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In model-checking the systems under investigation often arise in the form of products.
The compositional method, developed by Feferman and Vaught in 1959, fits to this situa-
tion and can be used to deduce the truth of a formula in the product from information in
the factors. Building on earlier work of Wöhrle and Thomas (2004), we study first-order
logic with reachability predicates over finitely synchronized products (i.e. synchronized
products with a finite number of synchronization transitions). We extend the reachability
predicates by conditions on the length of the corresponding paths, formulated in Pres-
burger arithmetic. For finitely synchronized products with these enhanced reachability
predicates we prove a composition theorem and then show that severe limitations exist
for generalisations of this result.
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1. Introduction

The task of model-checking is to check whether, given a transition system K that

is a model of a (technical) system and a formula ϕ, modelling a property of the

system, if ϕ holds in K. A transition system is a graph with states, directed edges

(transitions) and labels on the states. It is often the case that the transition system

K is composed of smaller ones which can act independently from each other but

can also be synchronized via selected transitions.

An important question is whether we can infer the truth value of the formula ϕ,

interpreted in the product, from the truth values of the formulas in the components.

1
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This is especially of interest for infinite-state model-checking. Here we study finitely

many infinite components, or infinite products of finite or infinite components.

In the field of model theory, Feferman and Vaught [4] showed that, given a direct

(or generalized) product of structures and a first-order formula ϕ, the truth value

of the formula ϕ in the product can be deduced from certain formulas α1, . . . , αm

in the component structures and a formula β which is interpreted in the index

structure and describes in which of the components the formulas α1, . . . , αm hold.

Many variants of this result have been developed, e.g. reduced or ultraproducts [1]

and ordered sums [17] instead of products. A good overview can be found in [13].

Further references are [6, 10, 14, 19].

In (infinite-state) model-checking, this composition theorem (also called

Feferman-Vaught theorem) can be used with three main differences: first, here we

have transition systems as special kinds of structures, second, instead of direct or

generalized products, the products we take into account have explicit asynchronous

and synchronized behaviour, and third, stronger logics than first-order logic have

to be considered which can express (at least) certain reachability properties.

Although some results have been obtained in the application of the composition

theorem in model-checking [20, 15, 16], the method has some severe limitations, in

particular regarding the logics which can be used.

An obvious example illustrating these limitations is given by the natural numbers

together with the successor relation. This structure has a decidable MSO theory,

whereas the MSO theory of the asynchronous product of two copies of the natu-

ral numbers – which is the infinite grid – is undecidable [18]. So the composition

theorem fails for MSO logic.

Unfortunately, the composition theorem already fails for much weaker logics.

It has been shown by Rabinovich [16] that it fails for fragments of computational

tree logic (CTL), namely for modal logic extended only by the CTL quantifier

EG p (meaning there exists a path on which globally p holds) and an asynchronous

product of two components. However, it holds for asynchronous products and the

extension of modal logic by the CTL quantifier EF p [16]. For a finite number

of transition systems Wöhrle and Thomas showed in [20] that the composition

theorem also holds for FO(R) – first order logic extended by reachability predicates

– and finitely synchronized products (which are synchronized products with a finite

number of synchronized transitions).

In preliminary work [5] preceding this paper we extended this result to cases

with “regular reachability”. FO(RegR) is the extension of FO logic by predicates

Reachα(x, y) which express that y is reachable from x via a path which is labelled

by a word of the regular expression α. For FO(Reg1R) we consider only alphabets

with one element which amounts to adjoining arithmetical constraints expressible

in Presburger arithmetic. In this paper we extend this result to cover also finitely

synchronized products with an infinite number of components.

In is known [5] that the composition theorem fails for ML(RegR) which cor-

responds to propositional dynamic logic (PDL) without tests. In this paper we
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complement this result by showing that also the case of PDL over a one-element

alphabet leads to a failure, if we allow tests.

The paper is structured as follows: In the next section we formally introduce the

logics and products we use. In Section 3 the classical composition theorem is shown

for synchronized products of transition systems and FO logic. In Section 4 we prove

the main theorem – the composition theorem for the logic FO(Reg1R). The proof is

split into two parts: first, we show it for asynchronous products and then for finitely-

synchronized products. Afterwards, we prove that the composition theorem already

fails for ML(RegR) if we consider an asynchronous product of two components and

allow a two letter alphabet for the alphabet of α in the Reachα(x, y) formulas.

Using this known result we show that it also fails for PDL with tests for one letter

alphabets. We conclude with a summary and some remarks on open questions.

2. Technical Preliminaries

In this paper we use structured graphs, which we call transition systems. Formally

a transition system is defined as follows.

Definition 1. A transition system is a labelled graph K = (S, {Ra | a ∈ Σ}, {Pv |

v ∈ V }) where S is a set of states, Ra ⊆ S × S is a transition relation between the

states (for the letter a ∈ Σ) and Pv ⊂ S is a predicate which holds for the states

labelled by the letter v ∈ V .

In the whole paper we use [m] for m ∈ N as an abbreviation for the set

{1, . . . ,m}.

2.1. Logics

In this section we define the logics needed in this paper. We will remind the reader

of FO logic, then extend it by relations that express reachability via any path, and

finally extend it by relations that express reachability via paths that are labelled

according to a regular expression.

Definition 2. First order logic (FO logic) is defined as follows. Let x1, x2, . . . be

variables. For every n-ary relation symbol R, R(x1, . . . , xn) and x1 = x2 are atomic

FO formulas. If ϕ, ψ are FO formulas, then ¬ϕ, ϕ∧ψ, ϕ∨ψ, ∃xn ϕ(x1, . . . , xn−1, xn)

and ∀xn ϕ(x1, . . . , xn−1, xn) are FO formulas with the usual meanings. For a tran-

sition system K = (S, {Ra | a ∈ Σ}, {Pv | v ∈ V }) the atomic formulas are of the

form Ra(x, y), Pv(x) and x = y.

