofA on t. The difficulty is that such a run can have
many different computations along a single path of the tree while the nondeterministic
automaton has exactly one computation along each path. In Section 3.1 we have seen
that there is a correspondence between runs and strategies for Eva in the membership
game. Thus, in the following we prefer to work with strategies instead of runs. Using
the positional determinacy of parity games (Theorem 3.1), we can restrict our attention to
rather simple objects: positional strategies.

A nondeterministic automaton can guess such a positional strategy and at the same
time verify that it is a winning strategy for Eva. We show thisin two steps. First, we
consider trees that are annotated by additional information coding a positional strategy
for Eva. We show that a deterministic automaton can verify whether the annotation oft
codes a winning strategy for Eva inGA,t. The nondeterministic automaton that guesses
the strategy is then obtained by projection.

A positional strategy for Eva inGA,t contains the following information: For each
position of the form(ψ, x) whereψ ∈ B+(Q × [k]) is a disjunctionψ = ψ1 ∨ ψ2 and
x ∈ [k]∗, the strategy has to choose a successor(ψ1, x) or (ψ2, x). Hence, a positional
strategyσ for Eva can be defined by specifying for eachx ∈ [k]∗ a partial function
σ̂x : B+(Q × [k]) → B+(Q × [k]) such that for eachψ = ψ1 ∨ ψ2 eitherσ̂x(ψ) = ψ1

or σ̂x(ψ) = ψ2. The functionσ̂x is partial because it only specifies values for disjunctive
formulas. We call these partial functionsσ̂x local strategies and we denote the set of all
local strategies byΣ. Note thatΣ is finite.

We can represent a positional strategyσ for Eva inGA,t by annotating each node oft
with the local strategŷσx. Looking at Figure 3, we basically annotate each node oft by
the subgame at this node with one outgoing edge selected for each vertex of Eva.

Formally, a tree representation of a membership strategy for Eva is a trees ∈ T ω
A×Σ,k.

Such a trees represents a strategy in the gameGA,t for the treet obtained by projecting
s to theA-component of the labels. The central lemma for the simulation construction is
that we can construct a top-down deterministic parity tree automaton accepting precisely
the representations of winning strategies of Eva.
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Lemma 3.9. There is a top-down deterministic parity tree automatonA′ accepting the
tree representations of positional winning strategies forEva. The number of states ofA′

is in 2O(nd log(nd)) and the number of priorities inO(nd), wheren is the number of states
of A, andd is the number of priorities ofA.

Proof. Let s be a tree representation of a positional strategy for Eva. Let t be the corre-
sponding tree inT ω

A,k obtained by projection to theA-component, and letσ be the strategy
of Eva inGA,t represented bys.

The parity tree automaton that we construct has to verify that all plays played accord-
ing to σ are winning for Eva. We first need an auxiliary definition allowing us to talk
about the plays that are possible according toσ.

Consider Figure 3 and assume that a local strategy at nodeε chooses the edge to
(qb, 0) from the disjunctive formula. The set of atoms that can be reached in the local
game atε according to this local strategy is{(q, 0), (q, 1), (qb, 0)}. In general, we define
the setatoms(σ̂, ψ) of atoms that a local strategŷσ induces, starting from some element
ψ ∈ B+(Q× [k]):

atoms(σ̂, ψ) =





{(q, i)} if ψ = (q, i) is an atom,

atoms(σ̂, ψ1) ∪ atoms(σ̂, ψ2) if ψ = ψ1 ∧ ψ2,

atoms(σ̂, σ̂(ψ)) if ψ = ψ1 ∨ ψ2.

Given a stateq and a labela ∈ A we letσ̂(q, a) = atoms(σ̂, δ(q, a)) be the set of possible
atoms that can be reached for the transition fromq anda according tôσ.

Now we reduce the problem of checking all plays that are played according toσ to
a problem over infinite words: Each path ins corresponds to an infinite sequence over
(A × Σ × [k]), where the last[k]-component indicates the direction the path takes in
each step. We say that such a sequence(a0, σ̂0, i0)(a1, σ̂1, i1) · · · ∈ (A × Σ × [k])ω is
A-accepting if each state sequenceq0q1 · · · that starts in the initial state (q0 = ι) and
is consistent with the strategy ((qj+1, ij) ∈ σ̂j(qj , a)) satisfies the acceptance condition
of A. These conditions state thatq0q1 · · · corresponds to the state sequence of a play
according toσ along the pathi0i1 · · · . We conclude thatσ is a winning strategy if, and
only if, all paths throughs correspond toA-accepting sequences.

