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For Yuri Gurevich on the occasion of his 70th birthday
Abstract. Pioneers of logic, among them J.R. Büchi, M.O. Rabin,
S. Shelah, and Y. Gurevich, have shown that monadic second-order logic
offers a rich landscape of interesting decidable theories. Prominent examples are the monadic theory of the successor structure S1 = (N, +1)
of the natural numbers and the monadic theory of the binary tree, i.e.,
of the two-successor structure S2 = ({0, 1}∗ , ·0, ·1). We consider expansions of these structures by a monadic predicate P . It is known that
the monadic theory of (S1 , P ) is decidable iff the weak monadic theory
is, and that for recursive P this theory is in ∆03 , i.e. of low degree in
the arithmetical hierarchy. We show that there are structures (S2 , P ) for
which the first result fails, and that there is a recursive P such that the
monadic theory of (S2 , P ) is Π11 -hard.
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Introduction

Over the past century, starting with Löwenheim [16] in 1915, monadic secondorder logic has been developed as a framework in which decision procedures
can be provided for interesting theories of high expressive power. In building
this rich domain of effective logic, two techniques were crucial. The first was
based on the correspondence between monadic second-order formulas and finite
automata. This “match made in heaven” (cf. Vardi [28]) was first established
for weak monadic second-order logic over the successor structure S1 = (N, +1)
by Büchi, Elgot, and Trakhtenbrot. Büchi [2] and Rabin [19] extended this
to the full monadic second-order theory of S1 and of the binary tree S2 =
({0, 1}∗, ·0, ·1). The logic-automata connection first led to the decidability of
MT(S1 ) and MT(S2 ), the monadic second-order theories of S1 and S2 , respectively (or shorter: the “monadic theory” of these structures). The results were
extended to many further logical systems and led to new approaches in verification, data base theory, and further areas of computer science.
The second technique, technically more demanding but more general in its
scope, is the “composition method” as developed by Shelah [24] (building on
earlier work by Ehrenfeucht, Fraı̈ssé, Läuchli, and others). The idea here is to

consider finite fragments of a theory and to compose such theory-fragments according to the combination of models. The method has been applied successfully
over orderings, trees, and graphs. Over orderings, the “combination” is concatenation. Shelah’s work provided a deep analysis of monadic theories of orderings
where automata do not help (or at least are hard to imagine), for example over
dense orderings.
In both approaches, Yuri Gurevich has played a central role and contributed
most influential papers. For the automata theoretic approach, it might suffice to
recall his path-breaking work with Harrington [12] on the monadic second-order
theory of the binary tree. As an example of his papers involving the composition
method, we mention the work [13,14] which explains over which “short” orderings
(neither embedding ω1 nor its reverse) the monadic theory is decidable. For the
reader who wants to enter the field, Yuri’s survey Monadic second-order theories
[11] is still the first choice.
In the present paper, a very small mosaic piece is added to this rich picture.
We consider the expansions of the binary tree S2 by recursive monadic predicates
P . We study which complexity (on the scale of recursion theory) the monadic
second-order theory of such an expansion (S2 , P ) can have, and we compare the
weak and the strong monadic second-order theory of the structures (S2 , P ).
As a starting point we take the corresponding results on expansions of the
successor structure S1 by recursive predicates. We recall (in Sect. 2) that for
recursive P ⊆ N, the monadic theory of (S1 , P ) belongs to a low level of the
arithmetical hierarchy, namely to the class ∆03 . It is also known that for any
monadic predicate P , the unrestricted monadic theory of (S1 , P ) is decidable
iff the weak monadic theory is (where set quantification is restricted to finite
sets). In contrast, we show in Sect. 3 that for recursive P the monadic theory
of (S2 , P ), which in general is confined to the analytical class ∆12 , can be Π11 hard. In Sections 4 and 5 we prove that there is a predicate P such that the weak
monadic theory of (S2 , P ) is decidable but the full monadic theory is undecidable.
For the proofs, both the automata theoretic and the composition method are
useful.1
We assume that the reader is familiar with the basics of the subject. We use
standard terminology on monadic theories, automata, and recursion theory (see,
e.g., [10,11,21,27]).
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The second result should be attributed to the late Andrei Muchnik; it is stated
in a densely written abstract Automata on infinite objects, monadic theories, and
complexity of the Dagstuhl seminar report [7] of 1992. This abstract, written jointly
by A. Muchnik and A.L. Semenov, lists – in a dozen of lines – ten topics and results,
among them “an example of predicate on tree for which the weak monadic theory
is decidable and the monadic theory undecidable”. A manuscript with Muchnik’s
proof does not seem to exist. The talk itself, which was a memorable scientific event
appreciated by all who attended (among them the present author), dealt with a
different result, the “Muchnik tree iteration theorem”; see for example [1].
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The Monadic Theory of Structures (S1 , P )