Definition 3. FO logic with reachability (FO(R) logic) is defined as the extension

of FO logic by atomic relations ReachΣ′(x, y) for Σ′ ⊆ Σ with the meaning “from x

there exists a path to y which is labelled by letters from the set Σ′”.

We define FO logic with regular reachability (FO(RegR) logic) as the extension of

FO logic with relations Reachβ(x, y) for regular expressions β ∈ Reg(Σ) with the
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meaning “from x there exists a path to y which is labelled by a word in the language

of the regular expression β”.

FO(Reg1R) is defined analogously to FO(RegR) logic, but the regular expressions

are built only over a one-element alphabet.

Let us add some remarks: First, FO(RegR) is defined like first-order proposi-

tional dynamic logic (FO-PDL) without tests. See [8] for details on PDL. Second,

FO(Reg1R) logic corresponds to FO logic extended by atomic relations Pathr,k(x, y)

which express that “there exists a path from x to y which has a length which is

divisible by k with remainder r”. This is shown in the following lemma:

Lemma 4. Every FO(Reg1R) formula Reachα where α is a regular expression over

an one-element alphabet can be translated into a FO formula with additional rela-

tions Pathr,k(x, y).

Proof. As the proof is a simple consequence of known results, we only give a sketch.

First we have to show that every FO(Reg1R) formula Reachα is equivalent to a FO

formula with additional relations which express reachability where the path length

is in a semilinear set. Let L be the language defined by the regular expression α.

It is well-known that every regular language has a semilinear image [9]. Using the

Parikh mapping, the semilinear image of L can be written as: ψ(L) =
⋃

i∈[m]Mi with

Mi = {ki0 +ni1 · ki1 + · · ·+niri
· kiri

| nij ≥ 0 for 1 ≤ j ≤ ri} with kij ∈ N because

the alphabet has only one letter. Using the decidability of Presburger arithmetic

and the fact that the family of Presburger sets in N is identical to the family of

semilinear sets in N [9], we can then show that each of these Mi is a union of a finite

set R and {z = r + n · k | z > max(R), n ∈ N}, where k ∈ N and max(R) is the

maximum of the elements in R. So FO logic with additional relations Pathr,k(x, y)

suffices.

Now, we define MSO logic and extensions of MSO logic by formulas which count

the number of elements of a set variable modulo a number k, known as counting

MSO [2].

Definition 5. The monadic second order logic (MSO logic) is the extension of FO

logic by variables over sets and quantification over these variables. Every FO formula

is a MSO formula. Let x1, . . . , xn be variables over elements and Y1, . . . , Yk be vari-

ables over sets then xl ∈ Ym (also written as Ym(xl)), ∃Yk ϕ(x1, . . . , xn, Y1, . . . , Yk)

and ∀Yk ϕ(x1, . . . , xn, Y1, . . . , Yk) are MSO formulas.

For ordered structures let MSO(<) logic denote the extension of MSO logic by for-

mulas x < y. Further, let counting MSO logic (CMSO logic) be MSO logic extended

by formulas Cardj,k(Y ) which express that the number of elements in the set Y is

divisible by k with remainder j.

Note that over linearly ordered structures MSO(<) logic is at least as expres-

sive as CMSO logic [7, 12], i.e. for every CMSO formula there exists an equivalent
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MSO(<) formula. Take e.g. the CMSO formula Card0,2(Y ): it can be expressed in

MSO(<) logic by the formula:

∀x∀y[Y (x) ∧ Y (y) → ∃Y0[(firstY (x) → Y0(x)) ∧ (lastY (x) → ¬Y0(x))

∧ (succY (x, y) → (Y0(x) ↔ ¬Y0(y)))]]

where firstY (x) is the formula ∀z(Y (z) → x ≤ z), lastY is defined analogously and

succY (x, y) is the formula ¬∃z(Y (z) ∧ x < z ∧ z < y).

2.2. Products

We want to define a product over transition systems Ki with i ∈ I for an index

structure Ind = (I, σInd) with countable index set I. By s̄ we will denote a state of

the product and by s̄[i] the state of the i-th component of s̄. We aim at a possibility

to describe transition relations in the product by conditions in the components. We

use a general description for a k-ary relation by a tuple α1, . . . , αn of FO formulas

and a MSO formula β that defines (in the structure Ind) in which components the

FO formulas hold. We call the tuple (α1, . . . , αk;β) “MSO profile”.

Definition 6. A MSO profile (for a k-ary relation R) is a tuple 〈α1, . . . , αm;

β(X1, . . . , Xm)〉 where m ∈ N and αl for l ∈ [m] are k-ary FO formulas and

β(X1, . . . , Xm) is a MSO formula. The formulas αl are interpreted in the com-

ponents and the MSO formula in the index structure of the product. It describes

(via a condition over the sets X1, . . . , Xm) in which components the corresponding

formulas α1, . . . , αm hold. A MSO profile defines a k-ary relation R in the prod-

uct by (s̄1, . . . , s̄k) ∈ R iff (Ind, I1, . . . , Im) � β(X1, . . . , Xm) where Il := {i ∈ I |

(Ki, s̄1[i], . . . , s̄k[i]) � αl(y1, . . . , yk)} for l ∈ [m].

Let P i be a given (unary) predicate in the signature of the component Ki. Via a

MSO profile we define a predicate P̄ i in the product such that P̄ i(s̄) holds at a state

s̄ if P i(si) holds in Ki, where si := s̄[i]. Analogously, we define a predicate P̄ which

holds at a state s̄ in the product, if in some component Ki the predicate P i(si)

holds. Afterwards, we will define asynchronous transition relations in the product.

Example 7. Let K be a product over transition systems Ki with i ∈ I and let

P i a predicate of Ki. We define the predicate P̄ i in the product by the MSO profile

〈P (x);β(X1)〉 with β(X1) = X1(i). Then, P̄ i holds at all states of the product where

the predicate P holds at the state in the i-th component.

Further, we define the predicate P̄ by 〈P (x);β(X1)〉 with β(X1) = ∃iX1(i). It holds

at all states of the product where the predicate P holds at the corresponding state of

any component.