The setL of all A-accepting sequences over(A × Σ × [k]) is a regular language
of infinite words: A nondeterministic B̈uchi automaton can guess a sequenceq0q1 · · ·
that starts in the initial state and is consistent with the strategy but does not satisfy the
acceptance condition ofA. We obtain a deterministic parity word automatonD for L
by determinizing and complementing this Büchi automaton. From this word automaton
one easily constructs a top-down deterministic parity treeautomatonA′ = (Q′, A ×
Σ, ι′,∆′, c′) accepting all(A × Σ)-trees in which all paths correspond toA-accepting
sequences. The automatonA′ simulatesD along all paths:(q, (a, σ̂), q1, . . . , qk) is a
transition ofA′ if D mapsq to qi for the input letter(a, σ̂, i) for eachi ∈ [k].

The size ofA′ is determined by the size ofD, whereD was obtained from a non-
deterministic B̈uchi automaton by determinization and complementation. The comple-
mentation step for deterministic parity automaton is only amatter of adapting the priority
mapping. Hence, the size ofD is determined by the size of the Büchi automaton and the
complexity of the determinization construction. The Büchi automaton guesses a sequence
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q0q1 · · · using the states ofA. The local conditions are verified by the transitions, i.e.,a

transitionq
(a,σ̂,i)
−−−−→ q′ is only possible if(q′, i) ∈ σ̂(q, a). To check thatq0q1 · · · does not

satisfy the acceptance condition ofA, the automaton guesses a position and an odd pri-
ority m and verifies that from this position onwardsm is the biggest priority that occurs
and thatm occurs infinitely often. Overall, this can be implemented using n · d states,
whered is the number of priorities ofA. Determinization yields a deterministic parity
word automaton with at most2O(nd log(nd)) states andO(nd) priorities [42].

The simulation result is a direct consequence of Lemma 3.9.

Theorem 3.10([33]). For each alternating parity tree automaton one can construct a
nondeterministic parity tree automaton accepting the samelanguage. The number of
states of the nondeterministic automaton is bounded by2O(nd log(nd)), wheren is the
number of states andd is the number of priorities of the given alternating automaton.

Proof. GivenA we apply Lemma 3.9 and obtain a parity tree automatonA′ accepting the
tree representations of winning strategies of Adam. Omitting theΣ-component from the
labels in the transitions yields a (nondeterministic) parity tree automaton that accepts all
treest ∈ T ω

A,k on which Eva has a winning strategy inGA,t. According to Lemma 3.5 this
is exactly the language ofA.

By combining Theorem 3.10 and Theorem 3.7 we obtain a complementation proce-
dure for nondeterministic tree automata.

Corollary 3.11 ([39]). For each nondeterministic parity tree automaton one can construct
a nondeterministic parity tree automaton accepting the complement language.

The simulation theorem and the closure of regular languagesof infinite trees under
complement is a strong result. We have seen that the proof is based on the determiniza-
tion theorem for automata on infinite words, and on the positional determinacy of parity
games. Since the proof is constructive, we can also use it in connection with algorithmic
questions for parity tree automata. This subject is considered in the next section. We con-
clude this section with some remarks on the history and further results on constructions
for automata over infinite trees.

The complementation result was already shown by Rabin in [39] also relying on Mc-
Naughton’s theorem on determinization ofω-automata (as used in Lemma 3.9) but not on
positional determinacy for membership games.

The simulation theorem for transforming alternating automata into nondeterministic
ones was proven by Muller and Schupp in [33] for alternating Streett tree automata. Their
proof only assumes determinacy of membership games but doesnot make any assump-
tions on the shape of the strategies (positional or finite memory). From their results one
can derive the finite memory determinacy of membership gamesfor alternating Streett
tree automata with a proof that is different from the standard proofs that construct finite
memory strategies by analyzing the whole game graph. Intuitively, their construction
starts from an arbitrary winning strategy and turns it into afinite memory strategy by
looking at each node at the possible plays that arrive at thisnode and basing the strategy
decision only on this information.
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The construction presented in [33] yields a nondeterministic automaton with2Ond log(n)

states, which is slightly better than the result from Theorem 3.10. The advantage of the
construction that we presented here is that it is modular andthat the complexity of certain
steps is encapsulated in separate theorems on games andω-automata. The presentation
is based on the transparent complementation construction for nondeterministic tree au-
tomata that was introduced by Gurevich and Harrington in [18] and is very nicely pre-
sented in [48].

We have presented the simulation construction for parity tree automata. The same
techniques also work for Rabin conditions with the same complexities: Rabin conditions
also admit positional strategies for Eva, and the size of thedeterministic automaton on
infinite words that is constructed in the proof of Lemma 3.9 isof the same order using a
determinization result for nondeterministic Streett automata [43].

When starting from an alternating Streett tree automaton, then the situation changes
because winning strategies for Eva in Streett games requirememory, in general. If the
number of pairs in the Streett condition isd, then one has to consider strategies using
memory of size up tod!. Theω-automaton constructed in the proof of Lemma 3.9 is
therefore doubly exponential ind (but only singly exponential inn, as before).

An extension of this simulation result to two-way alternating parity tree automata that
can additionally move up and down in the tree is presented in [49].