Let us recall some well-known facts on structures (S1 , P ). First we remark that
for recursive P the theory MT(S1 , P ) may be undecidable:
Proposition 1. There is a recursive predicate P ⊆ N such that MT(S1 , P ) (and
even the first-order theory FT(S1 , P )) is undecidable.
Proof. Let Q be a non-recursive, recursively enumerable set of natural numbers
with effective enumeration j0 , j1 , j2 , . . .. From this enumeration we define P . We
present the characteristic sequence χP of P (with χP (i) = 1 iff i ∈ P , else
χP (i) = 0):
χP = 1 0j0 1 0j1 1 0j2 1 . . . .
Clearly χP (and hence P ) is recursive. We have
n ∈ Q iff (S1 , P ) |= ∃x(P (x) ∧

n
^

¬P (x + i) ∧ P (x + n + 1)) ,

i=1

where x+ i indicates the i-fold application of “+1” to x. So Q is 1-reducible even
to the first-order order theory of (S1 , P ). Hence also MT(S1 , P ) is undecidable.
⊓
⊔
The set P of prime numbers gives an interesting example of a predicate P where
the status of MT(S1 , P ) is unknown. Observing that we can express the order
relation < over N in monadic logic over S1 , we note that the (open) twin prime
hypothesis is expressible by the sentence
∀x∃y (x < y ∧ P(y) ∧ P(y + 2)) .
Hence it will be hard to show decidability of MT(S1 , P); for a detailed analysis
see [4]. On the other hand, no “natural” examples of predicates P are known
such that MT(S1 , P ) is undecidable. The known undecidability results rely on
predicates built for the purpose, as in Proposition 1 above.
The conversion of monadic formulas into automata provides nice examples of
predicates P where MT(S1 , P ) is decidable. We use the results of Büchi [2] and
McNaughton [17] which together yield a transformation from monadic formulas
to deterministic ω-automata: For each monadic second-order formula ϕ(X) in
the monadic second-order language of S1 = (N, +1) one can construct a deterministic Muller automaton Aϕ such that for each predicate Q
S1 |= ϕ[Q] iff Aϕ accepts χQ .
We can use the left-hand side for a fixed predicate P , replacing in ϕ(X) each
occurrence of X by the predicate constant P . Then we have for each sentence ϕ
of the monadic second-order language of the structure (S1 , P ):
(S1 , P ) |= ϕ iff Aϕ accepts χP .