For a transition relation Ra in Ki the MSO profile 〈Ra(x, y), x = y;β(X1, X2)〉 with

β(X1, X2) := ∃i (X1(i) ∧ ∀j(j 6= i → X2(j))) defines the asynchronous transition

relation R̄a in the product. (An a-transition exists in the product, if it exists in

exactly one component.)
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We will now introduce the synchronized product of the components Ki. In the

product we distinguish explicitly between asynchronous transitions where a transi-

tion is taken independently of the other components and synchronized transitions

which are used to model a synchronization between the transitions of some com-

ponents. For the asynchronous transitions we call the transitions which are used in

the components local. We use two disjoint alphabets in each component. The first

one is used for the local transitions and the second one for the definition of the

synchronized transitions.

Definition 8. Let Ind = (I, σInd) be an index structure and let Ki = (Si, {R
i
a | a ∈

Σl} ∪ {Rc | c ∈ Σs}, {P i
v | v ∈ V }) (i ∈ I) be transition systems, where the alphabet

Σl is used for local transitions with asynchronous behaviour in the product and the

alphabet Σs is used for the definition of synchronized transitions. We assume that the

alphabets Σl and Σs are disjoint. Further, let C be an alphabet for the synchronized

transitions in the product. We assign to each c ∈ C a tuple τc := (c1, . . . , cm) with

m ∈ N and cj ∈ Σs for j ∈ [m] and a MSO formula βτc
(C1, . . . , Cm), which specifies

a condition in which component which of the c1, . . . , cm-transitions have to be taken.

The synchronized product of the components Ki (i ∈ I) is defined by the following

transition system K = (S̄, {R̄a | a ∈ Σl} ∪ {R̄c | c ∈ C}, {P̄ i
v | v ∈ V }):

• The state set S̄ is the product of the component state sets: S̄ :=
∏

i∈I Si.

(We write s̄[i] for the state of the i-th component of s̄ ∈ S̄.)

• The asynchronous transition relation R̄a is defined by the MSO profile

〈Ra(x, y), x = y;β(X1, X2)〉 with β(X1, X2) := ∃i (X1(i) ∧ ∀j 6= iX2(j)).

• The synchronized transition relation R̄c with τc := (c1, . . . , cm) is defined

by the MSO profile 〈Rc1(x, y), . . . , Rcm
(x, y), x = y; β(X1, . . . , Xm, Xm+1)〉

wherea β(X1, . . . , Xm+1) = disjoint(X1, . . . , Xm+1) ∧ ∀i((
∧

j∈[m] ¬Xj(i))

→ Xm+1(i)) ∧ βτc
(X1, . . . , Xm)] and disjoint(X1, . . . , Xm+1) is the MSO

formula
∧

j,k∈[m+1],j 6=k(∀i¬(Xj(i) ∧Xk(i)).

• The predicate P̄ i
v is the set {s̄ | s̄[i] ∈ P i

v}.

A synchronized product is called finitely synchronized if the transition relation Rc

is finite for every symbol c ∈ C. An asynchronous product is a synchronized product

without synchronized transitions.

3. Composition method

In this section we introduce the composition method. Before we state the composi-

tion theorem, we need a lemma, which allows us to construct special MSO profiles

out of existing ones, such that the disjunction over certain FO formulas is satisfied,

but the conjunction over any two of the FO formulas does not hold. This lemma

aNote that β(X1, . . . , Xm+1) is formally not an MSO formula, but it can be translated into one,
because the sets [m], [m + 1] which are used in the conjunctions are finite.
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will be needed in the proof of the composition theorem for the negation step. The

construction is analogous to [16].

Lemma 9. For every MSO profile 〈α1, . . . , αm;β(X1, . . . , Xm)〉 there exists a MSO

profile 〈α′
1, . . . , α

′
p;β

′(X ′
1, . . . , X

′
p)〉 that describes the same relation, where

∨p

i=1 α
′
i

is satisfied and α′
i ∧ α

′
j is not satisfied for all i, j ∈ [p].

Proof. We define for every subset H of [m] a formula which states that exactly

the formulas αi with indices in H hold: α′
H :=

∧

i∈H αi ∧
∧

i6∈H ¬αi. Note that

there are 2m of such formulas α′
H . We observe that

∨

H∈[m] α
′
H holds, because

there exists one set H̄ ∈ [m] such that for all i ∈ [m]: i ∈ H̄ ⇔ αi satisfied.

For two different sets H1, H2 ∈ [m] there exists at least one index i ∈ H1 and

i 6∈ H2 (or vice versa), so α′
H1

∧ α′
H2

contains the conjunctive elements αi and ¬αi

which implies that α′
H1

∧ α′
H2

is unsatisfiable. It holds that
∨

{H|i∈H} α
′
H = αi, be-

cause
∨

{H|i∈H}(
∧

j∈H αj∧
∧

j 6∈H ¬αj) =
∧

j∈[m],j 6=i(
∨

{H|j∈H} αj∨
∨

{H|j 6∈H} ¬αj)∧
∨

{H|i∈H} αi = αi.

Let h : [2m] → Pot([m]) be a bijection. Now the MSO profile 〈α′
1, . . . , α

′
2m ;

β′(X ′
1, . . . , X

′
2m)〉 with the MSO formula β′(X ′

1, . . . , X
′
2m) = ∃X1, . . . ,∃Xn

∧n

i:=1

(∀t : Xi(t) ↔
∨

{k|i∈h(k)}X
′
k(t))∧β(X1, . . . , Xm) describes the same relation as the

given MSO profile.

Now we show the composition theorem for synchronized products and FO logic. We

shall distinguish only between asynchronous and synchronized transitions, because

we need this distinction in Section 4. We want to mention that Theorem 10 can be

strengthened to generalized products, where we allow any relation R(x, y) in the

product which can be defined by a MSO profile. The following proof is analogous

to the proof of the composition theorem for generalized products and modal logic

in [16].