4 Decision problems

In this section we consider decision problems for automata on infinite trees. The most
fundamental one is the emptiness problem, that is, decide for a given tree automaton
whether its language is empty. This problem plays a central role when using tree automata
as a tool for decision procedures in logic (see Section 5). Furthermore, other problems like
inclusion or equality of regular tree languages can be reduced to the emptiness problem
by using constructions for the Boolean operations.

A transparent solution for the emptiness problem that we aregoing to explain in the
following is using games similar to the membership games presented in Section 3.1. Re-
call that in the membership game the aim of Eva is to prove thatthere exists an accepting
run of the automaton on the given tree, while Adam tries to identify a path witnessing that
the run is not accepting. The resulting game graph is infinitebecause it depends on the
given treet.

The emptiness game is similar to the membership game but now Eva’s aim is to prove
that there exists a tree and an accepting run on this tree, while Adam as before tries to
identify a non-accepting path. Hence, we basically obtain the emptiness game by remov-
ing the reference to the given treet from the membership game and leave the choices of
the labels to Eva. However, one has to be careful because whenconstructing a tree from
a strategy of Eva the choices of the labels have to be consistent, meaning that if two plays
according to the strategy arrive at the same node of the tree,then Eva has to make the
same choices of the label. For this reason, the emptiness game (in its simple form) only
works for nondeterministic automata. Here it is guaranteedthat for a fixed strategy of Eva
only one play arrives at each node of the tree.
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We now give the formal definition of theemptiness gameGA for a nondeterministic
parity tree automatonA(Q,A, ι,∆, c). We note that the same principle works for all other
types of acceptance conditions by simply adapting the winning condition of the resulting
game accordingly.

The set of vertices ofGA is Q ∪∆, that is, it consists of the states and the transitions
of A. The states are the positions of Eva, and the transitions arethe positions of Adam.
The initial position of the game is the initial stateι. The moves of the game are described
below:

• From a stateq Eva can move to all transitions of the form(q, a, q0, . . . , qk−1) with
q as source state.

• From a transition(q, a, q0, . . . , qk−1)Adam can move to one of the statesq0, . . . , qk−1.
This corresponds to the choice of a directioni ∈ [k].

As priority function we simply take the priority function ofA and extend it to transitions
by settingc(q, a, q0, q1) = c(q). We can now relate the existence of winning strategies in
GA to the emptiness ofT (A) [53, 48]:

Lemma 4.1. Eva has a winning strategy in the emptiness gameGA iff T (A) 6= ∅.

The size of the parity gameGA is linear in the size ofA. In combination with Theo-
rem 3.2 we obtain the decidability and a complexity result for the emptiness problem of
parity tree automata. The decidability of the emptiness problem for Rabin tree automata
was already shown in [41].

Theorem 4.2. The emptiness problem for parity tree automata is in NP∩ co-NP. If the
automaton works overk-ary trees, hasn states,m transitions, andd priorities, then the
emptiness problem can be solved in timeO(km(n+m)d).

As a consequence we obtain that decision problems that can bereduced to the empti-
ness problem of nondeterministic parity tree automata are also decidable.

Corollary 4.3. The inclusion problem for regular tree languages given by alternating
parity tree automata can be solved in exponential time.

Proof. Given two alternating parity tree automataA andB, we can testT (A) ⊆ T (B)

by combiningA and B̃ into a parity tree automaton acceptingT (A) ∩ (T ω
A,k \ T (B))

whose size is the sum of the sizes ofA andB. Then we apply Theorem 3.10 and obtain a
nondeterministic parity tree automaton with exponentially many states and polynomially
many priorities. The language of this automaton is empty if,and only if,T (A) ⊆ T (B).
Since the algorithm for solving the emptiness problem is only exponential in the number
of priorities, the combined procedure runs in singly exponential time.

Since already the universality problem, that is, the question whether a given tree lan-
guage contains all trees, is complete for exponential time for nondeterministic automata
on finite trees [45], there is no hope to improve Corollary 4.3for simpler acceptance
conditions or nondeterministic automata.

The emptiness game and the result on the positional determinacy of parity games
can be used to show the existence of a certain kind of simple trees in each non-empty
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regular tree language. These trees are called regular because they can be generated by a
deterministic finite automaton in the following sense: A tree t ∈ T ω

A,k is calledregular if
there is a deterministic finite automaton(S, [k], s0, η, λ) with state setS, input alphabet
[k], initial states0, transition functionη, and output functionλ : Q → A, such that for
eachu ∈ [k]∗ the labelt(u) of u in t is the same as the outputλ(η(u)) computed by the
automaton. Here,η(u) denotes the state reached by the automaton after readingu.

We can also view the deterministic automaton from the above definition as a finite
graph of out-degreek whose vertices are labeled by symbols fromA (via λ). The tree it
generates is simply the unfolding of this graph starting from the initial states0.