This reduces the decision problem for the theory MT(S1 , P ) to the following
acceptance problem AccP : Given a Muller automaton A over the input alphabet
{0, 1}, does A accept χP ?
This reduction can be exploited in a concrete way, regarding example predicates P , and also in a general way, regarding the recursion theoretic complexity
of theories MT(S1 , P ).
Concrete examples of predicates P such that MT(S1 , P ) is decidable were
first proposed by Elgot and Rabin [9], namely, the set of factorial numbers, the
set of k-th powers and the set of powers of k, for each k > 1. The idea is to solve
the acceptance problem AccP as follows: A given automaton A accepts χP iff
A accepts a modified sequence χ′ where the distances between successive letters
1 are contracted below a certain length (a contracted 0-segment just should
induce the same state transformation as the original one and should cause the
automaton to visit the same states as the original one). In each of the cases
mentioned above (factorials, k-th powers, powers of k), the contracted sequence
χ′ turns out to be ultimately periodic (where phase and period depend on A).
So one can decide whether A accepts χ′ and hence whether it accepts χP . The
method has been extended to further predicates (see e.g. [8]), and criteria for
the decidability of MT(S1 , P ) have been developed in [23,4,22].
For the general aspect we analyze the acceptance problem AccP for a Muller
automaton A = (S, Σ, s0 , δ, F ) in more detail. As usual, we write S for the set
of states, Σ for the input alphabet, s0 for the initial state, δ for the transition
function from S × Σ to S, and F ⊆ 2S for the acceptance component; recall
that A accepts an input word α if the set of states visited infinitely often in the
unique run of A on α coincides with a set in F . Let us write δ(s0 , α[0, j]) for
the state reached by A after processing the initial sement α(0) . . . α(j). Then,
taking α = χP , the automaton A accepts χP iff the following condition holds:
V
W
F ∈F
s∈F (∀i∃j > i δ(s0 , χP [0, j]) = s)
 .
(∗)A,P
V
∧ s∈S\F (¬∀i∃j > i δ(s0 , χP [0, j]) = s)
Assuming that P is recursive, we obtain a reduction of the decision problem for MT(S1 , P ) to Boolean combinations of conditions that are in Π20 ; note
that the condition δ(s0 , χP [0, j]) = s can be decided if P is recursive. By relativization, and using recursion theoretic terminology, we obtain for arbitrary
P ⊆ N:
MT(S1 , P ) ≤tt P ′′ .
Here ≤tt is truth-table reducibility and P ′′ is the second jump of P . (In [25]
it is shown that the slightly sharper bounded truth-table reducibility does not
suffice.) We conclude the following fact, first noted in [3]:
Proposition 2. ([3]) For each recursive P ⊆ N, the theory MT(S1 , P ) belongs
to the class ∆03 of the arithmetical hierarchy.
In particular, it is not possible to show the undecidability of a theory MT(S1 , P )
by a reduction of true first-order arithmetic to it.

A second consequence of the formulation (∗)A,P is a reduction of the strong
monadic language over (S1 , P ) to the weak monadic language. For this we observe
that the condition (∗)A,P from above can be formalized in the weak monadic
language over (S1 , P ); note that the statement “δ(s0 , χP [0, x]) = s” involves only
a finite run (up to position x) and hence can be expressed by a weak monadic
formula ψs (y). This shows that for each monadic sentence ϕ one can construct
an equivalent weak monadic sentence ϕ′ such that (S1 , P ) |= ϕ iff (S1 , P ) |= ϕ′
(in ϕ′ we use a definition of < in weak monadic logic over S1 ). So we obtain:
Proposition 3. For each P ⊆ N: MT(S1 , P ) is decidable iff WMT(S1 , P ) is
decidable.2
Our aim in the subsequent sections is to show that both propositions fail when
we consider the binary tree S2 instead of the successor structure S1 .

3

A Recursive Predicate Where MT(S2 , P ) is Π11 -Hard

In the same way as described above for theories MT(S1 , P ), the automata theoretic approach can be applied to study the complexity of the monadic theory of
an expansion (S2 , P ) of the binary tree. Here we identify a structure (S2 , P ) with
a {0, 1}-labelled tree tP which has label 1 at node u iff u ∈ P . We know from
Rabin’s Tree Theorem [19] that for each monadic sentence ϕ in the language of
(S2 , P ) one can construct a Rabin tree automaton Aϕ such that
(S2 , P ) |= ϕ iff

Aϕ accepts tP .