Theorem 10. Composition theorem for synchronized products and FO logic

Let Ind = (I, σI) be an index set with some signature σI . For every FO formula

ϕ(x̄1, . . . , x̄r) we can effectively compute a MSO profile 〈α1, . . . , αm;β(Z1, . . . , Zm)〉

with FO formulas αj(x1, . . . , xr) (j ∈ [m]) and a MSO formula β(Z1, . . . , Zn)

interpreted in the index structure Ind, such that for every synchronized product

K :=
∏

i∈I Ki = (S̄, {R̄a | a ∈ Σl} ∪ {R̄c | c ∈ C}, {P̄ i
v | v ∈ V }) of transition

systems Ki = (Si, {R
i
a | a ∈ Σl} ∪ {Ri

c | c ∈ Σi
s}, {P

i
v | v ∈ V }) (i ∈ I), where

ϕ(x̄1, . . . , x̄r) can be interpreted in the product and the formulas αj (j ∈ [m]) can

be interpreted in the components and for every state s̄1, . . . , s̄r:

(
∏

i∈I

Ki, s̄1, . . . , s̄r) |= ϕ(x̄1, . . . , x̄r) ⇐⇒ Ind |= β(I1, . . . , In)

with Ik = {i ∈ I | (Ki, s̄1[i], . . . , s̄r[i]) |= αk(x1, . . . , xr)} for k ∈ [n].

Proof. We use a structural induction to construct MSO profiles for the formulas

interpreted in the product. In the induction start, we consider the atomic formulas.
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For the predicate P̄ i
v(x̄) we take the MSO profile 〈Pv(x);β(X1)〉 with β(X1) =

X1(i). For R̄a(x̄, ȳ) and R̄c(x̄, ȳ) the MSO profiles are given by the definition of the

product. For x̄ = ȳ we take the MSO profile 〈x = y;β(X1)〉 with β(X1) = ∀iX1(i).

For the induction step we have to consider negation, disjunction and existential

quantification.

• For ϕ(x̄1, . . . , x̄r) = ¬ψ(x̄1, . . . , x̄r) let 〈α1, . . . , αm; β(X1, . . . , Xm)〉 be the

MSO profile assigned to ψ, then we assign the MSO profile 〈α1, . . . , αm;

¬β(X1, . . . , Xm) to ϕ.

• For ϕ(x̄1, . . . , x̄r) = ψ(x̄1, . . . , x̄r) ∨ ψ′(x̄1, . . . , x̄r′) let 〈α1, . . . , αm;

β(X1, . . . , Xm)〉 and 〈α′
1, . . . , α

′
m′ ; β′(X1, . . . , Xm′)〉 be the MSO profiles

assigned to ψ respectively ψ′. W.l.o.g. we can assume that the common

variables of ψ and ψ′ are the variables x̄1, . . . , x̄t with 0 ≤ t ≤ m.

Then we assign the MSO profile 〈α1, . . . , αt, αt+1, . . . , αm, α
′
t+1, . . . , α

′
m′ ;

β∗(Y1, . . . , Ym+m′−t)〉 to ϕ(x̄1, . . . , x̄r) where β∗(Y1, . . . , Ym+m′−t) is the

formula β(Y1, . . . , Ym)∨β′(Y1, . . . , Yt, Ym+1, . . . , Ym+m′−t) .

• For ϕ(x̄1, . . . , x̄r) = ∃x̄r+1ψ(x̄1, . . . , x̄r, x̄r+1) let the MSO profile for

ψ be 〈α1, . . . , αm; β(X1, . . . , Xm)〉. By Lemma 9 we can assume that
∨m

i=1 α
′
i is satisfied and α′

i ∧ α′
j is not satisfied for all i, j ∈ [m]. We

can assign to ϕ the following MSO profile: 〈∃xr+1α1(x1, . . . , xr+1), . . . ,

∃xr+1αm(x1, . . . , xr+1);β
′(Y1, . . . , Ym)〉 where β′(Y1, . . . , Ym) is defined by

∃Z1 . . .∃Zm

(
∧

k∈[m] Zk ⊆ Yk ∧
∧

k,k′∈[m]

k 6=k′

Zk ∩ Zk′ = ∅ ∧ β(Z1, . . . , Zm)
)

.

For the existential quantification we prove correctness and completeness. For the

completeness let (K, s̄1, . . . , s̄r) � ∃x̄r+1ψ(x̄1, . . . , x̄r+1), then there exists a state

s̄ such that (K, s̄1, . . . , s̄r, s̄) � ψ(x̄1, . . . , x̄r+1). By induction hypothesis a MSO

profile 〈α1(x1, . . . , xr+1), . . . , αm(x1, . . . , xr+1);β(X1 . . . , Xm)〉 is assigned to ψ and

Ind � β(X1, . . . , Xm) holds. Remember, that we want to prove that β′(Y1, . . . , Ym)

holds. Actually, we prove that the Xk are in fact the sets Zk in β′ for k ∈ [m].

Because of Xk = {i ∈ I | Ki, s̄1[i], . . . , s̄r[i], s̄[i] � αk(x1, . . . , xr+1)} and Yk = {i ∈

I | Ki, s̄1[i], . . . , s̄r+1[i] � ∃xr+1αk(x1, . . . , xr+1)}, Xk ⊆ Yk holds and by Lemma 9

we assumed that α′
k ∧α

′
k′ is not satisfied, so Xk ∪Xk′ = ∅ for all k, k′ ∈ [m]. Thus,

Ind � β′(Y1, . . . , Ym).