It is not difficult to see that regular trees are exactly thosethat have only finitely many
non-isomorphic subtrees: A tree with this property can be generated by a finite automaton
whose states correspond to the different subtrees it contains. Vice versa, a tree that is
generated by a finite automaton can only contain as many non-isomorphic subtrees as the
number of states of the automaton.

From a positional strategy for Eva in the emptiness gameGA we can construct a reg-
ular tree in the language ofA.

Theorem 4.4([41]). Every non-empty regular tree language contains a regular tree. The
number of states of the automaton generating the tree is the same as the number of states
of A.

Proof. A positional strategyσE for Eva chooses a transition(q, a, q0, . . . , qk−1) for each
stateq. We specify the output function of the automaton generatingthe tree asλ(q) = a,
and the transition function byη(q, i) = qi for eachi ∈ [k].

The following theorem is an easy consequence of Theorem 4.4 and the closure of
regular tree languages under difference.

Corollary 4.5. Two regular tree languages are equal if, and only if, they contain the same
regular trees.

Regular trees can be viewed as a simple class of infinite treesthat have a finite repre-
sentation using automata. Given an alternating tree automatonA and such a regular treet,
we might want to know whether the tree is accepted byA. This is called the membership
problem for regular trees. In Section 3.1 we have introducedthe membership gameGA,t

characterizing the membership oft in the languageT (A). For general treest the arena
of GA,t is infinite but it is easy to see that the arena can be made finiteif the treet is
regular, by identifying nodes of the tree that are roots of isomorphic subtrees (correspond
to the same state of the finite automaton generatingt). The size of the resulting game is a
product of|A| and|t|, where the size|A| of A is the sum of the number of states and the
size of the formulas occurring in the transition function ofA, and the size|t| of t is the
size of the automaton representingt. We obtain the following theorem as a consequence
of the above explanations and Theorem 3.2.

Theorem 4.6. The membership problem for an alternating parity tree automatonA with
d priorities and a regular treet can be solved in timeO((|A| · |t|)d).
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We finish this section by briefly discussing the parity index problem for regular tree
languages: Given a regular tree languageT and a rangei, . . . , j of priorities, decide ifT
can be accepted by a parity automaton using the intervali, . . . , j of priorities. There are
two immediate variations of this problem, depending on whether we want the resulting
parity automaton to be nondeterministic or alternating. For both types of automata the
hierarchy induced by growing ranges of priorities is known to be strict ([34] and [2, 26]).
However, deciding the levels of the respective hierarchiesis still an open problem. In
the following we briefly explain some results on special cases for the nondeterministic
parity index problem, that is, deciding for a given tree language and priority rangei, . . . , j
whetherT can be accepted by a nondeterministic parity tree automatonwith priorities
i, . . . , j.

If the given language is of the formPath(L) for anω-languageL (see Section 2.1),
then we can use Theorem 2.3 and the fact that for deterministic parity word automata the
index problem is decidable [35, 8]. This decidability result can be generalized to the case
where the given tree language can be accepted by a deterministic tree automaton [36].
The lowest level of the hierarchy, the case wherei = j = 0 is known to be decidable for
arbitrary regular tree languages as input [52]. An approachto tackle the general problem
has been presented in [10] where the nondeterministic parity index problem is reduced to
the universality problem for so called distance parity treeautomata, but the decidability
of the latter problem remains open.

5 Applications in logic

In this section we apply the results on automata on infinite trees to solve logical decision
problems. The original motivation for introducing this kind of automata was the decision
problem for monadic second-order logic (MSO) of two successor functions, that is, of
the infinite binary tree [39]. In Section 5.1 we present Rabin’s result on the equivalence
of MSO and tree automata, and also give a characterization ofweak monadic second-
order logic (WMSO) in terms of alternating automata. The equivalence of MSO and
automata can be used to decide satisfiability of MSO over the infinite binary tree. We show
how to use this result to solve the synthesis problem for logics describing properties of
infinite sequences. Intuitively, this problem is about automatically synthesizing a program
all of whose computations satisfy a given specification. This problem can be translated
to a problem over infinite trees where the paths of the tree correspond to the possible
computations.

In Section 5.2 we briefly explain the relation between the modal µ-calculus, an exten-
sion of classical modal logic by fixed point operators, and tree automata.

5.1 Monadic second-order logic

Before we come to the relation between automata and logic, wefirst fix some basic ter-
minology.

We usemonadic second-order logic(MSO) over relational structures with the standard
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syntax and semantics (see e.g. [12] for a detailed presentation). MSO formulas use first-
order variables, which are interpreted by elements of the structure, and monadic second-
order variables, which are interpreted as sets of elements.First order variables are usually
denoted by small letters (e.g.x, y), and monadic second-order variables are denoted by
capital letters (e.g.X,Y ). First-order logic (FO) is the fragment of MSO that does not
use set quantifications.