For recursive P , the right-hand side is a Σ21 -statement of the form ∃X∀Y ψ(X, Y )
with first-order formula ψ, namely, “there is an Aϕ -run on tP such that each
infinite path of this run satisfies the Rabin acceptance condition”. Since Rabin
automata are closed under complement, the statement can also be phrased in
Π21 -form. This proves the first statement of the following result:
Theorem 1. For recursive P ⊆ {0, 1}∗, the theory MT(S2 , P ) belongs to the
class ∆12 , and there is a recursive P ⊆ {0, 1}∗ such that MT(S2 , P ) is Π11 -hard.
For the proof of the second statement we have to find a recursive P such that
a known Π11 -complete set is reducible to MT(S2 , P ). As Π11 -complete set we use
a coding of finite-path trees (cf. [21, Ch. 16.3]). We work with the infinitely
branching tree Sω whose nodes are sequences (n1 , . . . nk ) of natural numbers.
The empty sequence is the root, and the nodes (n1 , . . . , nk , i) are the successors
of (n1 , . . . , nk ). Paths in Sω are defined accordingly. We say that a subset S
of Sω defines a finite-path tree if S is closed under taking predecessors and if
it does not contain an infinite path. For a recursion theoretic treatment, we
use a computable bijective coding of the finite sequences over N by natural
2

Although this Proposition is very close to Proposition 2, a result of [3], it was left as
an open problem in [3]. In a more general context an answer was then given in [26].

numbers, writing hn1 , . . . , nk i for the code of (n1 , . . . , nk ). Furthermore, we refer
to a standard numbering of the partial recursive functions; we write fe for the
function with number e. A function f : N → N is the characteristic function of
a finite-path tree if
1. f is total and has only values 0 or 1,
2. the set {(n1 , . . . , nk ) | f (hn1 , . . . , nk i) = 1} defines a finite-path tree.
Let
FPT = {e ∈ N | fe is characteristic function of a finite-path tree} .
We use the following fact (see [21, Ch. 16.3]):
Proposition 4. FPT is a Π11 -complete set of natural numbers.
Proof of Theorem 1: It suffices to define a recursive set P of nodes of the binary
tree S2 such that for each number e we can construct a monadic second-order
sentence ϕe with
e ∈ FPT iff (S2 , P ) |= ϕe .
We build the structure (S2 , P ) as a sequence of {0, 1}-labelled trees t0 , t1 , . . .
attached to the rightmost branch of S2 . So the root of te is the node re :=
1e 0. In the tree te we obtain a copy of Sω : Its node (n1 , . . . , nk ) is coded by
re 1n1 +1 01n2 +1 . . . 1nk +1 0. The predicate P will only apply to nodes of the leftmost branch starting in such a node. We define P by attaching labels 0 and 1 to
the nodes re 1n1 +1 01n2 +1 . . . 1nk +1 0i for i = 1, 2, 3 . . .. All other nodes get label
0 by default.
In order to define the labelling, we imagine an effective procedure P that
computes, in a dovetailed fashion, the values fe (hn1 , . . . , nk i) of all functions
fe simultaneously. So the procedure treats each pair (e, hn1 , . . . , nk i) again and
again, and when dealing with this pair it progresses with the computation of
fe (hn1 , . . . , nk i) for one further step (unless a value has been computed already).
Consider the i-th step of P (i = 1, 2, 3, . . .). It will determine the bit label attached to all the nodes re 1n1 +1 01n2 +1 . . . 1nk +1 0i , reporting on the current status
of the computation of fe (hn1 , . . . , nk i) at P-step i. If the i-th P-step produces the
value fe (hn1 , . . . , nk i) then we attach label 1 to the node re 1n1 +1 0 . . . 1nk +1 0i ,
for all other nodes re′ 1m1 +1 01m2 +1 . . . 1mk′ +1 0i we attach label 0. In fact, when
we find a value for fe (hn1 , . . . , nk i), we attach to the nodes re 1n1 +1 0 . . . 1nk +1 0j
for j = i, i + 1, i + 2 the labels 100, respectively 110, respectively 111, depending
on whether the computation of fe (hn1 , . . . , nk i) produced value 0, 1, or > 1,
respectively. After such a block of letters 1 on the path re 1n1 +1 0 . . . 1nk +1 0ω , all
subsequent labels will be 0.
Clearly this attachment of labels defines a recursive predicate over S2 . ¿From
the labels on the 0ω -parts of the paths re 1n1 +1 0 . . . 1nk +1 0ω (for fixed e) we
can infer whether fe is a characteristic function, i.e., whether for all tuples
(n1 , . . . , nk ) the value fe (hn1 , . . . , nk i) is defined and either 0 or 1: This happens if for all (n1 , . . . , nk ), on the 0ω -part of re 1n1 +1 0 . . . 1nk +1 0ω precisely one