For the correctness we have given the MSO profile 〈∃xr+1α1(x1, . . . , xr+1), . . . ,

∃xr+1α1(x1, . . . , xr+1);β
′(Y1, . . . , Ym)〉 and Ind � β′(Y1, . . . , Ym) with Yk = {i ∈ I |

(Ki, s̄1[i], . . . , s̄r[i]) � ∃xr+1ψ(x1, . . . , xr+1)}. From Zk ⊆ Yk follows that for all

i ∈ Zk (k ∈ [m]) (Ki, s̄1[i], . . . , s̄r[i]) � ∃xr+1ψ(x1, . . . , xr+1) holds. Thus, for all

i ∈ Zk (k ∈ [m]) there exists a state si ∈ Si, such that (Ki, s̄1[i], . . . , s̄r[i], si) �

ψ(x1, . . . , xr+1). Because of Zk ∪ Zk′ = ∅ and
⋃m

k:=1 Zk = Ib there exists exactly

one state si ∈ Si for all i ∈ I, which define all together a state s̄ of the product with

bThe formula
Sm

k:=1 Zk = I holds because of Ind |= β(Z1, . . . , Zk) and Lemma 9
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s̄[i] := si. By applying the induction hypothesis (K, s̄1, . . . , s̄r, s̄) � ψ(x̄1, . . . , x̄r+1)

and thus (K, s̄1, . . . , s̄r) � ∃x̄r+1ψ(x̄1, . . . , x̄r+1) holds.

Corollary 11. If the composition theorem holds for a specific logic and a product

and if the model-checking problem in the components is decidable, then the model-

checking problem is also decidable in the product.

Analogous corollaries follow from the main theorems in the next section, however

we will not state them explicitly.

4. Main Results

In this section, we show our main results. First, we show that, if we consider asyn-

chronous products, the composition theorem also holds for the logic FO(Reg1R),

which allows us to express modulo counting over path lengths. Then, we generalize

this result to finitely synchronized products.

Theorem 12. Composition theorem for asynchronous products and FO(Reg1R)

Let ϕ(x̄1, . . . , x̄r) be a FO(Reg1R) formula. Then there exist an effectively com-

putable CMSO-profile 〈α1, . . . , αm;β(Z1, . . . , Zm)〉 where αi(x1, . . . , xr) (i ∈ [m])

are FO(Reg1R) formulas which are interpreted in the components, and a CMSO

formula β(Z1, . . . , Zn), interpreted in the index structure Ind, such that for every

asynchronous product K :=
∏

i∈I Ki = (S, {R̄a | a ∈ Σl}, {P̄ i
v | v ∈ V }) of transi-

tion systems Ki = (Si, {Ri
a | a ∈ Σl}, {P i

v | v ∈ V }) (i ∈ I), where ϕ(x̄1, . . . , x̄r)

can be interpreted in the product and the formulas αj (j ∈ [m]) can be interpreted

in the components and for every state s̄1, . . . , s̄r:

(
∏

i∈I

Ki, s̄1, . . . , s̄r) |= ϕ(x̄1, . . . , x̄r) ⇐⇒ Ind |= β(I1, . . . , In)

with Ik = {i ∈ I | (Ki, s̄1[i], . . . , s̄r[i]) |= αk(x1, . . . , xr)} for k ∈ [n].

Proof. The proof is an extension of the proof of Theorem 10. The cases for the

induction step (disjunction, negation and existential quantification) are analogous

because asynchronous products are special cases of synchronized products. We have

to consider the additional atomic case Reachα(x̄, ȳ) for a regular expression α ∈

Reg({a}) with {a} ∈ Σ.

Because of Lemma 4, instead of Reachα(x̄, ȳ) we only have to consider formulas

Pathl,k(x̄, ȳ). Note that for the existence of a path in the product from x̄ to ȳ with

path length l (mod k) there must exist a finite number of components, such that

the sum of the path segments in these components is l (mod k).

Let |Y |k denote the number of elements of Y modulo k. For the atomic for-

mula Pathp,k(x̄, ȳ) we use the CMSO profile 〈Path0,k(x, y), . . . ,Pathk−1,k(x, y);
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β(X0, . . . , Xk−1)〉 where the formula β(X0, . . . , Xk−1) is defined as follows:

β(X0, . . . , Xk−1) = ∃Y0 . . . ∃Yk−1(

k−1
∧

j:=0

Yj ⊆ Xj ∧ disjoint(Y0, . . . , Yk−1)

∧
k−1
∧

j:=1

finitec(Yj) ∧ (∀i(
k−1
∧

j:=1

¬Yj(i)) → Y0(i)) ∧ γ(Y1, . . . , Yk−1))

and the formula γ(Y1, . . . , Yk−1) expresses that

|Y1|k + 2 ∗ |Y2|k + · · · + (k − 1) ∗ |Yk−1|k = p (mod k). (3)

The formula β(X0, . . . , Xk−1) states that there exists a finite number of compo-

nents where the path segments are not divisible by k without remainder and for all

other components the path segments are divisible by k without remainder (which

includes the case that the path is empty (x = y)), described by the FO formula

Path0,k(x, y). The formula γ(Y1, . . . , Yk−1) ensures that for the components where

the path segments are divisible by k with a remainder different from 0, the path

segments sum up to p (mod k). Note that every component, in which the path

segment has a length j (mod k) adds j to the length of the path in the product

(j ∈ [k − 1]), so we need j ∗ |Yj |k as summand in (3).

For all j ∈ [k−1] the values |Yj |k are between 0 and k−1, so there are only finitely

many solutions of the equation (3). We denote the set of solutions by L. Formally

L is defined by:

L := {(l1, . . . , lk−1) | l1 + · · · + (k − 1) ∗ lk−1 = p (mod k) ∧ ∀j : lj ∈ [k − 1]}

Then the formula γ(Y1, . . . , Yk) can be written as
∨

(l1,...,lk−1)∈L(Cardl1,k(Y1)∧ . . .∧

Cardlk−1,k(Yk−1)). Thus, β(X0, . . . , Xk−1) is defined completely.

Let us now generalize the result from Theorem 12 to finitely synchronized prod-

ucts. Apart from the restriction that there has to be a finite number of synchronized

transitions, the proof now depends on the actual product – or to be more specific

on the synchronized transitions. However the method is uniform for all finitely syn-

chronized products.