We view the unlabeledk-ary tree as the relational structuret2 = ([k]∗, E0, . . . , Ek),
where theEi are binary symbols interpreted as{(w,w.i) | w ∈ [k]∗}. MSO logic overt2
is also referred to as S2S (second order theory of two successors).

An MSO formulaϕ(X1, . . . , Xn) with n free set variables defines a language of trees
over the alphabet[2]n. The labeling is used to code the interpretations of the freeset
variables. For this purpose, we define for given setsU1, . . . , Un ⊆ [2]∗ the characteristic
treet[U1, . . . , Un], in which each nodeu is labeled by the tuple(b1, . . . , bn) ∈ [2]n where
bi = 1 if u ∈ Ui andbi = 0 otherwise.

The tree languageT (ϕ) ⊆ T ω
[2]n ofϕ isT (ϕ) = {t[U1, . . . , Un] | t2 |= ϕ[U1, . . . , Un]},

whereϕ[U1, . . . , Un] means that each variableXi is interpreted by the setUi. We also
write t[U1, . . . , Un] |= ϕ if t[U1, . . . , Un] ∈ T (ϕ).

The key result from [39] for showing the decidability of MSO over t2 is the corre-
spondence between tree languages definable by MSO and by automata. Based on this, the
decidability problem of the logic can be reduced to the emptiness problem of automata.

Theorem 5.1([39]). A tree languageT ⊆ T ω
[2]n is definable in MSO if, and only if, it is

regular. The translation between formulas and automata is effective in both directions.

The translation from formulas to automata easily follows from the closure properties
of automata. The translation in the other direction uses thestandard technique of describ-
ing an accepting run of the automaton using sets to encode thestates in the run (see e.g.
[48]).

There is a variant of MSO that only differs in the way set quantifications are inter-
preted: Formulas ofweak monadic second-order logic(WMSO) have the same syntax
as MSO formulas but the set quantifiers only range over finite sets. Free variables of a
WMSO formula are still interpreted by arbitrary (finite and infinite) sets.

Note that at first glance, these two logics are incomparable.For example, overt2 the
sentence∀X∃x : x /∈ X is wrong as MSO sentence but it is true as WMSO sentence.
However, we can translate WMSO formulas into MSO formulas because finiteness of sets
can be expressed in MSO overt2: A set of nodes oft2 is finite if there exists a cut through
the tree (a set of nodes pairwise incomparable w.r.t. the prefix relation that intersects every
maximal path) such that all elements of the set are above the cut.

A translation of MSO formulas into equivalent WMSO formulas is not possible, in
general. In [40] Rabin has shown that a language can be definedin WMSO if, and only
if, the language and its complement can be accepted by a Büchi tree automaton.3 Later,
building on the result of Rabin, a characterization of WMSO definable languages in terms
of weak alternating automata has been given [31].

Theorem 5.2([40, 31]). For a languageT ⊆ T ω
[2]n the following are equivalent:

3Rabin used the notion “special automaton”.
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(1) T is definable in WMSO.
(2) T andT ω

[2]n \ T can be accepted by a nondeterministic Büchi tree automaton.
(3) T can be accepted by a weak alternating automaton.

The connection between automata and logic as presented in Theorems 5.1 and 5.2
allows us to develop decision procedures for the logic basedon algorithms for automata.
The satisfiability problem for MSO overt2, i.e., the question whether for a given MSO
formula there is an interpretation of the free variables such that the formula is satisfied in
t2, is reduced to the emptiness problem for tree automata. The latter is decidable as we
have seen in Section 4.

Theorem 5.3([39]). The satisfiability problem for MSO overt2 is decidable.

If a formulaϕ(X1, . . . , Xn) is satisfiable, then the equivalent automaton that exists
according to Theorem 5.1 accepts a non-empty language and thus a regular tree by Theo-
rem 4.4. As a consequence we obtain the following result.

Corollary 5.4 ([41]). Let ϕ(X1, . . . , Xn) be a satisfiable MSO formula overt2. There
are regular setsU1, . . . , Un ⊆ [2]∗ such thatt[U1, . . . , Un] |= ϕ.

Using the decidability theorem for S2S as a starting point, one can obtain large classes
of structures with a decidable MSO theory. For example, the Caucal hierarchy [9] is a
class of graphs that is obtained from finite graphs by iterated application of unfolding and
MSO interpretation.4

An interpretation defines a new structure inside a given one by means of logical for-
mulas, MSO formulas in our case. The decidability of the MSO theory is preserved by
this operation because we can translate each MSO formula over the new structure into
an MSO formula over the old structure by replacing each atomic formula by its defining
formula from the interpretation.

The unfolding of a graphG from a vertexv is a graph whose vertices are paths inG
starting fromv. The edges correspond to path extensions by one edge inG, and the node
labels are inherited from the last element of the path. In [11] it is shown that the unfolding
operation is preserves decidability of MSO.