or two labels 1 occur. (Let us call such a path associated to (n1 , . . . , nk ) “once
1-labelled”, respectively “twice 1-labelled”.) So, using P , we can easily express
in monadic logic for any given e whether fe is a characteristic function. The
function fe is the characteristic function of a finite-path tree if moreover the
nodes re 1n1 +1 0 . . . 1nk +1 0 whose associated path is twice 1-labelled form a set
that that is closed under prefixes (i.e., there is no prefix whose associated path
is only once 1-labelled), and that each path through re (1+ 0)ω eventually hits a
node outside the coded tree, i.e., a node whose associated path is only once 1labelled. All these conditions can be expressed by a monadic sentence ϕe . Hence
we have e ∈ FPT iff (S2 , P ) |= ϕe , as desired.
⊓
⊔
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Some Background on Types and Tree Automata

For the comparison between the weak and the strong monadic theory of structures (S2 , P ), we need some preparations concerning “types” (i.e., finite theory
fragments) and concerning tree automata. For a more detailed treatment, the
reader can consult [11] or [27].
For the analysis of weak monadic logic over structures (S2 , P ), it is convenient
to use a syntax in which only second-order variables X, Y, Z, . . . are present. As
atomic formulas we use X ⊆ Y , Sing(X) (“X is a singleton”), Si (X, Y ) for
i = 0, 1 (“X, Y are singletons, and the element of X has the element of Y as the
i-th successor”), and X ⊆ P . Formulas are built up from atomic formulas by
means of Boolean connectives and the (weak monadic) quantifiers ∃, ∀. It is clear
that this relational language is equivalent in expressive power to the original one
with first-order and weak monadic second-order quantifiers and the (functional)
signature with symbols for the functions ·0 and ·1.
As in the previous section, we identify a structure (S2 , P ) with a {0, 1}labelled tree tP , i.e. with a mapping tP : {0, 1}∗ → {0, 1}. Conversely, each
{0, 1}-labelled infinite binary tree t induces a structure (S2 , Pt ); we freely use this
correspondence and mean by “tree” always a {0, 1}-labelled infinite tree. The set
of all these trees is denoted by T{0,1} . A tree t is regular if it has only finitely many
non-isomorphic subtrees (or equivalently, if a finite Moore automaton generates t
by producing the label t(u) after processing the input word u). It is well-known
that a regular tree is definable in the weak monadic language over S2 ; so its
(weak and strong) monadic theory is decidable.
Let m > 1. Two trees s, t are m-equivalent (short: s ≡m t) if they satisfy
the same weak monadic sentences (of the relational signature just introduced)
of quantifier depth ≤ m. There are finitely many equivalence classes, called mtypes. Each m-type τ is definable by a weak monadic sentence ϕτ which again
is of quantifier depth m. As finite representations of an m-type τ we use such a
sentence ϕτ defining it.
In the sequel we shall work with natural compositions of trees and corresponding compositions of m-types. First we consider the combination of two
trees via a 0-labelled or 1-labelled root: For two trees s, t let 0 · hs, ti, respectively 1·hs, ti, be the tree with a 0-, respectively 1-labelled root and s, t as its left