Theorem 13. Composition theorem for finitely synchronized products and

FO(Reg1R)

Given a finitely synchronized product
∏

i∈I Ki = (S̄, {R̄a | a ∈ Σl} ∪ {R̄c | c ∈ C},

{P̄ i
v | v ∈ V }) of components Ki = (Si, {Ri

a | a ∈ Σl} ∪ {Rc | c ∈ Σs}, {P i
v | v ∈ V })

and a FO(Reg1R) formula ϕ(x̄1, . . . , x̄r), which is interpreted in the product, there

exists an effectively computable CMSO-profile 〈α1, . . . , αm;β(Z1, . . . , Zm)〉 with FO

cThe formula finite(Yj) can be expressed by
Wk−1

r:=0 Cardr,k(Yj).



June 25, 2009 12:10 WSPC/INSTRUCTION FILE compositionality

Compositionality and Reachability with Conditions on Path Lengths 11

formulas αi(x1, . . . , xr) (i ∈ [m]) interpreted in the components, and a CMSO for-

mula β(Z1, . . . , Zn) interpreted in the index structure Ind such that for all states

s̄1, . . . , s̄r:

(
∏

i∈I

Ki, s̄1, . . . , s̄r) |= ϕ(x̄1, . . . , x̄r) ⇐⇒ Ind |= β(I1, . . . , In)

with Ik = {i ∈ I | (Ki, s̄1[i], . . . , s̄r[i]) |= αk(x1, . . . , xr)} for k ∈ [n].

Proof. As in Theorem 12 we only have to consider the additional atomic case

Pathp,k(x̄, ȳ). The proof given here is an adaption of the proof in [5]. It depends on

the number of synchronized transitions in the product. We denote the synchronized

transitions by r1, . . . , rq.

First, we describe the proof idea: We will define formulas which describe paths using

any asynchronous transition but (inductively) only the synchronized transitions up

to rm (m ≤ q). This definition works analogously to the construction of regular

expressions from a finite automaton in the proof of Kleene’s Theorem [11]. Then,

we show that we can limit the usage of each of these synchronized transitions to a

finite number of times, because we are only interested in the path length modulo k.

Finally, we use formulas like the ones described above together with this restriction

at the same time in all components to find the cases when the path segments in the

components sum up to a path length modulo k in the product.

We introduce new transitions in the product labelled with a new symbol a, such

that s
a
−→ s′, if for any label b ∈ Σl s

b
−→ s′. For every synchronized transition

rm (m ∈ [q]) we define sm,tm to be the states of rm = (sm, tm). We define H :=

{x, y} ∪
⋃

m∈[q]{sm, tm}.

(i) We construct regular expressions Rm
h,l with h, l ∈ H which describe all paths from

state h to state l which use only the synchronized transitions r1, . . . , rm (m ≤ q)

and any asynchronous transitions. By induction we finally get the set Rq
h,l which

describes all paths. For any synchronized transition (s, t) we define the label of the

transition by Ls,t := c if s
c
−→ t.

Induction start: The regular expression R0
h,l describes that state l is reachable from

state h via asynchronous transitions. We define R0
h,l := a∗ for h 6= l and R0

h,h := ǫ.

For the induction step (m− 1 → m) we take the regular expression:

Rm
h,l := Rm−1

h,l +Rm−1
h,sm

· Lsm,tm
· (Rm−1

tm,sm
· Lsm,tm

)∗ · Rm−1
tm,l

We explain this definition for m = 1: Either l is reachable from h by asynchronous

transitions (R0
h,l) or the path uses the synchronized transition r1 and is structured

as follows: h  s1
c
−→ t1 ( s1

c
−→ t1)

∗
 l where the arrow  describes the

usage of asynchronous transitions. For m > 1 the arrow  describes the usage of

asynchronous transitions and synchronized transitions up to rm−1.

(ii) We prove that it is sufficient to replace every star in Rm
h,l by “≤ k” (with

α≤k := α0∨· · ·∨αk) to get all possible path lengths modulo k. Take the synchronized

transition sm → tm. If there exists a path from tm back to sm with path length
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l (mod k) with l ∈ {0, . . . , k − 1} and we repeat the loop sm → tm  sm i-times,

the path length is i · (l + 1) (mod k). We observe that {i · (l + 1) (mod k) | i ∈ N}

is the same set as {i · (l + 1) (mod k) | 0 ≤ i ≤ k}, so the restriction to “≤ k” is

justified.

(iii) We now use formulas like the ones defined in (i) with the restriction described

in (ii) in every component. To argue about the length of the segments of the path in

the components, we replace the regular expressions R0
h,l = a∗ for the asynchronous

transitions by variables Xh,l. To achieve a path in the product which has the length

p (mod k) we have to ensure the following:

• for a c-labelled transition the corresponding transitions in the components

labelled with c1, . . . , cn are taken at the same “time”

• the sum of the number of the asynchronous transitions in the components

plus the number of used synchronized transitions is p (mod k)

Let J = (j1, . . . , jm) with 0 ≤ jg ≤ k (g ∈ [m]) be a tuple of indices for the

repetitions of the loops of the synchronized transitions r1, . . . , rm (m ≤ q). We define

for each component Ki (i ∈ I) a regular expression Rh,l(L̄(i), X̄(i), J). Let the tuple

X̄(i) := (Xt1,s1(i), . . . , Xx,y(i)). These variables will be used for the asynchronous

paths between the states te/x and sf/y (with e, f ∈ [q]) in H . Further let the

tuple L̄(i) := (Ls1,t1(i), . . . , Lsq,tq
(i)) where Lsm,tm

(i) is the label which is induced

by the synchronized transition rm = sm
c
−→ tm in the component Ki. Formally

let R̄c be defined by 〈Rc1(x, y), . . . , Rcn
(x, y), x = y;β(X1, . . . , Xn, Xn+1)〉, then

Lsm,tm
(i) = cj , if i ∈ Xj for j ∈ [n], respectively Lsm,tm

(i) = ǫ, if i ∈ Xn+1.

The sets Rh,l(L̄(i), X̄(i), J) are a generalisation of the sets Rm
h,l. For the induction

start let Rh,l(L̄(i), X̄(i), ∅) = Xh,l(i) if h 6= l and Rh,h(L̄(i), X̄(i), ∅) = ǫ.