A more general operation that can be applied to all structures and not only graphs is
the iteration of a structure that arranges copies of the structure in a tree-like fashion. The
unfolding of a graph can be reconstructed from its iterationby an MSO interpretation.
Details on the iteration operation and its properties can befound in [1].

The method of interpretation mentioned above can also be used to obtain undecid-
ability results. In [7] it is shown that in every extension oft2 by a well-ordering (a total
ordering without infinite decreasing chains) of its domain one can interprett2 extended
with the length-lexicographic ordering of the nodes (nodesare ordered according to their
length and nodes of equal length according to the lexicographic ordering). This latter ex-
tension oft2 is known to have an undecidable MSO theory and therefore the MSO theory
of every extension oft2 by a well-ordering is undecidable.

4In the original formulation inverse rational substitution were used instead of interpretations but the resulting
classes are equivalent [6].
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A related result is the undefinability of a choice function over the infinite binary tree
in MSO due to Gurevich and Shelah [19]: There is no MSO formulaϕ(x,X) such that
for each nonempty setU there is exactly oneu ∈ U such thatt2 |= ϕ[u, U ]. A proof of
this result using automata theoretic methods has been givenin [7]. Based on this result
one can show that there are regular languages of infinite trees that are ambiguous, that is,
there is nounambiguous automatonfor this language [5]. A nondeterministic automaton
is called unambiguous if it has exactly one accepting run on each accepted input.

We finish this section on MSO with the problem of synthesizinga so called reactive
module, which reads a stream of input symbolsa1a2 · · · and synchronously produces a
stream of output symbolsb1b2 · · · such that the sequence(a1, b1)(a2, b2) · · · satisfies a
given specification. The task is to automatically synthesize such a reactive module from
the specification that is given in some formal system.

More precisely, ifA andB are the sets of input and output symbols, respectively,
then a specification is a setL ⊆ (A × B)ω of allowed computations. A realization of
such a specificationL is a functionf : A+ → B such that each sequence of the form
(a1, f(a1))(a2, f(a1a2))(a3, f(a1a2a3)) · · · is in L. The synthesis problem is to decide
for a given specification whether it is realizable and to construct a realizing function if
possible.

It is clear that the difficulty of this problem depends on how complex the allowed
specifications are. In the formulation we have given above, aspecification can be any lan-
guage of infinite words over(A×B). We focus here on MSO as specification formalism.
In this setting, the sets of input and output symbols are of the form[2]m and[2]n, respec-
tively. The specification is given as an MSO formula over infinite words, that is, over
the structure of the natural numbers with successor function. The formula is of the form
ϕ(X1, . . . , Xm, Y1, . . . , Yn), where the variablesX1, . . . , Xm code the input sequence,
andY1, . . . , Yn code the output sequence.

The functionf we are looking for is of the formf : ([2]m)+ → [2]n. Such a function
can easily be represented by ak-ary [2]n-labeled treetf with k = 2m. Each nodex
of tf naturally corresponds to an input sequence since elements of [k] in their binary
representation are sequences over[2]m. The valuetf (x) is then the value off assigned to
the input sequence corresponding tox. For the nodeε we pick some arbitrary label. Based
on this idea one can solve the synthesis problem by translating ϕ into a tree automaton
(or an MSO formula overt2) that accepts precisely the trees of the formtf for somef
realizingϕ [41]. A related approach using games has been used by Büchi and Landweber
in [4].

Theorem 5.5([4, 41]). The realizability and the synthesis problem for MSO specifications
is decidable and can be reduced to the satisfiability problemfor MSO over the infinite
binary tree.

The solution of the synthesis problem metioned above requires a translation of MSO
formulas into tree automata. This translation is of non-elementary complexity, in general.
It is also clear that the satisfiability problem for MSO can easily be encoded in the real-
izability problem, hence this non-elementary complexity cannot be avoided. Therefore, it
is worth to consider different specification formalisms that admit solutions of the above
problems with better complexity.
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Pnueli and Rosner [38] have shown that synthesis for formulas in the linear temporal
logic LTL can be done in doubly exponential time. The basic idea is to construct a deter-
ministic ω-automaton accepting the admissible behaviors according to the specification,
and then running this deterministic automaton over all the branches of a tree of suitable
branching degree, where as above the direction in the tree codes the inputs, and the labels
of the nodes the outputs. A regular tree (see Section 4) in thelanguage of the resulting au-
tomaton provides a finite state program realizing the specification. Since determinization
of ω-automata involves complex constructions, some alternative approaches have been
developed that avoid explicit determinization constructions [25, 16].

5.2 Modalµ-calculus

The modalµ-calculus (µ-calculus for short) is an extension of propositional modallogic
by fixed point operators. We describe in this section how formulas of theµ-calculus can be
translated into alternating automata thus obtaining algorithms for solving the satisfiability
and the model checking problem for this logic. For a simple presentation within our
framework of ordered trees, we only consider binary trees asmodels in this section. More
general frameworks that allow to consider arbitrary Kripkestructures as models are based
on automata for unordered trees and can be found, for example, in [17] and [50]. The
underlying techniques, however, are the same in both settings.