and right subtree. Next, we consider the composition of a given infinite sequence
t0 , t1 , t2 , . . . of trees or of a sequence (s0 , t0 ), (s1 , t1 ), . . . of pairs of trees. In the
first case we attach the trees t0 , t1 , . . . along the 0-labelled right-hand branch
of the binary tree: We insert the tree ti at the node 1i 0; i.e., the root of t0 is
node 0, the root of t1 is 10, etc., and – as mentioned – the right-hand branch
1ω is labelled 0. The resulting tree we denote as [t0 , t1 , . . .]. In the second case
we consider the two sons of the nodes 0, 10, 110 etc. and insert si at the left son
of 1i 0 and ti at the right son of 1i 0. The nodes 1i and 1i 0 are all labelled 0. We
denote the tree obtained in this way as [(s0 , t0 ), (s1 , t1 ), . . .].
A simple Ehrenfeucht-Fraı̈ssé type argument now shows the following lemma:
Lemma 1. Let m > 1.
(a) The m-types σ of s and τ of t determine the m-types of 0 · hs, ti and 1 · hs, ti
and these types are computable from σ, τ .
(b) If ti ≡m t′i for i > 0 then [t1 , t2 , . . .] ≡m [t′1 , t′2 , . . .]. Similarly, if si ≡m s′i
and ti ≡m t′i , then [(s0 , t0 ), (s1 , t1 ), . . .] ≡m [(s′0 , t′0 ), (s′1 , t′1 ), . . .].
(c) If the sequence τ0 , τ1 , . . . of m-types of t0 , t1 , . . . is ultimately perdiodic, say
of the form τ0 . . . τk−1 (τk . . . τℓ−1 )ω , then the m-type of [t0 , t1 , . . .] is determined
by the types τ1 , . . . , τℓ−1 and computable from them.
Next we turn to prerequisites from tree automata theory, mainly using the
concept of Büchi tree automaton (see e.g. [27] for details) and a fundamental
example due to Rabin [20] which shows their expressive weakness in comparison
with Rabin tree automata. Rabin presented a tree language T0 which is definable
in monadic logic (or by a Rabin tree automaton) but which is not recognizable
by a Büchi tree automaton. It is a variant of the language of finite-path trees:
T0 = {t ∈ T{0,1} | on each path of t there are only finitely many letters 1} .
We have to recall the construction of Rabin since we exploit it below. For n ≥ 0
define the tree tn inductively as follows:
1. t0 has a 1-labelled root and is otherwise labelled 0.
2. tn+1 has a 1-labelled root, otherwise a 0-labelled right-hand branch 1ω , a
0-labelled left subtree, and a copy of tn inserted at each node in 1+ 0.
So
tn (u) = 1 iff (u = ε or u ∈ 1+ 0 + (1+ 01+ 0) + . . . + (1+ 0)n ) .
Let us verify that the m-type of tn determines the m-type of tn+1 (and that
the latter can be computed from the former): By Lemma 1 (c) we can compute
the m-type of the right-hand subtree of the root of tn+1 from the m-type of tn
(note that the copies of tn give a constant and hence periodic sequence of mtypes). The left-hand subtree of the root of tn+1 is labelled 0; we can compute
its m-type (since it is regular). Now Lemma 1 (a) yields the claim. So there is a
map F over the finite domain of m-types that produces the m-type of tn+1 from
the m-type of tn . Starting with the m-type τ0 of t0 , we obtain with the values
F (i) (τ0 ) an ultimately periodic sequence. We summarize:

Lemma 2. The m-types of the trees t0 , t1 , t2 , . . . form a computable ultimately
periodic sequence τ0 . . . τk−1 (τk . . . τℓ−1 )ω .
Clearly, each tree tn belongs to T0 . We use the following lemma shown in [20]
(see also [27]):
Lemma 3. For each Büchi tree automaton A with < n states accepting tn one
can construct a regular tree t′n 6∈ T0 which is again accepted by A.
Let us sketch the proof. Assume that the Büchi tree automaton A with < n
states and the set F of final states accepts tn . Then one can construct a regular
run ̺ of A on tn (since tn is regular and accepted). We define a path in ̺ as
follows: Pick a node u1 = 1k1 on the right-hand branch where ̺(1k1 ) ∈ F . Pick
a node u2 = 1k1 01k2 on the right-hand branch starting in 1k1 0 where again
̺(u2 ) ∈ F , and so on until such a node un = 1k1 01k2 . . . 1kn with ̺(un ) ∈ F
is chosen. These nodes exist since on each path of ̺ infinitely many visits of F
occur. Now tn (ui 0) = 1 for i = 1, . . . , n by definition of tn . Since A has < n
states, there are ui , uj with i < j such that ̺(ui ) = ̺(uj ); observe that between
these nodes a 1-labelled node of tn occurs (for example at ui 0). Repeating the
tn -segment determined by the path segment from ui (included) to uj (excluded)
indefinitely, we obtain a regular tree t′n which is accepted by A and which has a
path with infinitely many labels 1.
A set of trees definable in weak monadic logic is easily seen to be recognized
by a Büchi tree automaton. So the lemma also shows that T0 is not definable in
weak monadic logic.
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Comparing Weak and Strong Monadic Logic

The aim of this section is to show the following:
Theorem 2. There is a predicate P ⊆ {0, 1}∗ such that WMT(S2 , P ) is deciadable and MT(S2 , P ) undecidable.
We shall start with a tree tω which for each given quantifier depth m is
m-equivalent to an effectively constructible regular tree. This gives us the decidability of the weak monadic theory of tω . Then we modify tω first to a tree
sω and then to a tree t′ω such that for each quantifier depth m the trees tω , sω ,
and t′ω cannot be distinguished by m-types from some computable level onwards
(which ensures that the weak monadic theory of t′ω is also decidable). However,
t′ω will be constructed such that in the full monadic theory an undecidability
proof as for Proposition 1 can be carried through.
Proof of Theorem 2:

Define, using the trees ti of the previous section,
tω := [(t0 , t0 ), (t1 , t1 ), (t2 , t2 ), . . .] .

By Lemma 2, for each given m the tree tω is m-equivalent to an effectively
constructible regular tree; just take a fixed representative for each m-type τ that

appears in the ultimately periodic sequence of m-types of the trees 0 · ht0 , t0 i, 0 ·
ht1 , t1 i, . . . (use Lemma 2 and Lemma 1 (a)). Hence the weak monadic theory of
tω is decidable.
As a next step we now construct a tree sω from tω . First we pick, for each
m-type τ (m = 1, 2, . . .), a Büchi tree automaton Aτ that defines τ . Let nτ be
the number of states of Aτ . Define
Nm := max{nτ | τ is m-type} + 1 .
These numbers Nm will be called special below.
Consider tNm ; denote by τ its m-type. Then Aτ accepts tNm . The number
of states of Aτ is < Nm . By Lemma 3, we can construct a tree t′Nm 6∈ T0 that is
again accepted by Aτ ; so its m-type is τ . We conclude
(∗)

tNm ≡m t′Nm and also tNi ≡m t′Ni for i > m .