Induction step (m− 1 → m):

Let J = (j1, . . . , jm) and J ′ = (j1, . . . , jm−1). Then Rh,l(L̄(i), X̄(i), J) = (∗)

(∗) =















Rh,l(L̄(i), X̄(i), J ′), if jm = 0

Rh,sm
(L̄(i), X̄(i), J ′)·Lsm,tm

(i)·[Rtm,sm
(L̄(i), X̄(i), J ′)·Lsm,tm

(i)]jm−1·

Rtm,l(L̄(i), X̄(i), J ′), if 1 ≤ jm ≤ k

Finally we get Rx,y(L̄(i), X̄(i), J) with J := (j1, . . . , jq) which describes all paths in

the component Ki from x to y with the “repetitions”d j1, . . . , jq of the synchronized

transitions r1, . . . , rq. We now look at a fixed tuple (j1, . . . , jq) and a fixed compo-

nent Ki: for every number θ (0 ≤ θ ≤ k) there are only finitely many possible

assignments of the variables Xt1,s1(i), . . . , Xx,y(i) by regular expressions af (ak)∗

with 0 ≤ f ≤ k − 1 such that the regular expression Rx,y(L̄(i), X̄(i), J) with these

assignments describes paths of the length θ (mod k) in the component Ki.

dIn fact rq is repeated jq times, rq−1 is repeated jq ∗ jq−1 times an so on.
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Let αθ(L̄(i)) (0 ≤ θ ≤ k) be the disjunction over all Rx,y(L̄(i), X̄(i), J) with as-

signments for X̄(i) that describe a path length θ (mod k).e With these αθ we

can build a CMSO profile 〈. . . , αθ, . . . ;β
′(. . . , Xθ, . . . )〉, where we combine the for-

mula β(X0, . . . , Xk−1) from the CMSO profile 〈Path0,k(x, y), . . . ,Pathk−1,k(x, y);

β(X0, . . . , Xk−1)〉 in the proof of Theorem 12 and the MSO profiles for the defi-

nition of the synchronized transitions. Then we have constructed a CMSO profile

which expresses all possible paths in the components, such that the path length

is divisible by k with remainder q for one tuple (j1, . . . , jq) of repetitions of the

synchronized transition r1, . . . , rq.

We can now capture all (finitely many) tuples (j1, . . . , jq) (with 0 ≤ jg ≤ k for

g ∈ [q]) by a disjunction over the CMSO profiles for these tuples. This gives us a

CMSO profile for the formula Pathp,k(x̄, ȳ) in the product.

5. Limits

In this section we will show limitations of the composition theorem. First we will

consider the logic FO(RegR) instead of FO(Reg1R) for finitely synchronized prod-

ucts and afterwards we will consider propositional dynamic logic over a one-element

alphabet, where we allow tests. We will prove that in both cases the composition

theorem already fails for the special case of an asynchronous product of two transi-

tion systems. Afterwards we will show that for the logic FO(Reg1R) the composition

theorem fails if we consider synchronized products where we allow an infinite num-

ber of synchronization transitions.

To prove the failure of the composition theorem, we use a proof schema – de-

veloped in [16] – which states that the composition theorem fails for a formula ψ

if we can find two infinite sequences of transition systems such that the product of

two transition systems with the same index satisfies ψ whereas the product of two

transition systems with different indices does not satisfy ψ:

Theorem 14. [16] Given a formula ψ and two infinite sequences of transition sys-

tems {Ck | k ∈ N} and {Dl | l ∈ N}, which all have a state in common: s ∈ S(Ck)

and s ∈ D(Dl), where S(Ck) and S(Dl) are the state sets of Ck and Dl. Further let

the product Ck and Dl be defined in a common way for k, l ∈ N, then the composition

theorem fails, if ∀k ∈ N : Ck ×Dk � ψ and ∀k, l ∈ N with k 6= l : Ck ×Dl 2 ψ.

Using Theorem 14 we show that the composition theorem already fails for

an asynchronous product of two components and model logic extended by reg-

ular reachability over a two letter alphabet. Following [5] we use the formula

eNote that αθ(L̄(i)) is depended on the transitions (labelled with a cj or with ǫ) of the component

Ki which are used for the synchronized transitions in the product. However, because the definition
of a synchronized transition uses only a finite number of different labels for the transitions in the
components and there are only finitely many synchronized transitions in the product, there can
be only finitely many different formulas αθ(L̄(i)) for all components Ki together.
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〈(ab)∗〉(p1 ∧ p2), which expresses that there exists a path to a state where (p1 ∧ p2)

holds and that this path is labelled with a and b in alternation and ends with a

b-transition.

Theorem 15. The composition theorem fails for ML(RegR) (and for hence

FO(RegR)) and asynchronous products.

Proof. Let the transition systems Ck and Dl for k, l ≥ 2 be defined as Ck :=

([k], Ra, P
1) and Dl := ([l], Rb, P

2) where Ra and Rb are the successor relations up

to k, respectively l, and P 1 := {k} and P 2 := {l}. As asynchronous product Ck×Dl

we get a finite grid from the state (1, 1) up to the (k, l). The formula ϕ := p1 ∧ p2

holds only at the state (k, l). In Figure 1 the asynchronous products C4 ×D4 and

C4 ×D6 are shown and the state where ϕ holds is marked as a box.

b b b b

b b b b

b b b b

a

a

a

a

a

a

a

a

a

a

a

a

b b b b b b

b b b b b b
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a

a

a

a

a

a

a

a

a

a
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a

a

a

a

a

a

a

a

Figure 1. Asynchronous products C4 × D4 and C4 × D6

We want to determine the truth value of the formula ψ := 〈(ab)∗〉ϕ at the state

(1, 1). We observe that for every k ≥ 2 in Ck ×Dk there exists the path (1, 1)
a
−→

(1, 2)
b
−→ (2, 2)

a
−→ . . .

a
−→ (k−1, k)

b
−→ (k, k), so the formula ψ holds in Ck ×Dk. This

is shown on the left side of Figure 1 for k = 4.