Formulas of theµ-calculus are built from a setP = {p1, . . . , pn} of atomic propo-
sitions, variablesX,Y, . . . denoted by capital letters, Boolean combinations of formulas,
modal formulas3ϕ and2ϕ for a formulaϕ, and fixed point formulasµX.ϕ(X) and
νX.ϕ(X), whereϕ is a formula in whichX only occurs positively (under an even num-
ber of negations).

As models we consider binary trees over the alphabetA = 2P . A formula defines a
set of nodes in a treet ∈ T ω

A : the set of nodes at which the formula holds. Intuitively, a
formula3ϕ holds at some node ifϕ holds at least at one of the successors, and2ϕ holds
at some node ifϕ holds at all successors. To define the semantics of fixed pointformulas,
a formulaϕ(X) with a free variableX can be seen as an operator that maps setsU of
nodes (interpretations ofX) to setsU ′ of nodes (the set of nodes at whichϕ(X) holds
with U as interpretation ofX). If the variableX occurs only positively inϕ(X), then
this operator is monotone in the sense that interpretingX by larger sets leads to larger
sets of nodes at whichϕ(X) is true. The Knaster-Tarski fixed point theorem yields that
the operator defined byϕ(X) has a least and a greatest fixed point. These fixed points are
defined by the formulasµX.ϕ(X) (least fixed point) andνX.ϕ(X) (greatest fixed point).

To formally define the set of nodes at which a formula holds, weassume that an
interpretationf of the variables is given, that is,f maps each variable ofϕ to a set of
nodes oft. Then the semantics of the formulas is defined inductively asfollows:

• JpiK
f
t = {u ∈ [2]∗ | pi ∈ t(u)}

• JXKft = f(X)

• J¬ϕKft = [2]∗ \ JϕKft (and similarly for the other Boolean operations)

• J3ϕKft = {u ∈ [2]∗ | u.i ∈ JϕKft for somei ∈ [2]}

• J2ϕKft = {u ∈ [2]∗ | u.i ∈ JϕKft for all i ∈ [2]}
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• JµX.ϕ(X)Kft =
⋂
{U ⊆ [2]∗ | U = JϕK

f [X 7→U ]
t }, wheref [X 7→ U ] is the

interpretation of variables that interpretsX asU and all other variablesY asf(Y ).
• JνX.ϕ(X)Kft =

⋃
{U ⊆ [2]∗ | U = JϕK

f [X 7→U ]
t }

Our aim is to translate such formulas into alternating parity tree automata. We first ob-
serve that the negation can be pushed in front of atomic formulas by the ordinary De
Morgan laws and the following rules¬3ϕ ≡ 2¬ϕ and¬µX.ϕ(X) ≡ νX.¬ϕ[¬X/X],
whereϕ[¬X/X] denotes the formulaϕ in which ¬X is substituted for each free oc-
currence ofX. These equivalences can be directly derived from the definition of the
semantics.

The structure of theµ-calculus formulas is already very close to the transitionsof
an alternating automaton: we can handle atomic formulas by checking the labels of the
tree, the operators2 and3 by sending states to all successors or nondeterministically
to one successor, and disjunction and conjunctions by the Boolean combinations in the
transition function. So the idea is to take the sub-formulasof a given formula as states of
the alternating automaton. The transitions are descendinginto the formulas according to
the above rules.

The fixed point formulas are treated as follows: Assume that we arrive at a fixed point
variableX in side a formulaµX.ϕ(X). Intuitively, this means that we want to prove the
formula correct by claiming that the current node is in the set X. The setX is defined
by the formulaµX.ϕ(X), that is, we jump back to the definition of the fix point formula.
However, if we do this infinitely often without quitting the formulaµX.ϕ(X) (through
atomic predicates or fixed point variables that are defined outside the formulaµX.ϕ(X))
then we are not able to prove that the node indeed has to be in the least fixed point defined
by ϕ(X). Thus the automaton should reject in this case. We achieve this by assigning
odd priorities to states corresponding to least fixed point formulas.

We proceed similarly for greatest fixed point formulas, assigning even priorities to the
states corresponding to such formulas.

For the formal definition of the automaton we have to be careful because, according to
the above description, the automaton only moves in the tree for 3- and2-formulas. For
this reason, we allow extended transition functions of the form δ : Q × A → B+((Q ×
[k]) ∪ Q), that is, the automaton can also change the state without moving in the tree
(ǫ-transitions). When reaching an atomq in such a transition formula in the membership
game, then the game proceeds in stateq while remaining in the same node of the tree.
This modification does not change any of the results presented, nor does it require new
techniques.