Now let sω be obtained from tω = [(t0 , t0 ), (t1 , t1 ), (t2 , t2 ), . . .] by replacing, for
each m > 1, the pair (tNm , tNm ) of subtrees by (t′Nm , tNm ). By Lemma 1 (b), for
each m, the subtree of sω with root 1Nm is m-equivalent to the corresponding
subtree of tω (note that tNi ≡m t′Ni for i ≥ m). Hence also sω is m-equivalent
to an effectively constructible regular tree, and thus its weak monadic theory is
decidable.
We now focus on the “special numbers” Nm (including N0 which is set to
0). A tree node 1n is called special if n is special. It is worth noting that the set
of special tree nodes 1n of sω is definable in monadic logic: A node 1n is special
iff the subtree with root 1n 00 does not belong to the tree language T0 , which in
turn is definable in (strong!) monadic logic.
Now, copying Proposition 1, we code a non-recursive, recursively enumerable
set Q with enumeration j0 , j1 , . . . on the domain S of special numbers. We introduce a marker on a special number Ni when in the proof of Proposition 1
the value 1 was chosen for i. So the number N0 is marked, the next j0 special
numbers are unmarked, the special number Nj0 +1 is marked, the next j1 special numbers are unmarked, and so on. For each marked Ni we modify the entry
(t′Ni , tNi ) of sω to (t′Ni , t′Ni ), thus obtaining the desired tree t′ω , or in other words,
the desired predicate P over S2 . Again we call a node 1n marked if n is marked.
We finish the proof by verifying that the weak monadic theory of t′ω is decidable and that the strong monadic theory of t′ω is undecidable.
For the first claim, one observes, using (∗), that exactly as for the tree sω ,
also t′ω is m-equivalent to an effectively constructible regular tree, for each given
m > 0. For the second claim we use the following equivalence, regarding the
considered non-recursive set Q: n ∈ Q iff there are two marked and special
′
nodes 1k , 1k in t′ω such that there are exactly n special nodes between them, all
of them unmarked. Clearly this condition is expressible in monadic logic. Hence
Q is 1-reducible to the monadic theory of t′ω (=: (S2 , P )).
⊓
⊔
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Conclusion

The study of the monadic theory of structures (S2 , P ) with monadic predicate
P seems far from finished. Let us list three open problems.
1. More examples of predicates P shold be found such that MT(S2 , P ) is decidable. The “contraction method” of Elgot and Rabin [9] has been transferred
to the binary tree by Montanari and Puppis [18], but it seems that not many
interesting predicates are (as yet) manageable by this approach. For example, consider predicates induced by the binary representations (or inverse
binary representations) of numbers of interesting sets S ⊆ N. For the powers
of 2, the corresponding predicate P with the nodes 0, 10, 100, . . . is a definable set, whence the monadic theory of (S2 , P ) is decidable. What about the
corresponding predicate for the set of squares?
2. The lack of a deterministic automaton model over trees (capturing monadic
logic over the binary tree) may be considered as the deeper reason for the
result of Sect. 3 that the theory MT(S2 , P ) can be non-arithmetical for recursive P . However, this leaves open the question whether an undecidability
proof for such a theory can be done via a reduction of true first-order arithmetic. A partial (negative) answer follows from work of Gurevich and Shelah
[15] on the uniformization problem for monadic logic over S2 ; it is shown
there that no well-ordering of S2 exists that is definable in monadic logic. A
more recent treatment, also covering definability in structures (S2 , P ) with
monadic P , is given in [5,6]: The structure (N, <) (and hence (N, +, ·)) is not
monadic second-order interpretable in a structure (S2 , P ) (even with nonrecursive P ) when the universe N is represented by the full domain of the
binary tree.
3. A natural question, already raised at the end of Rabin’s paper [20] (and
attributed there to H. Gaifman), is concerned with decidability of weak definability: Can one decide for a monadic formula ϕ(X1 , . . . , Xn ) interpreted
over S2 whether it is equivalent to a formula of weak monadic logic?
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Christof Löding and Alex Rabinovich for their comments.

References
1. D. Berwanger, A. Blumensath, The monadic theory of tree-like structures, in:
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