If we consider the product Ck×Dl for l > k we observe that the same path exists up

to the state (k, k), but we cannot extend it with a and b in alternation (and ending

with a b), because we have already reached the “last” state k of the component

Ck, so there exist not further b-transitions from (k, k) onwards. This is shown in

Figure 1 on the right side for k = 4 and l = 6. By an analogous argument, we get

the same result for l < k.

So, we have proven that ∀k ∈ N : Ck ×Dk � ψ and ∀k, l ∈ N with k 6= l : Ck ×Dl 2

ψ. By applying Theorem 14, we have shown that the composition theorem fails for

ML(RegR) and asynchronous products.

Because asynchronous products are finitely synchronized products without any syn-

chronization transition, we get as an immediate consequence that the composition

theorem fails for FO(RegR) and finitely synchronized products.
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As mentioned above ML(RegR) corresponds to PDL without tests. As we have

just seen that the step from ML(Reg1R) to ML(RegR) leads to the failure of the

composition theorem, one may ask what happens if we extend ML(Reg1R) to PDL

with tests over a one-element alphabet. We will now see that this extension also

results in a failure of the composition theorem for asynchronous products.

Theorem 16. The composition theorem fails for PDL over a one-element alphabet

with tests and asynchronous products.

The following proof involves the same transition system as defined in [16], used

there for showing the failure of the composition theorem for modal logic extended

by the CTL quantifier EG and also asynchronous products.

Proof. For k ∈ N let Ck = ([3 ∗ k], Ra, Q
1
0, Q

1
1, Q

1
2, P

1), where Ra is the successor

relation, P 1 := {k} and the Q1
r are predicates which hold at the states divisible by

3 with remainder r for 0 ≤ r ≤ 2 (Q1
r := {s ∈ [3 ∗ k] | s = r mod 3}). For the

transition system Dk = ([3 ∗ k], Ra, Q
2
0, Q

2
1, Q

2
2, P

2) the predicates and relations are

defined analogously. As asynchronous product Ck ×Dl we get again the finite grid

from the state (1, 1) up to the state (k, l). We use the formula ϕ := p1 ∧ p2 which

holds at the state (k, l) and the formula ϑ := [p1
0 ∧ (p2

0 ∨ p12)] ∨ [p1
1 ∧ (p2

1 ∨ p2
2)] ∨

[p1
2 ∧ (p2

2 ∨ p2
0)]. The formula ϑ holds at the states which are marked in black in

Figure 2.

Figure 2. Asynchronous products C2 × D2 and C2 × D3

Now consider the PDL formula ψ := 〈(aϑ?)∗〉ϕ. This formula describes that there

exists a path to the “last” state, such that after each transition of the path the

formula ϑ holds, which means that all states of the path have to be marked states.

Note that the formula ψ actually simulates the CTL formula E(ϑUϕ). We observe

that from state (1, 1) there exists only one path such that all states are marked

and for k = l this path reaches the state (3 ∗ k, 3 ∗ k), but for l > k this path does

not reach the state (3 ∗ k, 3 ∗ l) because from the state (3 ∗ k, 3 ∗ k + 1) there is no
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outgoing transition to a marked state. This is shown in Figure 2 for k = 2 and l = 3

on the right side. Analogously for l < k the state (3 ∗ k, 3 ∗ l) is not reachable via a

marked path.

We conclude that for all k (Ck ×Dk) � ψ and for all k 6= l (Ck ×Dl) 2 ψ. So we

meet the requirements for Theorem 14 and thus the composition theorem fails for

asynchronous products and PDL over a one-element alphabet, if we allow tests.

We have shown that for finitely synchronized products both the extensions of

FO(Reg1R) to either two letter alphabets for the regular expressions or to tests

included in the regular expressions lead to a failure of the composition theorem. If

we remain in the logic FO(Reg1R), but consider synchronized products where we

allow an infinite number of synchronized transitions, the composition theorem also

fails. In [16] it was shown that the composition theorem already fails for the direct

product of two components and ML(R). As direct products are special kinds of

synchronized products without asynchronous transitions and ML(R) formulas can

be written as FO(Reg1R) formulas, the failure of the composition theorem follows

immediately.

6. Conclusion

In this paper we considered new cases for the composition theorem in the area of

(infinite-state) model checking. In contrast to the classical composition theorem we

looked at logics which can express at least certain reachability properties. In par-

ticular, we looked at an extension of FO logic by relations that express reachability

via labelled paths corresponding to regular expressions. The special case of a one-

element alphabet for the regular expressions is equivalent to modulo counting over

path lengths.

As products we considered asynchronous and finitely synchronized products of

(a possibly infinite number of) transition systemsf . We proved that for both types of

products the composition theorem holds for the special case of modulo counting over

path lengths. (For finitely synchronized products, we needed the actual transition

system defined by the product or, to be more specific, the finitely many synchronized

transitions.)

We also showed that these results cannot be improved in several aspects. First,

the composition theorem fails if we omit the strong restriction to a finite number

of synchronized transitions, because it already fails for a synchronized product of

two components and FO(R)/ML(R) [16]. Second, it already fails if we look at an

asynchronous product of two components and allow reachability via paths described

by regular expressions with either an alphabet of at least two letters or an alphabet

of only one letter, but use PDL with tests.

We want to mention some related work and open questions. First, the complexity

of the composition theorem is quite prohibitive. For FO logic, it was proven in [3]

f In contrast to [5] where we considered only products of a finite number of components.
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that the number of formulas which have to be interpreted in the components grows

at least non-elementary in the size of the formula which is interpreted in the product.

It is open whether this non-elementary lower complexity bound also holds for modal

logic. Second, it would be interesting to show a composition theorem for forms of

reachability. Third, we might aim at stronger results (e.g. towards computation

time logic) where the signature of the index structure is more expressive. Another

interesting case refers to products where all the components are the same transition

system, leading us to an infinite power. We have already seen that we needed to be

able to express modulo counting in the index structure to obtain the results in this

paper. A natural sequel would be to consider the order of the natural numbers as

index structure or other structures, such as a ring or the infinite grid.
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