Assuming that all the fixed point variables are different, the alternating parity tree
automatonAψ for aµ-calculus sentenceψ (without free variables) has as state set the set
of all sub-formulas ofψ. We denote the state forψ by 〈ψ〉. The transition functionδ is
defined as follows:

• δ(〈λX.ϕ〉, a) = 〈ϕ〉 for λ ∈ {µ, ν},
• δ(〈3ϕ〉, a) = (〈ϕ〉, 0) ∨ (〈ϕ〉, 1),
• δ(〈2ϕ〉, a) = (〈ϕ〉, 0) ∧ (〈ϕ〉, 1),
• δ(〈ψ1 ∧ ψ2〉, a) = 〈ψ1〉 ∧ 〈ψ2〉,
• δ(〈ψ1 ∨ ψ2〉, a) = 〈ψ1〉 ∨ 〈ψ2〉,
• δ(〈pi〉, a) = tt if pi ∈ a andδ(〈pi〉, a) = ff if pi /∈ a,
• δ(〈X〉) = 〈λX.ϕ(X)〉 for the unique fixed point formula bindingX.
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Figure 4. A graphical representation of the automaton for the formula
νY.µX.3((p ∧ Y ) ∨X)

The priority function is defined as explained above: least fixed point formulas are
assigned odd priorities, and greatest fixed point formulas are assigned even priorities,
where the outermost formulas are of highest priority and theinnermost formulas of lowest
priority.

The idea is illustrated in Figure 4 for the formulaνY.µX.3((p ∧ Y ) ∨ X) over a
single propositionp. The picture shows the parse tree of the formula together with the
back edges from the fixed point variables to their definitions. All arrows can be interpreted
asǫ-transitions of the automaton, except the arrow leaving the3-operator. The0∨ 1 next
to this edge indicates that the automaton can nondeterministically choose to move to the
left or the right successor in the tree. The two numbers next to the fixed point operators
are the priorities, an even priority for the greatest fixed point formula, and an odd one for
the least fixed point formula. The priority of the outer formula is 2 and thus higher than
the one of the inner formula.

An analysis of this transition diagram yields that a tree is accepted if it contains a
path on whichp is true infinitely often: Using the nondeterministic choiceat the3-state,
the automaton guesses a path. It can cycle finitely often through the variableX but to
accept it hast to escape this cycle eventually. This means ithas to move to the conjunctive
formula. At the corresponding nodep has to be true because of the sub-formulap, and the
whole process is restarted via the variableY which jumps back to the outermost formula.

We state the following theorem without proof.

Theorem 5.6([14]). The alternating parity tree automatonAψ accepts precisely those
treest such thatψ holds at the root oft.

Using the results from Section 4 we can now solve the satisfiability problem and the
model-checking problem for regular trees for theµ-calculus. The model-checking prob-
lem for regular trees is to decide for a given formula and a regular tree whether the formula
holds a the root of the tree.

The satisfiability problem reduces to the emptiness problemfor alternating tree au-
tomata, which can be solved using Theorem 3.10 and Theorem 4.2.

Theorem 5.7([14]). The satisfiability problem for theµ-calculus can be solved in expo-
nential time.
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The model-checking problem for regular trees reduces to themembership problem
for regular trees considered in Theorem 4.6. For the complexity we have to estimate the
number of priorities of the automatonAψ. It is not difficult to see that we do not need
new priorities for all fixed point formulas but only for nested formulas of different type.
The alternation depth of a formula is, roughly speaking, thenumber of nestings between
least and greatest fixed point formulas.

Theorem 5.8([15]). The model-checking problem on regular trees for theµ-calculus can
be solved in timeO((|ψ| · |t|)d) whered is the alternation depth of the formula.
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[23] Nils Klarlund. Progress measures, immediate determinacy, and a subset construction for tree
automata.Annals of Pure and Applied Logic, 69(2–3):243–268, 1994.

[24] Orna Kupferman, Shmuel Safra, and Moshe Y. Vardi. Relating word and tree automata. In
Proceedings of LICS 1996, pages 322–332. IEEE Computer Society Press, 1996.

[25] Orna Kupferman and Moshe Y. Vardi. Safraless decision procedures. InProceedings of FoCS
2005, pages 531–542. IEEE Computer Society, 2005.

[26] Giacomo Lenzi. A hierarchy theorem for the mu-calculus. InProceedings of ICALP 1996,
volume 1099 ofLNCS, pages 87–97. Springer, July 1996.

[27] Satoru Miyano and Takeshi Hayashi. Alternating finite automata onω-words. Theoretical
Computer Science, 32:321–330, 1984.

[28] Andrzej W. Mostowski. Regular expressions for infinite trees anda standard form of automata.
In Computation Theory, volume 208 ofLNCS, pages 157–168. Springer, 1984.

[29] Andrzej W. Mostowski. Games with forbidden positions. TechnicalReport 78, Uniwersytet
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[34] Damian Niwínski. On fixed-point clones (extended abstract). InProceedings of ICALP 1986,
volume 226 ofLNCS, pages 464–473. Springer, 1986.
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